Mathematica 11.3 Integration Test Results

Test results for the 171 problems in "4.3.4.2 (a+b tan)"m (c+d tan)*n
(A+B tan+C tan”2).m"

Problem 9: Result more than twice size of optimal antiderivative.

JTan[c+dx} (a+bTan[c+dx})2 (BTan[c+dx] +CTan[c+dx]?) dx

Optimal (type 3, 148 leaves, 6 steps):

(s?B-b?B-2abC) x- (2abB+a?C-b?C) Log[Cos[c+dx]] _b (bB+aC) Tan[c +dx] )

d d
C(a+bTan[c+dx})2 (4bB-ac) (a+bTan[c+dx])3 CTan[c+dx] (a+bTan[c+dx])3
+ +
2d 12 b%d 4bd

Result (type 3, 560 leaves):
(2abB+a?C-2b2C) Cos[c+dx] (a+bTan[c+dx])2 (B+CTan[c+dx])

2d (aCos[c+dx] +bSin[c+dx])2 (BCos[c+dx] +CSin[c+dx])

(a2B-b?B-2abC) (c+dx) Cos[c+dx]? (a+bTan[c+dx])2 (B+CTan[c+dx])

N
d (aCos[c+dx] +bSin[c+dx])2 (BCos[c+dx] +CSin[c+dx])

(2abB+a?C-b2C) Cos[c+dx]3Log[Cos[c+dx]] (a+bTan[c+dx1)2 (B+CTan[c+dx])

+
d (aCos[c+dx] +bSin[c+dx}>2 (BCos[c+dx] +CSin[c+dx])

b2 CSec[c+dx] (a+bTan[c+dx])2 (B+CTan[c+dx])

N
4d (acCos[c+dx] +bSin[c+dx})2 (BCos[c+dx] +CSin[c+dx])

(Cos[c+dx]2 (3a®Bsin[c+dx] -4b*BSin[c+dx] -8abCSin[c+dx]) (a+bTan[c+dx}>2
(B+CTan[c+dx]))/(3d (aCos[c+dx] +bSin[c+dx])2 (BCos[c+dx] +CSin[c+dx])) +

(b?BSin[c+dx] +2abCSin[c+dx]) (a+bTan[c+dx])2 (B+CTan[c+dx])

3d (aCos[c+dx] +bSin[c+dx}>2 (BCos[c+dx] +CSin[c+dx])

Problem 16: Result more than twice size of optimal antiderivative.

JCot[CArdx}6 (a+bTan[c+dx])? (BTan[c+dx] +CTan[c+dx]?) dx

Optimal (type 3, 151 leaves, 7 steps):
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(b’C-a (2bB+aC)) Cot[c+dx] (a?B-b?B-2abC) Cot[c+dx]?

(2abB+a*C-b>C) x- + -
d 2d
a(2bB+aC)Cot[c+dx]® a2BCot[c+dx]* (a?B-b?*B-2abC) Log[Sin[c+dx]]
- +
3d 4d d

Result (type 3, 561 leaves):
(-2abBCos[c+dx] -a2CCos[c+dx]) (b+aCot[c+dx})2 (C+BCot[c+dx])

3d (aCos[c+dXx] +bSin[c+dx])2 (BCos[c+dx] +CSin[c+dx])

a?B (b+aCot[c+dx])? (C+BCot[c+dx]) Csc[c+dx]

+

4d (acCos[c+dx] +bSin[c+dx})2 (BCos[c+dx] +CSin[c+dx])

(2a2B-b?B-2abcC) (b+aCot[c+dx])® (C+BCot[c+dx])Sin[c+dx]

+

2d (aCos[c+dx] +bSin[c+dx])? (BCos[c+dx] +CSin[c+dx])
((8abBCos[c+dx] +4a*CCos[c+dx] -3b*CCos[c+dx])
(b+aCot[c+dx])2 (C+BCot[c+dx]) Sin[c+dx]2)/
(3d (aCos[c+dx] +bSin[c+dx])2 (BCos[c+dx] +CSin[c+dx])) +

(2abB+a?C-b2C) (c+dx) (b+aCot[c+dx])2 (C+BCot[c+dx])Sin[c+dx]?

+

d (aCos[c+dx] +bSin[c+dx])2 (BCos[c+dx] +CSin[c+dx])

(a?B-b?B-2abC() (b+aCot[c+dx])2 (C+BCot[c+dx]) Log[Sin[c+dx]] Sin[c+dx]>

d (aCos[c+dx] +bSin[c+dx])? (BCos[c+dx] +CSin[c+dx])

Problem 17: Result more than twice size of optimal antiderivative.

J(aerTan[Cerx])3 (BTan[c+dx] +CTan[c+dx]?) dx

Optimal (type 3, 165leaves, 5steps):
-(3a’bB-b’B+a’C-3ab’C) x-
(a®B-3ab?B-3a’bC+b>C) Log[Cos[c+dx]] b (a?B-b?B-2abC) Tan[c +dx]

d ' d :
(aB-bC) (a+bTan[c+dx])2 B(a+bTan[c+dx])3 C(a+bTan[c+dx])4
+ +
2d 3d 4bd

Result (type 3, 600 leaves):
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b3 C (a+bTan[c+dx])3 (B+CTan[c+dx])

4d(aCos[c+dx}+bSin[c+dx])3<BCos[c+dx]+CSin[c+dx]) i
(b(—3abB—3a2C+2b2C) Cos[c+dx}2(a+bTan[c+dx})3<B+CTan[c+dx]))/
(Zd(aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))—

((Ba bB-b’B+a’C-3ab?C) (c+dx) Cos[c+dx]4(a+bTan[c+dx])3(B+CTan[c+dx]))/
( (acCos| c+dx]+bSin[c+dx})3(BCos[c+dx}+CSin[c+dx]))+
(( a’B+3ab’B+3a’bC-b>C) Cos[c+dx]*Log[Cos[c+dx]] <a+bTan[c+dx1>3

(B+CTan[c+dx]))/(d (aCos[c+dx]+bSin[c+dx])3(BCos[c+dx}+CSin[c+dx]))+

(Cos[c+dx]3(9a2bBSin[c+dx]—4b3BSin[c+dx]+3a3CSin[c+dx]—12ab2CSin[c+dx])

(a+bTan[c+dx])3(B+CTan[c+dx]))/
(Bd(aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+

(Cos[c+dx] (b*BSin[c+dx] +3ab’CSin[c+dx]) (a+bTan[c+dx})3(B+CTan[c+dx]))/

(Bd(aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))

Problem 18: Result more than twice size of optimal antiderivative.

JCot[c+dx} (a+bTan[c+dx})3 (BTan[c+dx] +CTan[c+dx]?) dx

Optimal (type 3, 140leaves, 5 steps):
(3a?bB-b*B+a*C-3ab?C) Log[Cos[c+dx]]

(a®B-3ab*B-3a’bC+b>C) x- | +
b(2abB+a2C-b?C) Tan[c+dx] (bB+aC) (a+bTan[c+dx])® C(a+bTan[c+dx])>
+ +
d 2d 3d

Result (type 3, 509 leaves):

((a3B—3asz—3a2bC+b3C) (c+dx) (b+aCot[c+dx])3(C+BCot[c+dx})Sin[c+dx]4)/
(d (aCos[c+dx]+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+
((—3a2b8+b3B—a3C+3ab2C) (b+aCot[c+dx])3<C+BCot[c+dx}>Log[Cos[c+dx}]

Sin[c+dx}4)/(d (aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+

((b+aCot[c+dx])3(C+BCot[c+dx])Sin[c+dx}3

(9abZBSin[c+dx]+9a2bCSin[c+dx]—4b3CSin[c+dx])Tan[c+dx])/
(3d(aCos[c+dx]+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+

(b2 (bB+3acC) (b+aCot[c+dx])3(C+BCot[c+dx})Sin[c+dx]2Tan[c+dx]2)/
(Zd(aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+
(b3C(b+aCot[c+dx])3<C+BCot[c+dx}>Sin[c+dx]2Tan[c+dx}3)/
(3d(aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))
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Problem 19: Result more than twice size of optimal antiderivative.

JCo‘c[c+dx}2 (a+bTan[c+dx])3 (BTan[c+dx] +CTan[c+dx]?) dx

Optimal (type 3, 117 leaves, 6 steps):
b(3abB+3a2C-b2C) Log[Cos[c+dx]]

(3a°bB-b’B+a’C-3ab*C) x- +
d
a’Blog[Sin[c+dx]] b?(bB+2aC) Tan[c+dXx] bC(a+bTan[c+dx])2
+ +
d d 2d

Result (type 3, 490 leaves):
b>CCos[c+dx] (C+BCot[c+dx])Sin[c+dx] (a+bTan[c+dx])>

+
2d (aCos[c+dx] +bSin[c+dx}>3 (BCos[c+dx] +CsSin[c+dx])

((Basz—b3B+a3C—3ab2C> (c+dx) Cos[c+dx]? (C+BCot[c+dx])Sin[c+dx]
(a+bTan[c+dx])3)/(d (aCos[c+dx]+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+

((—BabZB—BaZbC+b3C) Cos[c+dx]? (C+BCot[c+dx]) Log[Cos[c+dx]]Sin[c+dx]
(a+bTan[c+dx])3)/(d (aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+

(a3BCos[c+dx13 (C+BCot[c+dx]) Log[Sin[c+dx]] Sin[c +dX] (a+bTan[c+dx])3)/

(d (aCos[c+dx]+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+

(Cos[c+dx]2(C+BCot[c+dx])Sin[c+dx} (b*BSin[c+dx] +3ab*CSin[c+dx])

(a+bTan[c+dx])3)/(d (aCos[c+dx] +bSin[c:+dx])3 (BCos[c+dx] +CSin[c+dx]))

Problem 23: Result more than twice size of optimal antiderivative.

JCo‘c[c+dx16 (a+bTan[c+dx])3 (BTan[c+dx] +CTan[c+dx]?) dx

Optimal (type 3, 191 leaves, 7 steps):
(3a®bB-b*B+a*C-3ab?C) Cot[c+dXx]

(3a°bB-b*B+a’C-3ab*C) x+ +
d
a(2a’B-5b?B-6abC) Cot[c+dx]? a?(3bB+2aC)Cot[c+dx]?
- +
4d 6d

(a®B-3ab?B-3a’bC+b>C) Log[Sin[c+dx]] aBCot[c+dx]* <a+bTan[c+dx]>2

d 4d

Result (type 3, 598 leaves):
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—((a3B(b+aCot[c+dx})3(C+BCot[c+dx]))/
(4d(aCos[c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx])))+
(( 3a’bBCos[c+dx] -a’CCos[c+dx]) (b+aCot[c+dx])3(C+BCot[c+dx})Sin[c+dx])/
( (acCos[ c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+
( (2a B-3b°B-3abC) (b+aCotfc+dx])? (C+BCot[c+dx])Sin[c+dx}2>/
(Zd(aCos[c+dx}+bSin[c+dx])3<BCos[c+dx]+CSin[c+dx]))+
((lzaZbBCos[c+dx]—3b3BCos[c+dx}+4a3CCos[c+dx}79ab2CCos[c+dx])
(b+aCot[c+dx])3(C+BCot[c+dx])Sin[c+dx]3)/
(3 (acCos[ c+dx}+bSin[c+dx])3(BCos[c+dx]+CSin[c+dx]))+
((3a bB-b>B+a’C-3ab’C) (c+dx) (b+aCotfc+dx])? (C+BCot[c+dx])Sin[c+dx}4>/
( (acCos| c+dx]+bSin[c+dx})3(BCos[c+dx}+CSin[c+dx]))+
((a B-3ab’B-3a’bC+b3C) (b+aCot{c+dx])® (C+BCot[c+dx]) Log[Sin[c+dx]]

Sln[c+de4)/(d (aCos[c+dx] +bSin[c+dx])3 (BCos[c+dx] +CSin[c+dx}))

Problem 24: Result more than twice size of optimal antiderivative.

JCot[c+dx}7 (a+bTan[c+dx])® (BTan[c+dx] +CTan[c+dx]?) dx

Optimal (type 3, 233 leaves, 8 steps):
-(a’B-3ab’B-3a’bC+b’C) x-
(a®B-3ab?B-3a’bC+b>C) Cot[c+dx] (3a?bB-b*B+a*C-3ab’C) Cotlc+dx]?

+ +
d 2d
a(5a?B-12b?B-15abC) Cot[c+dx]® a?(7bB+5aC) Cot[c+dx]*
- +
15d 20d
(3a2bB-b>B+a*C-3ab?C) Log[Sin[c+dx]] aBCot[c+dx]® <a+bTan[c+dx1)2
d 5d

Result (type 3, 680 leaves):
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((Basz—b3B+a3C—3ab2C) (b+aCot[c+dx])3 (c+BCot[c+dx]) Log[Sin[c+dx]]
Sin[c+dx]4)/(d (aCos[c+dx] +bSin[c+dx])3 (BCos[c+dx] +CSin[c+dx})) +
(1/(240d (aCos[c+dx] +bSin[c+dx])3 (BCos[c+dx] +CSin[c+dx})))

(b+acCot[c+dx])® (C+BCot[c+dx]) Csclc+dx]
(-50a*BCos[c+dx] +6@ab*BCos[c+dx] +68a’bCCos[c+dx] -
30b>CCos[c+dx] +25a®BCos|3 (c+dx)|-120ab’®BCos|3 (c+dX) | -
126a’bCCos|3 (c+dx) | +45b°CCos[3 (c+dx)|-23a*BCos[5 (c+dx) ]|+
60ab’BCos|5 (c+dx)| +66a’bCCos[5 (c+dx)]-15b>CCos[5 (c+dx) ]+
360 a2 bBSin[c+dx] -90b3BSin[c+dx] +120a>CSin[c+dx] -
276 ab®CSin[c+dx] -150a*B (c+dx) Sin[c+dx] +450ab’B (c+dx) Sin[c+dx] +
450a’bC (c+dx) Sin[c+dx] -158b>C (c+dx) Sin[c+dx] -180a’bBSin|3 (c+dX) | +
30b°BSin[3 (c+dx)] -60a°CSin[3 (c+dx)]|+98ab?CSin[3 (c+dx)] +
75a°B (c+dx) Sin[3 (c+dx) | -225ab*B (c+dx) Sin[3 (c+dx) | -
225a’bC (c+dx) Sin[3 (c+dx)| +75b>C (c+dx) Sin[3 (c+dx) | -
15a38B (c+dx) Sin[S <c+dx)] +45ab’B (c+dx) Sin[S (c+dx>] +
45a’bC (c+dx) Sin[5 (c+dx) ]| -15b°C (c+dx) Sin[5 (c+dx)])

Problem 26: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JTan[Cerx] (BTan[c+dx] +CTan[c+dx]?)

a+bTan[c+dx]

Optimal (type 3, 101 leaves, 6 steps):
(aB+bC)x (bB-aC)Llog[Cos[c+dx]] a?(bB-aC)Llogla+bTan[c+dx]] CTan[c+dx]
- - +

22 s b (a2 1 b2) d b? (a? + b?) d Y

Result (type 3, 203 leaves):

((aCos[c+dx] +bSin[c+dx]) (B+CTan[c+dx]) (-ab’Bc-b*cC-ab’Bdx-b’>Cdx+
(a?+b?) (-bB+aC) Log[Cos[c+dx]] +a*bBLlog[aCos[c+dx] +bSin[c+dx]] -
a*CloglaCos[c+dx] +bSin[c+dx]] +b (a®>+b*) CTan[c+dx])) /

((a-ib) (a+ib)b®>d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx]))

Problem 30: Result unnecessarily involves imaginary or complex numbers.

dx

JCot[Cerx]3 (BTan[c+dx] +CTan[c+dx]?)

a+bTan[c+dx]

Optimal (type 3, 103 leaves, 5steps):

(aB+bC)x BCot[c+dx] (bB-aC)Log[Sin[c+dx]]
Catipr ad ) a’d

b? (bB-aC) Log[aCos[c+dx] +bSin[c+dx]]

a? (a2 + bz) d

+
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Result (type 3, 201 leaves):

-(((c+BCot[c+dx]) (a®Bc+a*bcC+a’Bdx+a’bCdx+a (a®+b*) BCot[c+dX] -
(a®+b*) (-bB+aC) Log[Sin[c+dx]] -b*Blog[aCos[c+dx] +bSin[c+dx]] +
ab’CloglaCos[c+dx] +bSin[c+dx]]) (aCos[c+dx]+bSin[c+dx])) /

(a*> (a-ib) (a+ib)d(b+aCot[c+dx]) (BCos[c+dx]+CSin[c+dx])))

Problem 32: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[c+dx]2 (BTan[c+dx] +CTan[c+dx]?) 4
X

(a+bTan[c+dx])?

Optimal (type 3, 208 leaves, 7 steps):
(2abB-a?C+b?C) x (a?B-b’B+2abC) Log[Cos[c+dx]]
- + +

(a2+b2)2 <a2+b2)2d
a? (a’bB+3b>B-2a*C-4ab?C) Logla+bTan[c+dx]]

b® (a2 +b?)%d
(abB-2a%C-b2C) Tan[c+dx] a(bB-aC) Tan[c+dx]?
+
b? (a%+b?) d b (a?2+b%) d(a+bTan[c+dx])

Result (type 3, 869 leaves):
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((—2abB+a2C—b2C) (c+dx) seclc+dx] (aCos[c+dx]+bSin[c+dx})2(B+CTan[c+dx]))/
((a—jb)z(a+ib)2d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])2)+
((J‘la7b3B+a6b4B+4J'1a5b5B+4a4bGB+31'La3b7B+3azb8B—

2iatb’C-2a’b’C-6ia°b*C-6a°b>C-4ia*b®C-42a’b’ ()

(c+dx) Sec[c+dx] (aCos[c+dx}+bSin[c+dx])2(B+CTan[c+dx]))/
((a—jb)4(a+ib)3b5d(BCos[c+dx]+CSin[c+dx]) <a+bTan[c+dx1>2)—
(1'1 (a*bB+3a’b’B-2a’C-4a’b>C) ArcTan[Tan[c +d x]]

Sec[c+dXx] (aCos[c+dx]+bSin[c+dx])2(B+CTan[c+dx]))/

(b3 (a2+b2)2d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx1)2) +

((—bB+2aC) Log[Cos[c +dx]] Sec[c +d x] (aCos[c+dx]+bSin[c+dx})2

(B+CTan[c+dx])>/(b3d(BCos[c+dx}+CSin[c+dx]) (a+bTan[c+dx])2)+
((a4bB+3a2b3B—2a5C—4a3b2C) Log[(aCos[c+dx]+bSin[c+dx1)2]

Sec[c+dXx] (aCos[c+dx]+bSin[c+dx])2(B+CTan[c+dx]))/

(2b3 (a2+b2)2d(BCos[c+dx1+CSin[c+dx]) (a+bTan[c+dx])2)+

(Sec[c+dx] (aCos[c+dx] +bSin[c+dx])

(-a®bBSin[c+dx] +a’CSin[c+dx]) (B+CTan[c+dx]))/

((a—jb) (a+ib)b?d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx])2)+

(CSec[c+dx] (aCos[c+dx] +bSin[c+dx])?Tan[c+dx] (B+CTan[c+dx]))/
(bzd (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx])2)

Problem 33: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[Cerx] (BTan[c+dx] +CTan[c+dx]?)
dx

(a+bTan[c+dx])2
Optimal (type 3, 157 leaves, 6 steps):
(a?B-b*B+2abC)x (2abB-a?>C+b>C) Log[Cos[c+dx]]
. (a2 b?)? : (a?+ b?)2d
a(2b*B-a*C-3ab?C) Logla+bTan[c+dx]] a’ (bB-ac)

b? (a +b?)*d b? (a2 +b?) d (a+bTan[c+dx])

Result (type 3, 324 leaves):
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1
2 b? (a2+b2)2d (a+bTan[c+dx])
(a (2 (a+ib)? (-b?B+ia*C+2abC) (c+dx) -2 (a®>+b?)>CLlogCos[c+dx]] +

a(-2b°B+a*C+3ab’C) Log[(aCos[c+dx] +bSin[c+dx])2]) +
b(2 (a+ib) (-ib’B (c+dx)+ia’C(i+c+dx)-ab*(-2iC(c+dx)+B(i+c+dx))+
a’b (B+C (i+c+dx))) -2 (a2+b2)2CLog[Cos[c+dx]] +
a(-2b’B+a’C+3ab>C) Log| (aCos[c+dx] +bSin[c+dx])2]) Tan[c+dx] -
2ia(-2b’B+a’C+3ab*C) ArcTan[Tan[c +dx]] (a+bTan[c+dx]))

Problem 34: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

BTan[c+dx] +CTan[c +dx]?
J dx

(a+bTan[c+dx}>2
Optimal (type 3, 115leaves, 3 steps):
(2abB-a’C+b?C) x
(a2+b2)2
(a2B-b2B+2abC) LoglaCos[c+dx]+bSin[c+dx]] a(bB-acC)

+

(a?+b2)%d b(a?+b?)d(a+bTan[c+dx])

Result (type 3, 252 leaves):
1

(a (7211 (a+ib)? (B-iC) (c+dx)+
2 (a2+b2)2d (a+bTan[c+dx])

(-a?B+b?B-2abC) Log[ (aCos[c+dx] +bSin[c+dx}>2]) + (7211 (a+1ib)
(1a*>C+b? (C(c+dx)+iB(i+c+dx))+ab (B (-i+c+dx)-1C(i+c+dx)))+
b(-a?B+b®B-2abC) Log|(aCos[c+dx] +bSin[c+dx})2]>Tan[c+dx] +
2i (a®B-b*B+2abC) ArcTan[Tan[c +dx]] (a+bTan[c+dx]))

Problem 35: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[Cerx] (BTan[c+dx] +CTan[c+dx]?)

dx
(a+bTan[c+dx])?
Optimal (type 3, 111 leaves, 4 steps):
(a?B-b2B+2abC) x
EN
(2abB-a*C+b?C) Log[aCos[c+dx] +bSin[c+dx]] bB-acC

(a2+b2)2d (a2+b2)d(a+bTan[c+dx})
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Result (type 3, 257 leaves):
1

2a (a2+b2>2d (b+acCot[c+dx])
(21'La (-2abB+a’C-b*C) ArcTan[Tan[c+dx]] (b+aCot[c+dx]) +
a?Cot[c+dx] (2 (a+1‘1b)2 (B-iC) (c+dx) +
(2abB-a®C+b?C) Log[ (aCos[c+dx] +bSin[c+dx])2]) +b (2 (a+ib)
(-ib®B+a* (B(c+dx) -iC(-i+c+dx))+ab (B(l+ic+idx)+C(i+c+dx)))+
a(2abB-a?C+b>C) Log| (aCos[c+dx] +bSin[c+dx])2]))

Problem 36: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[c+dx]2 (BTan[c+dx] +CTan[c+dx]?) 4
X

(a+bTan[c+dx])?

Optimal (type 3, 137 leaves, 5steps):
(2abB-a?C+b?C) x Blog[Sin[c+dx]]

. (a2 1 b?)? ' a2 d
b(3a?bB+b>B-2a*C) Log[aCos[c+dx] +bSin[c+dx]] b (bB-ac)

+

a? (a?+b%)%d a(a?+b?)d(a+bTan[c+dx])

Result (type 3, 325leaves):
1

2 a2 (a2+b2)2d(b+aCot[c+dx])
(Zjb(3a2bB+b3B72a3C)Ar‘cTan[Tan[c+dx}] (b+acCot[c+dx]) +
aCot[c+dx] (2 (a+ib)?(-2abB+ib?B+aC) (c+dx)+2(a2+b2)2BLog[Sin[c+dx]}—
b(3a2bB+b>B-2a’C) Log[(aCos[mdx]+bSin[c+dx})2])+
b(2<a+jb) (a®C(c+dx) -b*B (-i+c+dx) +a’b (C(l+ic+idx)-2B(c+dx))-
iab? (C+B<—J’1+c+dx)))+2(a2+b2)2BLog[Sin[c+dx]}—
b(3a’bB+b’B-2a°C) Log[(aCos[c+dx]+bSin[c+dx])2]))

Problem 37: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jCot[c+dx]3 (BTan[c+dx] +CTan[c+dx]?)
dx

(a+bTan[c+dx1)2

Optimal (type 3, 192 leaves, 6 steps):
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(a?B-b?B+2abC)x (2bB-aC)Log[Sin[c+dx]] 1
) (a2 + b2)? ) a*d ' a® (a?+b?)%d
b’ (4a®bB+2b*B-3a*C-ab*C) LoglaCos[c+dx] +bSin[c+dx]] -
b (a2B+2b*B-ab() B Cot[c+dX]

a? (a®+b?)d (a+bTan[c+dx]) ad(a+bTan[c+dx])

Result (type 3, 873 leaves):
—(((aZB—bZB+2abC) (c+dx) (C+BCot[c+dx]) Csc[c+dx] (aCos[c+dx] +bSin[c+dx])2)/
((a—jb)z(aJrJlb)zd<b+aCot[c+dx})2(BCos[c+dx]+CSin[c+dx])))+
((4]‘1a1°b3B+4a9b4B+6j1a8b5B+6a7b6B+211a6b7B+2a5b8B—
3iatb’C-3ab’C-4ia’b*C-4a%b°C-ia’b®C-a®b’ ()
(c+dx) (C+BCot[c+dx]) Csclc+dx] (aCos[c+dx]+bSin[c+dx})2)/
(a8 (a—jb)4(a+jb)3d(b+aCot[c+dx])2(BCos[c+dx]+CSin[c+dx}))—
(1'1 (4a°b>B+2b°B-3a’b>C-ab*C) ArcTan[Tan[c +d x]]
(C+BCot[c+dx]) Csc[c+dx] (aCos[c+dx] +bSin[c+dx}>2)/
(a3 (a2+b2)2d(b+aCot[c+dx])2(BCos[c+dx]+CSin[c+dx}>)7
(BCot[c+dx] (C+BCot[c+dx]) Csc[c+dx] (aCos[c+dx}+bSin[c+dx])2)/
(azd(b+aCot[c+dx])2(BCos[c+dx}+CSin[c+dx]))+
((—2bB+aC) (C+BCot[c+dx]) Csclc+dx] Log[Sin[c+dx]]
(aCos[c+dx}+bSin[c+dx])2)/(a3d(b+aCot[c+dx])2(BCos[c+dx]+CSin[c+dx}))+
((4a2b3B+2b5B—3a3b2C—ab4C) (C+BCot[c+dx]) Csclc+dx]
Log[(aCos[c+dx] +bSin[c+dx])?] (aCos[c+dx]+bSin[c+dx])2)/
(2a3 (a2+b2)2d(b+aCot[c+dx])2(BCos[c+dx]+CSin[c+dx}))+
((c+BCot[c+dx])Csclc+dx] (aCos[c+dx] +bSin[c+dx])
(b4BSin[c+dx]7ab3CSin[c+dx}))/
(a3 (a-1ib) (a+1‘1b>d<b+aCot[c+dx}>2(BCos[c+dx}+CSin[c+dx]))

Problem 38: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[c+dx]3 (BTan[c+dx] +CTan[c+dx]?)
dx

(a+bTan[c+dx])>

Optimal (type 3, 331 leaves, 8steps):
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(a®B-3ab?B+3a’bC-b>C) x (3a’bB-b*B-a*C+3ab?C) Log[Cos[c+dx]]
(a2 +b?)? ) (a?+b?)°d )
o r
b* (a2 +b?)°d
(a>bB+3ab’B-3a*C-6a2b?C-b*C) Tan[c+dx]

a’ (a*bB+3a’b>B+6b°B-3a>C-9a’b’C-10ab*C) Logla+bTan[c+dx]] -

+

b® (a2 +b?)%d
a(bB-acC)Tan[c+dx]3 a(a?bB+5b°B-3a°C-7ab?C) Tan[c+dx]?

+

2b (a2+b?) d (a+bTan[c+dx])? 2b2 (a2 +b?)*d (a+bTan[c+dx])

Result (type 3, 1146 leaves):
(a* (-bB+aC) Sec[c+dx]? (aCos[c+dx] +bSin[c+dx]) (B+CTan[c+dXx] )/
(2 (a-ib)?(a+1ib)?b?d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx] 3) +
((a3B—3asz+3a2bC—b3C> (c+dx) Sec[c+dx]?
(aCos[c+dx}+bSin[c+dx])3(B+CTan[c+dx}))/
((a—jlb)3(a+ib)3d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])3)+
((Jiallb4B+a19bsB+5ia9bGB+5a8b7B+13ia7bsB+13a6bgB+15ia5b198+
15a*bB+6ia’b?B+6a’b®B-31a?b’C-3a?b*C-151a®b>C-15a°b8C
31ia®b’C-31a’b¥C-29ia°b°C-29a°bC-101ia*b* C-10a°b™ ()
(c+dx) Sec[c+dx]2(aCos[c+dx}+bSin[c+dx])3(B+CTan[c+dx}))/
((a—jb)s(a+jb)5b7d(BCos[c+dx]+CSin[c+dx]) <a+bTan[c+dx}>3>—
(11 (a®bB+3a*b’B+6a’b>B-3a’C-9a°b’>C-10a’b*C) ArcTan[Tan[c +dx] ]
Sec[c+dx}2(aCos[c+dx}+bSin[c+dx])3(B+CTan[c+dx}))/
(b4 (a2+b2)3d (BCos[c+dx] +CSin[c+dx]) <a+bTan[c+dx})3) +
((7bB+3aC) Log[Cos[c+dx]] Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])?
(B+CTan[c+dx]))/(b4d(BCos[c+dx1+CSin[c+dx]) (a+bTan[c+dx1)3)+
((a6bB+3a4b3B+6a2b5873a7C79a5b2C710a3b4C) Log[ (aCos[c+dx] +bSin[c+dx])?]
Sec[c+dx}2(aCos[c+dx}+bSin[c+dx])3(B+CTan c+dx] )/
(Zb4 (a2+b2)3d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx] 3) +
(Sec[c+dx]2(aCos[c+dx}+bSin[c+dx])2(7a4bBSin[c+dx]f
4a*b*BSin[c+dx] +2a’CSin[c+dx] +5a’b?>CSin[c+dx]) <B+CTan[c+dx1>)/
((a-ib)? (a+ib)?b>d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx])?|
(CSec[c+dx]2(aCos[c+dx}+bSin[c+dx])3Tan[c+dx} (B+CTan[c+dx}))/
(b3d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])3)
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Problem 39: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[Cerx]2 (BTan[c+dx] +CTan[c+dx]?)
dx

(a+bTan[c+dx])>
Optimal (type 3, 250 leaves, 7 steps):
(3a?bB-b*B-a*C+3ab?C)x (a’B-3ab?B+3a’bC-b3C) Log[Cos[c+dx]]
7 (a2 + b?)? + a2+ b?)? d )
a(a’b’B-3b°B+a°C+3a°b?C+6ab*C) Logla+bTan[c+dx]]
b* (a?+b2)°d
a(bB-aC)Tan[c+dx]? a? (2b*B-a’C-3ab’()

+

2b (a?+b?) d (a+bTan[c+dx])2 b3 (a2+b2)2d (a+bTan[c+dx])

Result (type 3, 998 leaves):
—((a3 (-bB+aC)Sec[c+dx]? (aCos[c+dx]+bSin[c+dx]) (B+CTan[c+dx]))/
(2 (a-ib)?(a+1ib)*bd (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx})3))+
((—3a2b8+b3B+a3C—3ab2C) (c+dx) sec[c+dx]?
(aCos[c+dx1+bSin[c+dx])3(B+CTan[c+dx1))/
((afjb)3(a+1‘1b)3d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])3)+
((1’1a8b5B+a7bGB—Jia6b7B—a5bSB—5j1a4b9B—5a3b1°B—SiazbllB—BablzB+ja”b2C+
a®b’Cc+5ia’b*C+5a%b°C+13ia’b®C+13a°b’C+15ia°b¥C+15a*b?C+61a°b®C+
6a’b' C) (c+dx) Sec[c+dx]2(aCos[c+dx]+bSin[c+dx])3(B+CTan[c+dx]))/
((afjb)s(a+jb)5b5d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx})3)f
(Ji (a®b’B-3ab°B+a°C+3a*b’>C+6a*b*C) ArcTan[Tan[c +d x]]
Sec[c+dx]2(aCos[c+dx1+bSin[c+dx])3<B+CTan[c+dx1))/
(b3 (a2+b2)3d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx}>3) -
(CLog[Cos[c+dx1]Sec[c+dx]2(aCos[c+dx]+bSin[c+dx1)3(B+CTan[c+dx]))/
(b3d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])3)+
((a3b3B—3ab5B+a5C+3a4b2C+6a2b4c) Log[(aCos[c+dx] +bSin[c+dx])?]
Sec[c+dx]2(aCos[c+dx1+bSin[c+dx])3<B+CTan[c+dx1))/
(2b3 (a2+b2)3d(BCos[c+dx}+CSin[c+dx]) (a+bTan[c+dx])3)+
(Sec[c+dx]2(aCos[c+dx}+bSin[c+dx])2
(3ab’Bsin[c+dx] -a*CSin[c+dx] -4a’b*CSin[c+dx]) (B+CTan[c+dx]))/
((a—jb)z(a+ib)2b2d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx}>3)

Problem 40: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Tan[c+dx] (BTan[c+dx] +CTan[c+dx]?)

J dx
(a+bTan[c+dx])?
Optimal (type 3, 189leaves, 5steps):
(a®B-3ab?B+3a’bC-b>C) x
7 (a2 + b?)?
(3a?bB-b*B-a*C+3ab?C) Log[aCos[c+dx] +bSin[c+dx]]
(a2+b2)°d _
2 (bB-ac) X a(2b®B-a*C-3ab’()

2b? (a2 +b?) d (a+bTan[c+dx])2 b2 (a2+b2)2d (a+bTan[c+dx])

Result (type 3, 845leaves):

(a*> (-bB+aC) Sec[c+dx]? (aCos[c+dx] +bSin[c+dx]) (B+CTan[c+dx]))/
(2 (a-ib)?(a+1ib)*d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx])3>f
((a3B—3abZB+3a2bC—b3C> (c+dx) Sec[c+dx]?

(aCos[c+dx1+bSin[c+dx])3(B+CTan[c+dx1))/
((afjb)3(a+1‘1b)3d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])3)+

((—3Jia9bB—3a8bZB—SJia7b3B—5a6b4B—JiasbSB—a4b6B+ia3b7B+a2bsB+

iaC+a’bC-ia’b?’C-a’b’C-5ia®b*C-5a°b>C-3ia*b®C-3a’b’ ()
(c+dx) Sec[c+dx]2(aCos[c+dx}+bSin[c+dx])3<B+CTan[c+dx]))/

(32 (a-ib)® (a+1ib)°d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx}>3)—

(1’1 (-3a°bB+b*B+a*C-3ab*C) ArcTan[Tan[c+dx]] Sec[c+dx]?
(aCos[c+dx] +bSin[c+dx])3 <B+CTan[c+dx}))/

((a2+b2)3d (BCos[c+dx] +CSin[c+dx]) (a+bTan[c+dx])3) +

((—3a2b8+b3B+a3C—3ab2C) Log[(aCos[c+dx} +bSin[c+dx] 2]

/

+

1)
Sec[c+dx]2(aCos[c+dx}+bSin[c+dx]) (B+CTan[ c+dx)
(2 (a2+b2>3d(BCos[c+dx]+CSin[c+dx}> (a+bTan[c+dx] )
(Sec[c+dx]2(aCos[c+dx}+bSin[c+dx])2

(a*Bsin[c+dx] -2b*BSin[c+dx] +3abCSin[c+dx]) (B+CTan[c+dx}))/
((a—jb)z(a+11b)2d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])3)

Problem 41: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JBTan[c+dx] +CTan[c+dx]?2
(a+bTan[c+dx])?
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Optimal (type 3, 179 leaves, 4 steps):
(3a2bB-bB-2a*C+3ab?C) x
(a2+b2)3

(a®B-3ab?B+3a’bC-b3C) Log[aCos[c+dx] +bSin[c+dx]]

+
(a2 +b%)°d
a(bB-acC) a’B-b*B+2abC
+

2b (a?+b?) d (a+bTan[c+dx])2 (a2+b2)2d (a+bTan[c+dx])

Result (type 3, 587 leaves):

CSec[c+dx]? (aCos[c+dx] +bSin[c+dx])>

8a (a?-3b?) (c+dx) 8b(-3a?+b?)LoglaCos[c+dx]+bSin[c+dx]]

+ +
(a2+b2)3 (a2+b2)3

-3a?b+b3

.
(a-ib)?(a+1ib)? (aCos[c+dx] +bSin[c+dx])?

6 (a>-3b?) Sin[c+dx] -bCos[2 (c+dx)|+asin[2 (c+dX) |
+
(a2+b2)2 (aCos[c+dx] +bSin[c+dx]) (a?+b?) (aCos[c+dx] +bSin[c+dx])

2

(B+CTan[c+dx]) /(8d(BCos[c+dx]+CSin[c+dx]) (a+bTan[c+dx])3)+

{BSGC[CerX]Z (aCos[c+dx] +bSin[c+dx])>

8b (-3a’+b?) (c+dx) 8a(a?-3b?) LoglaCos[c+dx]+bSin[c+dx]]
(a2+b2>3 (a2+b2)3

a (a?-3b?)

N
(a-ib)?(a+1ib)? (aCos[c+dx] +bSin[c+dx])?

6b (-3a%+b?) Sin[c+dXx] 2b?sin[c+dx]?+a (a+bSin[2 (c+dx)])
2

+
a (a2+b2)2 (aCos[c+dx] +bsSin[c+dx]) a(a?+b?) (aCos[c+dx]+bSin[c+dx])

(B+CTan[c+dx]) /(Sd(BCos[c+dx]+CSin[c+dx}) (a+bTan[c+dx])3)

Problem 42: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[Cerx] (BTan[c+dx] +CTan[c+dx]?) ;
X

(a+bTan[c+dx])3

Optimal (type 3, 175leaves, 5steps):
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(a®B-3ab?B+3a2bC-b3C) x
(a2+b2)3

(3a2bB-b>B-2a*C+3ab2C) LoglaCos[c+dx] +bSin[c+dx]]

+

(a2 +b%)°d
bB-acC 2abB-a%2C+b?C

2(a2+b2)d(a+bTan[c+dx])27 (a2+b2)2d(a+bTan[c+dx])

Result (type 3, 854 leaves):

(b*> (-bB+acC) (C+BCot[c+dx])Csc[c+dx]2(aCos[c+dx}+bSin[c+dx]))/
(2 (afjb)z(aﬂlb)zd(b+aCot[c+dx}>3(BCos[c+dx]+CSin[c+dx]))+
((a3B—3asz+3a2bC7b3C> (c+dx) (C+BCotc+dx])

Csc[c+dx}2(aCos[c+dx]+bSin[c+dx])3)/
((a—jb)3(a+jb)3d<b+aCot[c+dx])3(BCos[c+dx}+CSin[c+dx]))+
((3jagbB+3a8sz+5]'1a7b3B+5a6b4B+1'1a5b5B+a4b6B—ja3b7B—a2bgB—
ia®Cc-a’bC+ia’b?C+a’b>C+5ia°b*C+5a°b>C+3ia*b®C+3a’b’ ()
(c+dx) (C+BCot[c+dx])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx])3)/
(a2 (a—jb)e(a+1‘1b)5d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}))—
(j (3a°bB-b*B-2a’C+3ab2C) ArcTan[Tan[c +dx]]
(C+BCot[c+dx])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx])3)/
((a2+b2)3d(b+aCot[c+dx1)3(BCos[c+dx]+CSin[c+dx]))+
((Basz—b3B—a3C+3ab2C) (C+BCot[c+dx]) Csclc+dx]>
Log[(aCos[c+dx] +bSin[c+dx])?] (aCos[c+dx]+bSin[c+dx])3)/
(2 (a2+b2)3d(b+aCot[c+dx})3(BCos[c+dx]+CSin[c+dx]))+
((C+BCot[c+dx])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx})2
(3abZBSin[c+dx]—2a2bCSin[c+dx]+b3CSin[c+dx}))/
(a (a—jb)z(aﬂib)zd(b+aCot[c+dx}>3(BCos[c+dx]+CSin[c+dx]))

Problem 43: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[c+dx]2 (BTan[c+dx] +CTan[c+dx]?) 4
X

(a+bTan[c+dx})3

Optimal (type 3, 215leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb | 17

(3a?bB-b*B-a*C+3ab?C) x Blog[Sin[c+dx]] 1
(a2 +b2)° a’d a® (a?+b?)°d
b(6a*bB+3a’b’B+b°B-3a°C+a’b’C) LoglaCos[c+dx] +bSin[c+dx]] +
b (bB-aC) b(3a?bB+b>B-2a’C)

+

2a (a?+b?)d (a+bTan[c+dx])2 a2 (a2+b2)2d (a+bTan[c+dx])

Result (type 3, 1004 leaves):
—((b3 (-bB+aC) (C+BCot[c+dx]) Csc[c+dx]* (aCos[c+dx] +bSin[c+dx] /

)))+

(Za (a—Jlb)2 (a+1‘1b)2d (b+aCot[c+dx])3 (BCos[c+dx] +CSin[c+dx]

((—3a2b8+b3B+a3C—3ab2C) (c+dx) (C+BCot[c+dx])
Csc[c+dx}2(aCos[c+dx}+bSin[c+dx])3)/
((a—jb)3(a+ib)3d<b+aCot[c+dx})3(BCos[c+dx}+CSin[c+dx]))+
((—6ja14sz—6a13b3B—15ja12b4B—15a11b5B—lBJialeb(’B
13a°b’B-5ia®b®B-5a’b?B-ia®b®B-a*b™B+3ia®bC+
3a¥b’C+5ia?b’C+5a?b*C+iat*b>C+at?b®C-ia’b’ C-a®b?()
(c+dx) (C+BCot[c+dx])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx])3)/
(a8 (a—jb)e(a+1‘1b)5d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}))—
(j (-6a*b?B-3a?b*B-b*B+3a°bC-a®b’>C) ArcTan[Tan[c+dx]]
(C+ BCot[c+dx])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx])3)/
(a +b2 (b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}>

+

(B( (c+BCot[c+dx]) Csclc+dx]?Log[Sin[c+dx]] (aCos[c+dx]+b51n[c+dx})3)/

(a3 (b+acCot[ c+dx])3(BCos[c+dx}+CSin[c+dx]))+

(( 6a*b’B-3a’b*B-b°B+3a°bC-a*b>C) (C+BCot[c+dx]) Csclc+dx]?
Log[(aCos[c+dx] +bSin[c+dx])?] (aCos[c+dx]+bSin[c+dx])3)/

(2a3 (a2+b2)3d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}))+

((C+BCot[c+dx])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx})2
(74a2b3BSin[c+dx]7bSBSin[c+dx}+3a3b2CSin[c+dx}))/

(a3 (aﬂib)2 <a+jb)2d (b+aCot[c+dx])3 (BCos[c+dx] +CSin[c+dx}))

Problem 44: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[c+dx]3 (BTan[c+dx] +CTan[c+dx]?) 4
X

(a+bTan[c+dx})3

Optimal (type 3, 287 leaves, 7 steps):
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(a®B-3ab?B+3a?bC-b>C)x (3bB-aC) Log[Sin[c+dx]] 1
B (a2 + b2)3 ) atd ’ a* (a2 +b?)°d
b’ (16a*bB+9a’b’B+3b°B-6a°C-3a’b’C-ab®C) LoglaCos[c+dx]+bSin[c+dx]] -
b(2a’B+3b?B-abC() B Cot[c +dx]

2a% (a?+b?)d (a+bTan[c+dx])? ad(a+bTan[c+dx])?
b(a*B+6a?b?B+3b*B-3a*bC-ab’C)

a3 (a2+b2)2d (a+bTan[c+dx])

Result (type 3, 1150 leaves):
(b* (-bB+acC) (C+BCot[c+dx])Csc[c+dx]2(aCos[c+dx1+bSin[c+dx]))/
(Za2 (afjb)z(a+1‘1b)2d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}))7
((a3873ab28+3a2bcfb3c> (c+dx) (C+BCot{c+dx])
Csc[c+dx12(aCos[c+dx1+bSin[c+dx])3)/
((afjb)3(a+jb)3d<b+aCot[c+dx})3(BCos[c+dx}+CSin[c+dx]))+
((1@1’1alsb3B+10a14b4B+29ia13b5B+29a12bGB+311'1a11b7B+31a19b8B+
151 a°b°B+15a8b®B+3ia’bB+3a%b?B-6ia®b?C-6a”b3C-151ab*C-
15a2b°C-13ia”?b°C-13ab’C-5iab?C-5a’b’°C-ia®b'®C-a’b'()
(c+dx) (C+BCot[c+dx])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx])3)/
(a10 (a—ib)6(a+jb)5d(b+aCot[c+dx})3(BCos[c+dx]+CSin[c+dx]))f
(1‘1 (16a*b’B+9a’b>B+3b’B-6a’b*C-3a’b*C-ab®C) ArcTan[Tan[c+dx]]
(C+BCot[c+dx])cSc[c+dx12(aCos[c+dx]+b51n[c+dx])3)/
(a4 (az+b2)3d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}>)7
(BCot[c+dx] (C+BCot{c+dx]) Csclc+dx]? (aCos[c+dx] +bSin[c+dx])3)/
(asd(b+aCot[c+dx])3(BCos[c+dx}+CSin[c+dx]))+
((73bB+aC) (C+BCot[c+dx]) Csclc+dx]?Log[Sin[c+dx]]
(aCos[c+dx}+bSin[c+dx])3)/(a4d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}))+
((10a4b3B+9a2b5B+3b7B—6a5b2C—3a3b4C—ab5C) (C+BCot[c+dx]) Csclc+dx]>
Log[(aCos[c+dx] +bSin[c+dx])?] (aCos[c+dx] +bSin[c+dx])3)/
(Za4 (a2+b2)3d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}))+
((C+BC0t[c+dX])Csc[c+dx}2(aCos[c+dx]+bSin[c+dx})2
(5a2b4BSin[c+dx}+2b6BSin[c+dx]—4a3b3CSin[c+dx}—abSCSin[c+dx]))/
(a4 (afjb)z(a+1’1b)2d(b+aCot[c+dx])3(BCos[c+dx]+CSin[c+dx}))

Problem 49: Unable to integrate problem.

dx

JTan[c+dx]"‘ (A+BTan[c+dx] +CTan[c+dx]?)

va+bTan[c +dx]
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Optimal (type 6, 328 leaves, 13 steps):

1
b(a—\/—bz)d
1 3 a+bTan[c+dx bTan[c+dx
[bB+x/—b2 (A—C)]AppellFl[f, 1, -m, =, & [cxdx] o, [c+ }}
2 2 a-+/_bp? a
bTan[c+dx]\™ 1
Tan[c+dx]m(—— vJa+bTan[c+dx] - ——————
a b(a+\/—b2)d
1 3 a+bTan[c+dx bTan[c+dx
(bB—x/—bZ (A—C))AppellFl[—, 1, -m, —, : e~ ],1+#]
2 2 a+\-b? a
bTan[c+dx]\™
Tan[c+dx]" _DTanfcrdx] Va+bTan[c+dx] +
a
1 X 1 3 bTan[c +dx]
——2 CHypergeometric2F1| =, -m, ~, 1+ ——|
bd 2 2 a
bTan[c+dx] )\~

m
Tan[c+dx]" va+bTan[c +dx]

a

Result (type 8, 45 leaves):

JTan[c+dx]"‘ (A+BTan[c+dx] +CTan[c+dx]?) :
X

va+bTan[c +d x]

Problem 50: Result more than twice size of optimal antiderivative.

J(aerTan[eJr-Fx])3 (c+dTan[e+fx]) (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 353 leaves, 6 steps):

(a®> (Ac-cC-Bd) -3ab®> (Ac-cC-Bd)-3a*b (Bc+ (A-C)d)+b> (Bc+ (A-C)d)) x—%
(3a®b (Ac-cC-Bd) -b*> (Ac-cC-Bd)+a’> (Bc+ (A-C)d)-3ab® (Bc+ (A-C)d))
Log[Cos[e+fx]] +%b (2ab (Ac-cC-Bd) +a* (Bc+ (A-C)d) -b*> (Bc+ (A-C)d))

(Abc+aBc-bcC+aAd-bBd-aCd) (a+bTan[e+fx])?

Tan[e + fx] + +
2f
(Bc+ (A-C)d) (a+bTan[e+1‘x])3 (aCd-5b (cC+Bd)) (a+bTan[e+-Fx])4
3f 7 2002 f :
CdTan[e+fx] (a+bTan[e+fx])*
5bf

Result (type 3, 1022 leaves):
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(b>*cC+b*Bd+3ab?Cd) (aerTan[eJr-Fx])3 (c+dTan[e+fx])

+

4f(aCos[e+fx}+bSin[e+fx])3<cCos[e+fx]+dSin[e+fx])
((Ab3c+3abZBc+3a2bcC—2b3cC+3aAb2d+3a2de—2b3Bd+a3Cd—6ab2Cd)
Cos[e+-Fx]2(a+bTan[e+Fx])3(c+dTan[e+-Fx]))/
(2F(aCos[e+fx}+bSin[e+-Fx])3(cCos[e+-Fx]+dSin[e+fx]))+
((a3Ac—3aAb2c—3a2bBc+b3Bc—a3cC+3ab2cC—3a2Abd+Ab3d—a3Bd+3aszd+
3a°bCd-b’Cd) (e+fx) Cos[e+-Fx}4(a+bTan[e+-Fx]>3 (c+dTan[e+-Fx}>)/
(f (aCos[e+fx]+bSin[e+Fx})3(cCos[e+Fx1+dSin[e+fx]))+
((—3a2Abc+Ab3c—a3Bc+3ab2Bc+3a2bcC—b3cC—a3Ad+3aAb2d+3a2de—b3Bd+
a’Cd-3ab’Cd) Cos[e+fx]*Log[Cos[e+fx]] <a+bTan[e+fx}>3(c+dTan[e+Fx]))/
(f(aCos[e+fx]+bSin[e+Fx})3(cCos[e+Fx}+dSin[e+fx]))+
(Cos[e+-Fx] (5b®BcsSin[e+fx] +15ab*cCSinfe+fx] +5Ab>dSin[e+fx] +
15ab?BdSin[e+fx] +15a’bCdSinfe+fx] -11b>CdSin[e+fx]) (a+bTan[e+fx])?
(c+dTan[e+fx]))/(15f(aCos[e+fx]+bSin[e+Fx}>3(cCos[e+fx]+dSin[e+fx}))+
1

15f (aCos[e+fx] +bSin[e+fx])> (cCos[e+fx] +dSin[e+Ffx])

Cos[e+fx]>(45aAb*cSin[e+fx] +45a’bBcSin[e+fx] -20b°BcSin[e+fx] +
15a3cCSin[e+fx] -60ab’>cCSin[e+fx] +45a’AbdSin[e+fx] -20Ab3>dSin[e+fx] +
15a’BdSin[e+fx] -60ab’BdSin[e+fx] -60a’bCdSin[e+fx] +23b>CdSin[e+fx])

(a+bTan[e+1‘:x1)3 (c+dTan[e+fx]) +
b>CdTan[e+fx] (a+bTan[e+fx])? (c+dTan[e+fx])

3

5f(aCos[e+fx] +bSin[e+fx])° (cCos[e+fx]+dSinfe+fx])

Problem 51: Result more than twice size of optimal antiderivative.

J(a+bTan[e+1‘:x])2 (c+dTan[e+fx]) (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 248 leaves, 5 steps):

(a (Ac—cC-Bd) b2 (Ac—cC-Bd) —2ab (Bc+ (A C| d))x—%

(2ab (Ac-cC-Bd)+a* (Bc+ (A-C)d)-b*>(Bc+ (A-C)d)) Log[Cos[e+Fx]]+
b(Abc+aBc-bcC+aAd-bBd-aCd) Tan[e+fx] (Bc+ (A-C)d) (a+bTan[e+1‘x])2
f ' 2f
(acd-4b (cC+Bd)) (a+bTan[e+fx])> CdTane+fx] (a+bTan[e+fx])?
12b2 f ’ 4bf

Result (type 3, 1033 leaves):
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((—ZaAbc—azBc+b2Bc+2abcC—a2Ad+Ab2d+2ade+a2Cd—b2Cd)
Cos[e+fx]>Log[Cos[e+fx]] (a+bTan| e+1‘x])2 (c+dTan[e+fx]))/
2

(f (aCos[e+fx] +bsSin[e+fx])* (cCos[e+fx] +dSin[e+fx])) +
1

24f (aCos[e+fx] +bSinfe+fx])? (cCos[e+fx] +dSin[e+fx])

Sec[e+fx] (6b*’Bc+12abcC+6Ab*d+12abBd+6a’Cd-6b°Cd+9a’Ac (e+fx) -
9Ab>c (e+fx)-18abBc (e+fx)-9a’cC (e+fx)+9b’°cC(e+fx)-18aAbd (e+fx) -
9a’Bd (e+fx) +9b’Bd (e+fx)+18abCd (e+fx) +6b>BcCos[2 (e+Ffx)]+
12abcCCos[2 (e+fx)|+6Ab>dCos[2 (e+fx)]|+12abBdCos[2 (e+fx)]+
6a’CdCos[2 (e+fx)]-12b>CdCos[2 (e+Fx) ]| +12a*Ac (e+fx) Cos[2 (e+Fx)] -
12Ab%c (e+fx) Cos[2 (e+fx)]-24abBc (e+fx) Cos[2 (e+fx)]-
12a%cC (e+fx) Cos[2 (e+fx)]+12b’cC (e+fx) Cos[2 (e+fx)] -
24aAbd(e+Fx)Cos[2(e+-Fx)]—12aZBd(e+-Fx)Cos[2 (e+fx>]+
12b?Bd (e+fx) Cos[2 (e+fx)] +24abCd (e+fx) Cos[2 (e+fx)]+
3a®Ac (e+fx) Cos[4 (e+fx)|-3Ab>c (e+fx)Cos[4 (e+fX)]-
6abBc (e+fx) Cos[4 (e+fx)|-3a’cC(e+fx)Cos[4 (e+fx)]|+
3b%cC(e+fx) Cos[4 (e+fx)|-6aAbd (e+fx)Cos[4 (e+fx)]-
3a’Bd (e+fx) Cos[4 (e+fx)|+3b°Bd (e+fx)Cos[4 (e+fx)]|+

6abCd (e+fx) Cos[4 (e+fx)|+6Ab>cSin[2 (e+fx)]|+12abBcSin[2 (e+fx)]+
6a?cCsin|2 (e+Fx”—4b2cCSin[2 (e+fx>]+12aAdein[2 (e+fx)]
6a?BdSin[2 (e+fx)]| -4b2BdSin[2 (e+fx)]|-8abCdsSin[2 (e+fx) ]+
3Ab>cSin[4 (e+fx)]+6abBcSin[4 (e+fx)|+3a*cCSin[4 (e+fx)]-

4b’cCsSin[4 (e+fx)|+6aAbdsSin[4 (e+fx)]|+3a’BdSin[4 (e+fx)]-

4b?BdSin[4 (e+fx)] -8abcCdsin[4 (e+fx)]|) (a+bTan[e+fx])? (c+dTan[e+fx])

Problem 54: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dTan[e+fx}) (A+BTan[e+fx] +CTan[e+fx]?)

dx
a+bTan[e + f x]
Optimal (type 3, 156 leaves, 5steps):
(a(Ac-cC-Bd)+b (Bc+ (A-C)d)) x
a% + b2 i
(Abc-aBc-bcC-aAd-bBd+aCd) Log[Cos[e+fx]]
(a2+b2)'F :
(Ab*-a (bB-acC)) (bc-ad) Logla+bTan[e+fx]] +CdTan[e+‘FX]
b2 (a% + b2) f bf

Result (type 3, 384 leaves):
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((aCos[e+fx] +bSin[e+fx]) (c+dTan[e+fx])
(aAb’ce+b’Bce-ab’cCe+Ab’de-ab’Bde-b>*Cde+aAb’cfx+b’Bcfx-ab’cCfx+
Ab*dfx-ab’Bdfx-b>Cdfx+ (a®+b”) (aCd-b (cC+Bd)) Log[Cos[e+Fx]]+
Ab3cloglaCos[e+fx] +bSin[e+fx]] -ab?Bclog[aCos[e+fx]+bSin[e+fx]] +
a’bcCloglaCos[e+fx] +bSin[e+fx]] -
aAb’dlogl[aCos[e+fx]+bSin[e+fx]]+a’bBdlog[aCos[e+fx] +bSin[e+fx]] -
a®CdloglaCos[e+fx]+bSin[e+fx]]+b (a®>+b?) CdTan[e+fx]))/

((a-1ib) (a+ib)b>f (cCos[e+fx]+dSin[e+fx]) (a+bTan[e+Fx]))

Problem 55: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dTan[e+fx]) (A+BTan[e+fx] +CTan[e+fx]?)

dx
(a+bTan[e+fx])?
Optimal (type 3, 265 leaves, 5steps):
(a2 (Ac-cC-Bd) -b? (Ac-cC-Bd) +2ab (Bc+ (A-C)d))x 1
N
(a2 + b2)? (a2 +b2)% f

o
b2 (a2 +b?)*f
(a*Cd+b* (Bc+Ad) +2ab’ (Ac-cC-Bd) -a’b> (Bc+ (A-3C)d)) Logla+bTan[e+fx]] -
(Ab?-a (bB-acC)) (bc-ad)

b? (a?+b?) f (a+bTan[e+fx])

(2ab (Ac-cC-Bd)-a*>(Bc+ (A-C)d) +b*> (Bc+ (A-C)d)) Log[Cos[e+Fx]] +

Result (type 3, 1437 leaves):
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—((J’l(—2a6Ab4c+2Jia5Ab5c—2a4Ab6c+2Jia3Ab7c+a7b3Bc—ia6b4Bc—
a’b’Bc+ia?b®Bc+2a®b*cC-21a°b°cC+2a*bbcC-21ia3b’cC+
a’Ab>d-ia®Ab*d-a*Ab’d+ia’Ab®d+2a°b*Bd-21a°b°Bd+2a*b®Bd-
2ia’b’Bd-a’bCd+ia®b’Cd-4a’b’Cd+4ia®b*Cd-3a°b>Cd+3ia*b®Cd)

(e+fx) Secle+fx] (aCos[e+fx] +bSin[e+1Cx])2 (c+dTan[e+fx]))/
(a2 (a-ib)* (a+1b)’b®f (cCos[e+Ffx] +dSin[e+Ffx]) (a+bTan[e+Fx])2))f
(11 (2aAb’c-a’b’Bc+b*Bc-2ab’cC-a*?Ab’d+Ab*d-2ab’Bd+a*Cd+3a’b’Cd)
ArcTan[Tan[e + fx]] Sec[e+fx] (aCos[e+fx] +bSin[e+1‘:x])2 (c+dTan[e+fx}))/
(b2 (a2+b2)2-F(cCos[e+-Fx} +dsinfe+fx]) <a+bTan[e+-Fx}>2) -
(CdLog[Cos[eﬂcx}]Sec[e+fx] (acCos[e+fx] +bSin[e+1Cx])2 (c+dTan[e+fx]))/
(bz-F(cCos[e+-Fx] +dsinfe+fx]) (a+bTan[e+Fx])2) +
((2aAb3c—azszc+b4Bc—2ab3cC—azAbzd+Ab4d—2ab3Bd+a4Cd+3a2b2Cd)
Log[(aCos[e+Fx]+bSin[e+-Fx])2]Sec[e+-Fx]
(aCos[em‘x}+bSin[e+Fx])2<c+dTan[e+fx}))/
(sz (a2+b2)zf(cCos[e+Fx1 +dsinfe+fx]) (a+bTan[e+Fx])2) +
(Secle+fx] (aCos[e+fx] +bSin[e+fx])
(a*Abc (e+fx) Cos[e+fx]-a’Ab’>c (e+fx) Cos[e+fx]+2a’b’Bc (e+fx) Cos[e+fx]-
a*bcC(e+fx) Cos[e+fx]+a’b>cC (e+fx) Cos[e+Ffx]+
2a’Ab*d (e+fx) Cos[e+fx] -a*bBd (e+fx) Cos[e+fx]+a’b*Bd (e+fx) Cos[e+Fx] -
2a°b’Cd (e+fx) Cos[e+fx] +a’?Ab’cSinfe+fx] +Ab>cSin[e+fx] -
a®’b?BcSinje+fx] -ab*BcSin[e+fx] +a*bcCSin[e+fx] +a?b3>cCSin[e+fx] -
a>Ab%2dSin[e+fx] -aAb*dSin[e+fx] +a*bBdSin[e+fx] +a?b>BdSin[e+fx] -
a®>Cdsinfe+fx] -a’b®CdSin[e+fx] +a’Ab*c (e+fx) Sin[e+fx] -
aAb*c (e+fx)Sin[e+fx] +2a’b>Bc (e+fx)Sin[e+fx] -a’b’>cC (e+fx)Sin[e+Ffx] +
ab*cC(e+fx)Sinfe+fx] +2a’Ab>d (e+fx) Sin[e+fx] -a’b*Bd (e+fx) Sin[e+Ffx] +
ab*Bd (e+fx)Sin[e+fx] -2a’b>Cd (e+fx) Sin[e+fx]) (c+dTan[e+fx]))
(a (a-ib)?(a+1ib)?bf (cCos[e+fx]+dSin[e+fx]) (a+bTan[e+fx})2)

Problem 56: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J<c+dTan[e+-Fx}) (A+BTan[e+fx] +CTan[e+fx]?) 4
X

(a+bTan[e+fx})3

Optimal (type 3, 320 leaves, 4 steps):
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(1)(a3 (Ac-cC-Bd)-3ab®> (Ac-cC-Bd)+3a’b (Bc+ (A-C)d)-b>(Bc+ (A-C)d)) x+
a2+ b2)3

! 2 c-cC- -b* (Ac-cC- -a* (Bc+ (A- +3ab? (Bc+ (A-
m(3a b(A C Bd> b (A C Bd) (B (A C) d) 3ab (B <A C) d>)

(Ab?-a (bB-acC)) (bc-ad)

Log[aCos[e+fx] +bSin[e+fx]] -
2b? (a2 +b?) f (aerTan[eercx])2

a*Cd+b* (Bc+Ad) +2ab? (Ac-cC-Bd) -a?b? (Bc+ (A-3C)d)

b2 (a2+b2)2-F (a+bTan[e+fx])

Result (type 3, 2622 leaves):
((31’1agAbc+3a8Ab2c+51'1a7Ab3c+5a5Ab4c+JlaSAbSc+a4Ab6c—ja3Ab7c—a2Ab8c—
ia®Bc-a’bBc+ia®b?’Bc+a’b>Bc+51a®b*Bc+5a°b°Bc+3ia*b®Bc+3a>b’Bc-
31a°bcC-3a®b?cC-51a’b3cC-5a%b*cC-ia’b°cC-a*b®cC+ia’b’cC+a?bdcC-
ia®Ad-a’Abd+ia®Ab’d+a’Ab’d+51ia®Ab*d+5a°Ab°d+3ia*Ab®d+3a’Ab’d-
31a°bBd-3a®b?Bd-51a’b?>Bd-5a°b*Bd-1a°b°Bd-a*b®Bd+ia*b’Bd+a’b®Bd+
ia®Cd+a’bCd-ia®b’Cd-a’b’Cd-5ia°b*Cd-5a°b°Cd-3ia*b®Cd-3a’b’Cd)
(e+fx) Sec[e+-Fx]2(aCos[e+-Fx}+bSin[e+fx])3<c+dTan[e+fx]))/
(a2 (a-ib)®(a+1ib)°f (cCos[e+fx] +dSinfe+fx]) (a+bTan[e+fx}>3> -
(Ji (3a®Abc-Ab*c-a’Bc+3ab’Bc-3a’bcC+b’cC-a’Ad+
3aAb’d-3a’bBd+b’Bd+a’Cd-3ab’>Cd) ArcTan[Tan[e + f x]]
Sec[e+-Fx12(aCos[e+-Fx1+bSin[e+fx])3(c+dTan[e+fx1))/
((a2+b2)3f<cCos[e+Fx] +dsinfe+fx]) (a+bTan[e+fx])3) +
((3a2AbcfAb3cfa3Bc+3ab2Bc73a2bcC+b3ccfa3Ad+3aAb2df
3a°bBd+b>Bd+a*Cd-3ab?Cd) Log[(aCos[e+fx] +bSin[e+fx])?]
Sec[e+-Fx}2(aCos[e+fx}+bSin[e+fx])3(c+dTan[e+fx]))/
(2 (a2+b2)3f(cCos[e+-Fx] +dSin[e+fx]) (a+bTan[e+-Fx])3) +
(Secle+fx]? (aCos[e+fx] +bSin[e+fx]) (2a’Ab’c+2aAb’c-a*b’Bc+b®Bc-
2ab*cC-2ab’cC-a*Ab’d+AbPd-2a’b’>Bd-2ab>Bd+a®Cd+4a*b’Cd+
3a’b*Cd+a®Ac (e+fx) -2a*Ab*c (e+fx)-3a’Ab%c (e+fx)+3a°bBc (e+fx)+
2a°b’Bc (e+fx)-ab’Bc (e+fx)-a®cC(e+fx)+2a*b?>cC (e+Ffx)+
3a’b*cC(e+fx)+3a°Abd (e+fx)+2a’Ab>d (e+fx) -aAb’d (e+Ffx) -
a®Bd (e+fx) +2a*b?’Bd (e+fx) +3a’b*Bd (e+fx) -3a°bCd (e+fx) -
2a®b?>Cd (e+fx) +ab®Cd (e+fx) -3a’Ab’cCos[2 (e+fx)]-3aAb’cCos[2 (e+Fx)]+
2a*b’BcCos[2 (e+fx)]+a’b*BcCos|[2 (e+fx)|-b°BcCos[2 (e+fx)] -
a®bcCCos[2 (e+fx)]+a’b’cCCos[2 (e+fx)]+2ab’cCCos[2 (e+fx)]+
2a*Ab>dCos[2 (e+fx) ] +a’Ab*dCos[2 (e+fx)|-Ab®dCos[2 (e+fx)] -
aSdeCos[2<e+-Fx)]+a3b3BdCos[2 (e+Fx”+2abSBdCos[2 (e+fx)]—
3a*b’CdCos[2 (e+fx)]-3a’b*CdCos[2 (e+fx)]|+a®Ac (e+fx) Cos[2 (e+fx)]-
4a*Ab’c (e+fx) Cos[2 (e+fx)]+3a’Ab*c (e+fx)Cos[2 (e+fx)]+
3a°bBc (e+fx) Cos[2 (e+fx)|-4a’b?®Bc (e+fx)Cos[2(e+fx)]|+
ab®Bc (e+fx) Cos[2 (e+fx)|-a®cC (e+fx)Cos[2 (e+fx)]+
4a*b>cC(e+fx)Cos[2 (e+Ffx)]-3a’b*cC (e+fx)Cos[2 (e+fx)]+
3a°Abd (e+fx) Cos[2 (e+fx)|-4a°Ab>d (e+fx) Cos[2 (e+Ffx)]+
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aAbsd(e\+fX) Cos 2 (e+fx)]—asBd(e+F;<) Cos[lz <e+F>‘<)]+ /

4a*b?Bd (e+fx) Cos[2 (e+fx)]-3a’b*Bd (e+fx) Cos[2 (e+fx)]-

3a°bCd (e+fx) Cos[2 (e+fx)|+4a’b?>Cd (e+fx) Cos[2 (e+fx)]|-

ab®Cd (e+fx) Cos|2 (e+fx)]+3a4Ab2cSin[2 (e+fx)] +3a%Ab*cSin[2 (e+Fx)] -
2a°bBcsSin|2 (e+fx)|-a’b*BcSin[2 (e+fx)]+ab’BcSin[2 (e+fx)]+
a®cCsin[2 (e+fx)]-a*b?>cCsin|2 (e+fx)]|-2a’b*cCSin[2 (e+fx)] -
2a5Adein[2(e+-Fx)]—a3Ab3dSin[2 (e+fx)] +aAb®dSin[2 (e+fx)] +
a®BdsSin[2 (e+fx)]-a*b?’BdsSin|2 (e+fx)]|-2a’b*BdSin[2 (e+fx)] +
3a5deSin[2(e+-Fx | +3a’b>CdSin[2 (e+fx)]+2a°Abc (e+fx)Sin[2 (e+fx)] -

6a’Ab’c (e+fx) SlnEZ (e+Fx”+6a b*Bc (e+fx) Sin|2 (e+-Fx)]—
2a’b*Bc (e+fx)Sin[2 (e+fx)]|-2a°bcC (e+fx)Sin[2 (e+fx)]|+
6a’b>cC (e+fx)sSin[2 (e+fx)|+6a*Ab’d (e+fx)Sin[2 (e+fx)] -
2a’Ab*d (e+fx)Sin[2 (e+fx)|-2a°bBd (e+fx)Sin|2 (e+fx) ]|+
6a’b>Bd (e+fx)Sin[2 (e+fx)|-6a*b?Cd (e+fx)Sin[2 (e+fx)]+
2a’b*Cd (e+fx)sin|2 (e+fx)|) (c+dTan[ e+fx]))/

(Za (a-ib)? (a+1ib)>f (cCose+fx] +dSine+fx]) (a+bTan[e+fx})3)

Problem 57: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx])3 (c+dTan[e+1:x}>2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 661 leaves, 7 steps):
-(a® (c*C+2Bcd-Cd®*-A (c?-d?*)) -3ab* (c?C+2Bcd-Cd*>-A (c*-d?)) +

3a’b (2c (A-C)d+B (c*-d*)) -b>(2c (A-C)d+B (c*-d?])) x +%
(3a®b (c?C+2Bcd-Cd*-A (c*-d*))-b®> (c?C+2Bcd-Cd*-A (c*-d?)

) -

a®>(2c (A-C)d+B (c®*-d*)) +3ab® (2c (A-C)d+B (c*-d?*))) Log[Cos[e+fx]] +%

d (3a2b(Ac—cC—Bd) -b? (Ac-cC-Bd) +a® (Bc+ (A-C) d) -3ab? (Bc+ (A—c)d))
(a®B-3ab?B+3a’b (A-C) -b*> (A-C)) (c+dTanfe+fx])?

Tan[e + fx] + +
2f

" (4a3Cd3—3a2bd2 (3cC—16Bd)+3ab2d(2c C-5Bcd+ 20( )dz)
60 d* f
1

20d3 f
b(5b(Ab+aB-bC)d*+ (bc-ad) (bcC-2bBd-aCd)) Tan[e+fx] (c+dTan[e+-Fx})3—

(bcCc-2bBd-acCd) (a+bTan[e+fx])* (c+dTanfe+fx])>
10d?f
C(a+bTan[e+fx])’ (c+dTan[e+fx])’
6df

b* (*C-2Bc?d+5¢c (A-C)d?+20Bd?)) (c+dTan[e+fx])’+

+

Result (type 3, 1616 leaves):
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((b3c2C+2b3Bcd+6abchd+Ab3d2+3abZBd2+3a2de2—3b3Cd2)
Cos[e+fx] (a+bTan[e+fx])> <c+dTan[e+-Fx})2)/

(41C (acCos[e+fx] +bSin[e+-Fx])3 (cCosfe+fx] +dSin[e+fx])2) +
((Ab3c2+3aszc2+3a2bc2C—2b3c2C+6aAb2cd+6a2bBcd—4b3Bcd+2a3ch—
12ab’cCd+3a*Abd*-2Ab’°d*+a’Bd°-6ab’Bd’-6a°bCd*+3b>Cd?)

Cos[e + fx]3 (a+bTan[e+-Fx])3 (c+dTan[e+fx1)2)/

(21C (acCos[e+fx] +bSin[e+fx])>

(cCos[e+fx] +dSin[e+fx])2) +
((a3Ac273aAb2c273a2bBc2+b3Bc27a3c2C+3ab2c2C76a2Abcd+2Ab3cd72a3Bcd+
6ab’Bcd+6a’bcCd-2b’>cCd-a’Ad*+3aAb*d*+3a’bBd*-b>Bd*+a’>Cd*-3ab’Cd)
(e+fx) Cos[e+fx]® (a+bTan[e+fx])> (c+dTan[e+fx})2)/
(f (acCos[e+fx] +bSin[e+fx])> (cCosle+fx] +dSin[e+fx])2) +
((73a2Abc2+Ab3cz—a3Bc2+3abZBc2+3a2bc2C—b3c2C—2a3Acd+6aAb2cd+6a2bBcd—
2b’°Bcd+2a’cCd-6ab*cCd+3a’Abd’-Ab’d*+a’Bd*-3ab’Bd*-3a’bCd”+b’>Cd?)
Cos[e +fx]° Log[Cos[e +fx]] (aerTan[eercx])3 (c+dTan[e+-Fx])2)/
(f (aCosle+fx] +bSin[e+1:x1)3 (cCosfe+fx] +dSin[e+fx])2) +

b>Cd2Sec[e+fx] (a+bTan[e+fx])> (c+dTan[e+fx])?

+

6 f (aCos[e+fx] +bSin[e+1‘:x})3 (cCosle+fx] +dSin[e+1‘:x])2

(1/(15-F (aCos[e+fx] +bSin[e+-Fx}>3 (cCosfe+fx] +dSin[e+-Fx])2))

Cos[e+fx]? (5b°Bc*Sinfe+fx] +15ab’>c?CSin[e+fx] +10Ab>cdSinfe+fx] +
30ab?BcdSin[e+fx] +30a’bcCdSin[e+fx] -22b3cCdSin[e+fx] +
15aAb%d?Sin[e+fx] +15a2bBd?Sin[e+fx] -11b3>Bd?Sin[e+fx] +
5a’Cd*Sin[e+fx] -33ab*Cd®Sinfe+fx]) (a+bTan[e+1‘x])3 (c+dTan[e+fx]>2+

((2b3chSin[e+Fx} +b’Bd*Sinfe+fx] +3ab’>Cd*Sinf[e+fx])

(a+bTan[e+fx])’ (c+dTan[e+fx])2)/
(51c (aCos[e+fx] +bSin[e+fx])> (cCosle+fx] +dSin[e+-Fx])2) +
(1/(151c (acCos[e+fx] +bSin[e+fx])’ (cCos[e+fx] +dSin[e+fx])2))

Cos[e+fx]* (45aAb>c?Sin[e+fx] +45a°bBc?Sin[e+fx] -20b>Bc*Sin[e+fx] +
15a3c?CSinje+fx] -60ab?c>CSin[e+fx] +99a’AbcdSin[e+fx] -
40Ab3cdSin[e+fx] +30a*’BcdSin[e+fx] -120ab?BcdSin[e+fx] -
120a’bcCdSin[e+fx] +46b>cCdSin[e+fx] +15a%>Ad?Sin[e+fx] -
60aAb%d>Sin[e+fx] -60a2bBd?Sin[e+fx] +23b3>Bd?Sin[e+fx] -
20a°Cd*Sinfe+fx] +69ab?Cd’Sin[e+fx]) (a+bTan[e+fx])> (c+dTan[e+fx])?

Problem 58: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx])2 (c+dTan[e+fx])? (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 443 leaves, 6 steps):
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~(a® (c?C+2Bcd-Cd?>-A (2-d?)) -
b? (c?C+2Bcd-Cd?-A (c?-d?)) +2ab (2c (A-C)d+B (c2-d?))) x+

%(Zab (c2C+ZBcd—Cd2—A(c2—d2>) - a2 (2c (A—C) d+B (cz—dz)) +

b*> (2c (A-C)d+B (c*-d*))) Log[Cos[e+fx]] +%
d(2ab(Ac-cC-Bd)+a®(Bc+ (A-C)d)-b*>(Bc+ (A-C)d)) Tan[e+Fx] +
(a2B-b2B+2ab (A-C)) (c+dTan[e+fx])? 1
N
2f 60d> f

(8a*Cd?’-10abd (cC-4Bd) +b* (2c2C-5Bcd+20 (A-C) d?)) (c+dTan[e+fx])>-
b(2bcC-5bBd-2aCd) Tan[e+fx] (c+dTan[e+fx])>
20d? f
C (a+bTan[e+1“x1)2 (c+dTan[e+1‘x])3
5df

+

Result (type 3, 1158 leaves):

((szccd+b2Bd2+2ade2) (a+bTan[e+-Fx})2<c+dTan[e+-Fx})2)/
(4F(aCos[e+-Fx}+bSin[e+-Fx])2(cCos[e+-Fx]+dSin[e+fx])2)+
((b*Bc?+2abc?C+2Ab’cd+4abBcd+2a’cCd-4b2cCd+2aAbd’+a’Bd?-

2b28d2—4abcd2)Cos[e+-Fx]2(a+bTan[e+-Fx])2(c+dTan[e+-Fx])2)/
(2F(aCos[e+-Fx}+bSin[e+-Fx])2(cCos[e+-Fx]+dSin[e+fx])2>+
((azAcz—Ab2 2_2abBc?-a*c?C+b%>c*C-4aAbcd-2a%Bcd~+
2b°Bcd+4abcCd-a’Ad*+Ab*d*+2abBd®+a*Cd®-b*Cd?)
(e+fx) Cos[e+-Fx]4(a+bTan[e+-Fx])2(c+dTan[e+Fx})2)/

(f (acCos[e+fx] +bSin[e+fx])?

(cCosle+fx] +dSin[e+fx])2> +
((—ZaAbcz—aZBc2+b2Bc2+2abc2C—2a2Acd+2Ab2cd+
4abBcd+2a’cCd-2b*cCd+2aAbd®+a’Bd*-b>Bd*-2abCd?)
Cos[e+fx]*Log[Cos[e+fx]] (a+bTan[e+1‘:x])2 (c+dTan[e+fx])2)/

(f (acCos[e+fx] +bSin[e+fx])?

(cCosfe+fx] +dSin[e+-Fx])2) +
(Cos[e+1‘x] (5b*>c®*Csinfe+fx] +1@0b*BcdSin[e+fx] +20abcCdSin[e+fx] +
5Ab>d*Sinfe+fx] +10abBd*Sin[e+fx] +5a°Cd*Sin[e+fx] -11b*Cd*Sin[e +fx])
(a+bTan[e+fx])? (c+dTan[e+Fx])2)/
(151‘ (acCos[e+fx] +bSin[e+fx])? (cCos[e+fx] +dSin[e+-Fx])2) +
(1/(15f (acCos[e+fx] +bSin[e+fx])? (cCos[e+fx] +dSin[e+Fx])2)) Cosfe+fx]3
(15Ab*>c*sin[e+fx] +30abBc*Sin[e+fx] +15a*c*CSin[e+fx] -20b*c*CSin[e+fx] +
60aAbcdSin[e+fx] +30a’BcdSin[e+fx] -40b’>BcdSin[e+fx] -
80abcCdSin[e+fx] +15a?Ad?Sin[e+fx] -20Ab%d?>Sin[e+fx] -40abBd?Sin[e+fx] -
20a2Cd*Sinfe+fx] +23b>Cd?Sin[e+fx]) (a+bTan[e+fx])? (c+dTan[e+fx])%+

b2Cd2Tan[e+fx] (a+bTan[e+fx])? (c+dTan[e+fx])?

2

5f (aCos[e+fx] +bSin[e+fx])? (cCos[e+fx] +dSin[e+fx])?
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Problem 59: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx]) (c+dTan[e+-Fx]>2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 266 leaves, 5 steps):

-(a(c*C+2Bcd-Cd*-A(c®*-d*)) +b (2c (A-C)d+B (c*-d*))) x %
(a(Bc*-2cCd-Bd?*) -b (c*C+2Bcd-Cd*) +A(2acd+b (c*-d*))) Log[Cos[e+Fx]] +
d(Abc+aBc-bcC+aAd-bBd-aCd) Tan[e+fx] (Ab+aB-bC() (c+dTan[e+Fx])2

+ -

f 2 f
(bcC-4bBd-4acCd) (c+dTanfe+fx])> bCTan[e+fx] (c+dTan[e+fx])>

+

12d%f 4df

Result (type 3, 1033 leaves):
((-Abc?-aBc?+bc?C-2aAcd+2bBecd+2acCd+Abd?+aBd?-bCd?)
Cos[e+fx]*Log[Cos[e+fx]] (a+bTan[e+fx]) (c+dTan[e+-Fx}>2)/
(f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx])2) +
1

24f (aCos[e+fx] +bSinfe+fx]) (cCos[e+fx] +dSin[e+fx])?

Secle+fx] (6bc*C+12bBcd+12acCd+6Abd*+6aBd’-6bCd>+9aAc® (e+fx) -
9bBc® (e+fx)-9ac*C(e+fx)-18Abcd (e+fx)-18aBcd (e+fx) +18bcCd (e+fX) -
9aAd® (e+fx) +9bBd* (e+fx)+9aCd® (e+fx)+6bc®CCos|2 (e+Ffx)]|+
12bBcdCos|2 (e+fx)]|+12acCdCos[2 (e+fx)] +6Abd?Cos|[2 (e+fx)]+
6aBd2Cos[2(e+FxH—12de2Cos[2(e+-Fx)]+12aAc2 (e+Fx)Cos[2<e+-Fx)]—
12bBc? (e+-Fx)Cos[2(e+-Fx)]—12ac2C(e+Fx)Cos[ <e+-Fx)]—
24Abcd (e+fx) Cos[2 (e+fx)]-24aBcd (e+fx) Cos[2 (e+Ffx)]+
24bcCd (e+fx) Cos[2 (e+fx)|-12aAd® (e+fx) Cos[2 (e+fx)]+
12bBd? (e+-Fx)Cos[2<e+fx)]+12aCd2 (e+-Fx)Cos[2 (e+fx)]+
3aAc® (e+fx) Cos[4 (e+fx)|-3bBc? (e+fx)Cos[4 (e+fx)]|-
3ac®C(e+fx) Cos[4 (e+fx)|-6Abcd (e+fx) Cos[4 (e+fx)]-
6chd(e+-Fx)Cos[4(e+FxH+6bch(e+Fx)Cos[4(e+-Fx)]—
3aAd® (e+fx) Cos[4 (e+fx)|+3bBd? (e+fx)Cos[4 (e+fx)]+
3aCd® (e+fx) Cos[4 (e+fx)|+6bBc>Sin[2 (e+fx)|+6ac*CSin[2 (e+fx)]+
12Abcdsin[2 (e+fx)]|+12aBcdSin[2 (e+fx) | -8bcCdSin[2 (e+fx) ]+
6aAd’Sin[2 (e+fx)]|-4bBd*Sin[2 (e+fx)|-4aCd*Sin[2 (e+fx) ]+
3bBc?Sin([4 (e+fx)]+3ac’CSin[4 (e+fx)]+6AbcdSin[4 (e+fx)]+
6aBcdSin[4 (e+fx)]-8bcCdSin[4 (e+fx)]+3aAd’Sin[4 (e+fx)] -
4bBd?Sin[4 (e+fx)] -4acCd?sin[4 (e+fx)]) (a+bTan[e+fx]) (c+dTan[e+fx])?
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Problem 61: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dTan[e+-Fx])2 (A+BTan[e+fx] +CTan[e+fx]?)
dx

a+bTan[e + fx]

Optimal (type 3, 254 leaves, 6 steps):

1 2 2 2 2 2 2 1
pey. (a(c*C+2Bcd-Cd*-A(c*-d*))-b(2c (A-C)d+B (c*-d )))xfW
(a(Bc?-2cCd-Bd?) +b (c®C+2Bcd-Cd*) +A (2acd-b (c*-d?))) Log[Cos[e+Fx]] +
(Ab>-a (bB-acC)) (bc—ad)zLog[a+bTan[e+-Fx]}
b* (a2 + b?) f

+

d(bcC+bBd-aCd) Tan[e+fx] C (c+dTan[e+-|:x])2

+

b2 f 2bf

Result (type 3, 663 leaves):
((aAc?+bBc?-ac’C+2Abcd-2aBcd-2bcCd-aAd’-bBd?+aCd)
(e+fx) Cos[e+fx] (aCos[e+fx] +bSinfe+fx]) (c+dTan[e+fx})2)/
((a—jlb) (a+1‘1b)F(cCos[e+fx}+dSin[e+-Fx])2(a+bTan[e+fx]))+
((—bZCZC—ZbZBcd+2abch—Abzdz+ade2—a2Cd2+b2Cd2) Cos[e + f x]
Log[Cos[e+fx]] (aCos[e+fx]+bSinfe+fx]) (c+dTan[e+fx}>2>/
(b3-F(cCos[e+Fx]+dSin[e+fx])2(a+bTan[e+-Fx})>+
((Ab4c2—ab3Bc2+a2b2CZC—ZaAb3cd+2a2bZBcd72a3bch+a2Ab2d2—a3de2+a4Cd2)
Cos[e+fx] LoglaCos[e+fx] +bSin[e+fx]] (aCos[e+fx]+bSin[e+fx])
(c+dTan[e+fx])2)/(b3 (az+b2)-F(cCos[e+-Fx]+dSin[e+-Fx}>2(a+bTan[e+-Fx]))+
Cd*Sec(e+fx] (aCos[e+fx] +bSin[e+fx]) (c+dTanle+fx])?

+

2bf (cCos[e+fx] +dSin[e+fx])? (a+bTan[e+fx])
((aCos[eﬂcx} +bSin[e+fx]) (2bcCdSin[e+fx] +bBd*Sin[e+fx] -aCd*Sin[e+fx])
(c+dTan[e+-Fx])2)/(b2f (cCos[e+fx] +dSin[e+-Fx])2 (a+bTan[e+-Fx]))

Problem 62: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(CdeTan[ewa])2 (A+BTan[e+fx] +CTan[e+fx]?) 5
X
(a+bTan[e+fx])?

Optimal (type 3, 415leaves, 6 steps):



30 | Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb

7%(# (c2C+ZBcd—Cd2—A(c2—d2)>—
(a2+b2)
b? (c2C+2Bcd—Cd2—A<c2—d2))—2ab(2c(A—C)d+B(c2—d2))>x—
————(2ab(c?C+2Bcd-Cd?>-A (c?-d?)) +a? (2c (A-C)d+B (c2-d?)) -
S (2ab | < J) +a* (2¢(A-C) ( ))
(a2+b2) f
o
b* (a%+b2)? f
(bc-ad) (a’bBd-2a*Cd-b* (Bc+2Ad) -ab®> (2Ac-2cC-3Bd) +a’b® (Bc-4Cd))
(Ab?-abB+2a?C+b?C) d*Tan[e + fx]

Log[a+bTan[e+fx]] + -
b? (a?+b?) f

b> (2c (A-C)d+B (c*-d?))) Log[Cos[e+fx]] -

(Ab?-a (bB-acC)) (c+dTan[e+fx])?
b (a2+b2) f (a+bTan[e+Fx])

Result (type 3, 2640 leaves):

—((J‘L(—2a6Ab6c2+2J'LaSAb7c2—2a4Ab8c2+Zia3Ab9c2+a7bSBcz—jaGbsBcz—a3b9Bc2+
ia’b®Bc?+2a%b%c?C-21ia’b’c*C+2a*b?c?C-21ia’b’c®C+2a’Ab’cd-
2ia®Abbcd-2a*Ab°cd+2ia’Ab®cd+4a°b®Bcd-4ia°b’Bcd~+
4a*b®Bcd-41a2b’Bcd-2a’°b3>cCd+21a®b*cCd-8a’b>cCd+81ia®b®cCd-
6a°b’cCd+6ia*b®cCd+2abAb®d?>-21ia°Ab’d*+2a*Ab%d*-21ia%Ab’d?-
a’b’Bd*+ia’b*Bd*-4a’b°Bd*+4ia®b®Bd*-3a°b’Bd*+3ia*b®Bd*+
2a%b’Ccd*-2ia’b’Cd®+6a®b?*Cd*-6ia’b>Cd®>+4a°b®Cd*-41ia’b’Cd?)

(e+fx) (aCos[e+fx] +bSin[e+fx])? (c+dTan[e+fx})2)/

(a2 (a—jb)4(a+1‘1b)3b5-F(cCos[e+Fx1+dSin[e+fx])2(a+bTan[e+Fx})2))—

(i (2amb®c?-a?b?Bc+b°Bc?-2ab*c?C-2a’Ab’cd+2Ab cd-4ab'Bcd+
2a4bch+6a2b3ch—2aAb4d2+a4de2+3a2b3Bd2—2a5Cd2—4a3b2Cd2)

ArcTan([Tan[e+fx]] (aCos[e+fx] +bSin[e+fX]>2 (c+dTan[e+-Fx})2)/

(b3 (a2+b2)2f(cCos[e+-Fx}+dSin[e+Fx])2(a+bTan[e+fx])2)+
((—2bch—de2+2aCd2) Log[Cos[e +fx]]
(aCos[eHCX]+bSin[e+-Fx])2<c+dTan[e+-Fx])2)/
(b3-F(cCos[e+1°x}+dSin[e+fx])2(a+bTan[e+fx})2)+
((2aAb4c2—a2b3Bc2+bSBc2—2ab4c2C—2a2Ab3cd+2Ab5cd—4ab4Bcd+
2a4bch+6a2b3ch—2aAb4d2+a4de2+3a2b3Bd2—2a5Cd2—4a3b2Cd2)

Log[ (aCos[e+fx] +bSin[e+fx])?] (aCos[e+Ffx] +bSin[e+fx])? (c+dTan[e+-Fx])2)/

(Zb3 (a2+b2)2f(cCos[e+-Fx}+dSin[e+Fx])2(a+bTan[e+fx}>2)+
(Sec[e+fx] (aCos[e+fx] +bSinfe+fx])

(abCd?+2a’b>Cd?+absCd?+aAb2c? (e+fx) -a?Abic? (e+fx)+2a%bPBc? (e+fx) -
a*b*c*C (e+fx)+a’b*c®C(e+fx) +4a’Ab’cd (e+fx)-2a*b’Bcd (e+fx) +
2a’b*Bcd (e+fx) -4a’b>cCd (e+fx) -a*Ab’d? (e+fx) +a*Ab*d* (e+fx) -
2a®b’Bd? (e+fx) +a*b>Cd? (e+fx) -a’b*Cd® (e+fx) -a°bCd?Cos |2 (e+fx)]-
2a3b3Cd2Cos[2 (e+-FxH—ab5Cd2Cos[2 (e+-Fx)]+a4Ab2c2 (e+Fx) Cos[2<e+fx)]—
a’?Ab*c? (e+fx) Cos[2 (e+fx)|+2a*b>Bc? (e+fx) Cos[2 (e+fx)]|-
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a4b2c2C<e+fx>Cos[2 (\e+fxl”+a2b4czc(e‘+fx)Cos{ (e+FxH+

4a’Ab’cd (e+fx) Cos[2 (e+fx)]-2a*b’Bcd (e+fx) Cos[2 (e+Ffx)]+

2a’b*Bcd (e+fx) Cos[2 (e+fx)|-4a’b’cCd (e+fx) Cos[2 (e+fx)]-

a*Ab’d? (e+fx) Cos[2 (e+fx)|+a’Ab*d? (e+fx) Cos[2 (e+fx)]-

2a®b’>Bd? (e+fx) Cos[2 (e+fx)]+a*b?>Cd® (e+Ffx)Cos[2 (e+Ffx)]-

a’b*Cd? (e+fx) Cos[2 (e+fx)|+a’Ab*c?*Sin[2 (e+fx) |+

a®b’Bc?Sin[2 (e+fx)] -ab®Bc2Sin[2 (e+fx) ]+

+a’b*c?Csin(2 (e+fx)|-2a’Ab’cdsSin|2 (e+fx)| -

] +2a*b?Bcdsin|2 (e+fx)]|+2a’b*BcdSin|[2 (e+fx)| -

2a5bchSin[2(e+-Fx ]—2a3b3chSin[2<e+-Fx)]+a4Ab2dZSin[2 (e+fx>]+

a’Ab*d?sin[2 (e+fx)] -a°bBd*Sin[2 (e+fx)| -a’b>Bd?Sin[2 (e+Fx) ] +

2a°Cd*sin[2 (e+fx)|+3a%*b?Cd’Sin[2 (e+fx) ]| +a’b*Cd®Sin[2 (e+fx)] +

a’Ab’>c? (e+fx)sin[2 (e+fx)|-aAb®c® (e+fx)Sin[2 (e+Ffx) ]+

2a?b*Bc? (e+fx)Sin[2 (e+fx)]-a’b>c?C (e+Fx)Sin[2 (e+fx)]+

ab>c’C (e+fx)Sin[2 (e+fx)]+4a’Ab*cd (e+fx)Sin[2 (e+fx)] -

2a®b’Bcd (e+fx)Sin[2 (e+fx)|+2ab’Bcd (e+fx)Sin[2 (e+fx)] -

4a’b*cCd (e+fx) Sin[2 (eJr-Fx>}—a3’Ab3d2 (e+-Fx>Sin[ (e+-Fx)]
N
(

Ab6c2$in[2 (e+-Fx)] -
a*b*c?Csin[2 (e+-Fx)
2aAb®cdsin|2 (e+fx

.

aAb®d? (e+-Fx)Sin[2(e+-Fx)]—2a2b4Bd2 (e+-Fx)Sin[ (e+Fx)]
a’b*Cd? (e+fx) Sin[z(eﬂcx”—abscd2 (e+Fx)Sin[2<e+-Fx)]) c+dTan e+Fx])2)/
(Za(a—jlb)2 (a+ib>2bzf(cCos[e+Fx1+dSin[e+fx])2(a+bTan[e+Fx1> )

Problem 63: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(CerTan[eH“x])2 (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(a+bTan[e+-Fx])3

Optimal (type 3, 597 leaves, 6 steps):

(1>3(a3 (?C+2Bcd-Cd*-A(c*-d*)) -3ab® (c*>C+2Bcd-Cd*-A (c®-d*)) -
a’+b?
3ab (2¢ (A-C)d+B (2 d?)) +b® (2c (A-C]d+B [ d?)))x —
(a2+b2)3'F

(3a’b (c?C+2Bcd-Cd*-A (c*-d*)) -b®> (c>C+2Bcd-Cd*-A (c®-d?)) +
a®>(2c (A-C)d+B (c®*-d*)) -3ab® (2c (A-C)d+B (c*-d*))) Log[Cos[e+Fx]] +
1
b® (a2 +b?)° f
b® (c (cC+2Bd) -A(c*-d?)) -a’b’> (2c (A-C)d+B (c*-d*)) +
3ab®>(2c (A-C)d+B (c®*-d?))) Logla+bTan[e+fx]] -
((bc-ad) (a*Cd+b* (Bc+Ad) +2ab’> (Ac-cC-Bd)-a*b* (Bc+ (A—SC)d)))/

(a6Cd2+3a4b2Cd2—3a2b4 <c2C+ZBcd—2Cd2—A(c2—d2>) +

(Ab>-a (bB-acC)) <c+dTan[e+-Fx]>2

(b3 (a2+b2)21‘: (a+bTan[e+Fx])) -
2b (a?+b?) f (a+bTan[e+1Cx})2

Result (type 3, 2499 leaves):
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((—Ab4c2+ab3Bc2—a2b2c2C+2aAb3cd—2a2bZBcd+2a3bch—a2Ab2d2+a3dez—a“Cdz)
Sec[e+fx] (aCos[e+fx] +bSin[e+fx]) (c+dTan[e+fx}>2)/
(2 (a-ib)?(a+ib)*bf (cCos[e+fx]+dSin[e+fx])? (a+bTan[e+fx])3) +
((a3Ac2—3aAb2c2+3a2bBc2—b3Bc2—a3c2C+3ab2c2C+6a2Abcd—2Ab3cd—2a3Bcd+
6ab’Bcd-6a’bcCd+2b’cCd-a’Ad*+3aAb*d*-3a’bBd*+b>Bd*+a’Cd*-3ab’Cd?*

(e+fx) Sec[e+fx] (aCos[e+fx] +bSin[e+1‘:x])3 (c+dTan[e+fx])2>/

2

((afjb)3 (a+ib)>f (cCos[e+fx] +dSin[e+fx]) (a+bTan[e+Fx])3) +

((3J‘LagAb6c2+3a8Ab7c2+5J‘La7Ab8c2+5a6Ab9c2+jaSAblec2+a4Ab“czfia3Ab12c27
a?AbBc?-1a®b°Bc?-a°b®Bc?+1afb’Bc?+a’b®Bc?+51a°b°Bc2+5a°b®Bc?+
3ia*b™Bc?+3a*bPBc?-31a°b®c?2C-3a%b’c?C-51a’b¥c?C-5a%b’°c?C-
ia’b®c?Cc-a*brc?Cc+ialbl?c?C+a’b®c?Cc-21a%Ab’cd-2a°Abbcd+
2ia%Ab’cd+2a’Ab%cd+101a®Ab°cd+10a°Ab¥®cd+61ia*Abtcd+
6a*>Ab2cd-61a’°b°Bcd-6a®b’Bcd-101a’b®Bcd-10a°b°Bcd-21a’b¥®Bcd-
2a*bBcd+21a’b?Bcd+2a’b®Bcd+21a®b’ccd+2a’b®cCd-21a%b’cCd-
2a’b®cCd-101a°b°cCd-10a°b®cCcd-61a*b¥rcCd-6a3b?cCd-31a°Ab®d?-
3a®Ab’d>-51a’Ab%d?2-5a°Ab°d?>-1a°Ab®d?>-a*Abtd?+1a3Ab?d?+
a?Ab3d?+1a®b°Bd?+a’b®Bd?’-1a®b’Bd?’-a’b®Bd>-51a°b’Bd?-5a°b®Bd?-
31a*bBd?-3a3b2Bd?+ia®b?Ccd?’+a?b3Ccd?’+51attb*Ccd?+5a®b°Cd?+
13ia’b®cd?*+13ab’Cd*+151ia’b®Cd*+15a°b’Cd*+6i a°b*®Cd®+6a* b Cd?)

(e+fx)Sec[e+fx] (aCos[e+fx] +bSin[e+1‘:x])3 (c+dTan[e+fx])2>/

(a2 (a—jb)6 (a+1’1b)5b51‘ (cCosfe+fx] +dSin[e+-Fx])2 (a+bTan[e+-Fx})3) -

1

b3 <a2+b2)31c<cCos[e+1°x]+dSin[e+1‘:x])2(a+bTan[e+1‘:x])3
i(3a%Ab*c®-Ab®c®-a’b?Bc®+3ab’Bc®-3a’b*c?C+b®c*C-
2a*Ab*cd+6aAb’cd-6a’b*Bcd+2b®Bcd+2a*b>cCd-6ab’>cCd-
3aAb*d*+Ab®d*+a’b’Bd*-3ab°Bd*+a®Cd*+3a*b>Cd®+6a°b*Cd)
ArcTan([Tan[e+fx]] Sec[e+fx] (aCos[e+fx] erSin[eJr-Fx])3 (c+dTan[e+-Fx])2—
(CdzLog[Cos[eﬂcx]] Sec[e+fx] (aCos[e+fx] +bSin[e+fx])> (c+dTan[e+-Fx})2)/
(b3-F(cCos[e+FxJ+dSin[e+fx])2(a+bTan[e+Fx})3)+
(1/(2b3 (a2+b2)3'F(cCos[e+fx}+dSin[e+Fx])2(a+bTan[e+fx}>3))
(3a®Ab*c?-Ab°c?-a’b’Bc?+3ab’Bc*-3a’b*c?C+b°c*C-2a’Ab’cd+6aAb>cd-
6a’b*Bcd+2b®Bcd+2a3b>cCd-6ab>cCd-3a2Ab*d?2+Ab%d?+a®b3Bd?-
3ab>Bd*+a®Cd*+3a*b?Cd®+6a’b*Cd?) Log[(aCos[e+-Fx]+bSin[e+-Fx])2}
Secle+fx] (aCos[e+fx] +bSinfe+fx])> (c+dTan[e+fx])?+
(Sec[e+-Fx] (aCos[e+fx] +bSin[e+-Fx])2 (3aAb*c?sin[e+fx] -2a’b*Bc?Sinfe+fx] +
b>Bc?Sin[e+fx] +a*b?>c?2CSin[e+fx] -2ab*c?2CSin[e+fx] -4a’Ab3cdSin[e+fx] +
2Ab°cdSin[e+fx] +2a*’b?BcdSin[e+fx] -4ab*BcdSin[e+fx] +
6a’b>cCdSin[e+fx] +a*Ab?d?’Sin[e+fx] -2aAb*d?’Sin[e+fx] +
3a?b>Bd?Sin[e+fx] -a°Cd?Sin[e+fx] -42a*b?Cd?Sin[e+fx]) (c+dTan[e+Fx})2)/
(a (afjb)z(a+ib)2b2f(cCos[e+fx}+dSin[e+fx])2<a+bTan[e+fx})3)
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Problem 64: Result more than twice size of optimal antiderivative.

J(aerTan[eJr-Fx])2 (c+dTan[e+-Fx]>3 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 603 leaves, 7 steps):

(a> (Ac?-c*C-3Bc*d-3Acd®*+3cCd®*+Bd’) +b*> (>C+3Bc®*d-3cCd*-Bd’-A (c*-3cd?)) -
2ab ((A-C)d(3c*-d?) +B(c3—3cd2)))x+%

(2ab(c®>C+3Bc?d-3cCd*-Bd’-A(c®-3cd?))-a*((A-C)d (3c*-d?*)+B(c>-3cd?)) +

b*> ((A-C)d (3c*-d?) +B(c®-3cd”))) Log[Cos| e+fx]}7%
d(2ab(c*C+2Bcd-Cd*-A(c*-d?)) -a*(2c (A-C)d+B (c*-d*)) +
b <2c(A7C>d+B(c27d2>))Tan[e+fx]+LF
2
(2ab (Ac-cC-Bd)+a? (Bc+ (A-C)d)-b? (Bc+ (A-C)d)) (c+dTanfe+fx])%+
(a?B-b2B+2ab (A-C)) (c+dTan[e+fx])? 1
N
3f 60d> f
(5a’Cd’-6abd (cC-5Bd) +b? (c?C-3Bcd+15 (A-C) d?)) (c+dTanfe+fx])*-
b(bcC-3bBd-aCd) Tan[e +fx] (c+dTan[e+Fx])
N
15d? f
C(a+bTan[e+-Fx1)2(c+dTan[e+1‘:x])4
6df

Result (type 3, 1616 leaves):
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((3b2c2Cd+3szcd2+6abch2+Ab2d3+2ade3+a2Cd3—3b2Cd3)
Cos[e+fx] (a+bTan[e+fx])? <c+dTan[e+-Fx})3)/
(41C (acCos[e+fx]+bSin[e+fx])? (cCosle+fx] +dSin[e+fx])3) +
((szc3+2abc3C+3Ab2c2d+6abBch+3a2c2Cd—6b2c2Cd+6aAbcd2+
3a°Bcd’-6b°Bcd’-12abcCd*+a’Ad>-2Ab’°d>-4abBd>-2a*Cd’+3b°Cd’)
Cos[e + fx]3 (a+bTan[e+-Fx])2 (c+dTan[e+fx1)3)/

(21C (acCos[e+fx] +bSin[e+fx])?

(cCos[e+fx] +dSin[e+fx])3) +
((azAc3fAb2c372abBc3fa2c3C+b2c3C76aAbc2d73aZBc2d+3b2Bc2d+6abc2Cd73a2A
cd*+3Ab’cd*+6abBcd’+3a’cCd’-3b*>cCd*+2aAbd’+a’Bd’-b*Bd’>-2abCd?)
(e+fx) Cos[e+fx]® (a+bTan[e+fx])? (c+dTan[e+fx})3)/
(f (acCos[e+fx] +bSin[e+fx])? (cCos[e+fx] +dSin[e+fx])3) +
((—2aAbc3—aZBc3+bZBc3+2abc3C—3a2Ac2d+3Ab2c2d+6abBc2d+3a2c2Cd—3b2c2Cd+
6aAbcd’+3a’Bcd’-3b°Bcd’-6abcCd’+a*Ad’-Ab*°d’-2abBd>-a’Cd®>+b>Cd’)
Cos[e +fx]°Log[Cos[e +fx]] (a+bTan[e+Fx])2 (c+dTan[e+-Fx])3)/
(f (aCosle+fx] +bSin[e+1:x1)2 (cCosfe+fx] +dSin[e+fx])3) +

b2Cd*Sec[e+fx] (a+bTan[e+fx])? (c+dTan[e+fx])>

+

6 f (aCos[e+fx] +bSin[e+1‘:x])2 (cCosle+fx] +dSin[e+1‘:x])3

(1/(15-F (aCos[e+fx] +bSin[e+-Fx}>2 (cCosfe+fx] +dSin[e+-Fx])3))

Cos[e+fx]* (5b°c*CSinfe+fx] +15b°Bc*dSin[e+fx] +30abc’CdSin[e+fx] +
15Ab2cd?Sin[e+fx] +30abBcd*Sin[e+fx] +15a2cCd?Sin[e+fx] -
33b2cCd?Sin[e+fx] +10aAbd3®Sin[e+fx] +5a2Bd>Sin[e+fx] -
11b*Bd*Sin[e+fx] -22abCd’>Sin[e+fx]) (a+bTan[e+1cx])2 (c+dTan[e+Fx])3+

((3b2chZSin[e+-Fx] +b?Bd®Sine+fx] +2abCd’Sin[e+fx])

(a+bTan[e+fx])? (c+dTan[e+fx])3)/

(51c (acCos[e+fx] +bSin[e+fx])? (cCosle+fx] +dSin[e+-Fx])3) +

(1/(151c (acCos[e+fx] +bSin[e+fx])? (cCos[e+fx] +dSin[e+fx])3))

Cos[e+fx]* (15Ab*c*>Sin[e+fx] +30abBc’Sin[e+fx] +15a*c*CSinfe+fx] -
20b2c3CSinje+fx] +99aAbc?dSin[e+fx] +45a2Bc?dSinfe+fx] -
60b2Bc?dSin[e+fx] -120abc?CdSin[e+fx] +45a2Acd?>Sin[e+fx] -
60Ab2cd?>Sin[e+fx] -120abBcd?Sin[e+fx] -60a?cCd?>Sin[e+fx] +
69b%cCd?*Sin[e+fx] -40aAbd3Sin[e+fx] -20a’Bd3Sin[e+fx] +
23b?Bd*>Sinfe+fx] +46abCd>Sin[e+fx]) (a+bTan[e+fx])* (c+dTan[e+fx])>

Problem 65: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx]) (c+dTan[e+-Fx}>3 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 389leaves, 6 steps):
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(a(Ac?-c?C-3Bc®?d-3Acd*+3cCd*+Bd®) -b ((A-C)d(3c*-d?)+B(c®-3cd®))) x-

%(A (bc*+3ac*’d-3bcd*-ad’) -b (c>C+3Bc*d-3cCd’-Bd’) +
a(Bc®-3c*Cd-3Bcd*+Cd*)) Log[Cos[e+fx]] +%

d(a(Bc®-2cCd-Bd*) -b (c®*C+2Bcd-Cd*) +A(2acd+b (c*-d?))) Tan[e+fx] +

(Abc+aBc-bcC+aAd-bBd-aCd) (c+dTan[e+fx])?

+

2f
(Ab+aB-bC) (c+dTan[e+-Fx])3
3f .
(bcC-5bBd-5aCd) (c+dTanfe+fx])* bCTan[e+fx] (c+dTanfe+fx])*
20d% f ' 5df

Result (type 3, 1022 leaves):
(3bcCd?+bBd*+aCd®) (a+bTan[e+fx]) <c+dTan[e+fx})3

N
4f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx]+dSin[e+fx])>

((bci‘C+3bBc2d+3ac2Cd+3Abcd2+3aBcd2—6bch2+aAd3—2de3—2aCd3
Cos[e+fx]? (a+bTan[e+fx]) (c+dTan[e+-Fx])3)/
(ZF(aCos[eH‘x} +bSin[e+fx]) (cCos[e+fx] +dSin[e+fX}>3) +
((aAc3—bBc3—ac3C—3Abc2d—3ch2d+3bc2Cd—3aAcd2+3bBcd2+3ach2+
Abd®>+aBd®-bCd’) (e+fx) Cos[e+fx]* (a+bTan[e+fx]) (c+dTan[e+-Fx])3)/
(f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx1)3) +
((—Abc3—aBc3+bc3C—3aAc2d+3bBc2d+3ac2Cd+3Abcd2+3aBcd2—3bch2+aAd3—
bBd®>-aCd’) Cos[e+fx]*Log[Cos[e+fx]] (a+bTan[e+fx]) (c+dTan[e+Fx])3)/
(f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx1)3) +
(Cos[e+Fx] (15bc>Cdsinfe+fx] +15bBcd?Sin[e+fx] +15acCd?Sinfe+fx] +
5Abd*Sin[e+fx] +5aBd’>Sin[e+fx] -11bCd*Sin[e+fx]) (a+bTan[e+fx])
(c+dTan[e+fx])3)/(15f(aCos[e+fx]+bSin[e+Fx}> (cCosfe+fx] +dSin[e+fx])3) +
1

15f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx]+dSin[e+fx])>

Cos[e+fx]? (15bBc*>Sin[e+fx] +15ac>CSin[e+fx] +45Abc*dSinfe+fx] +
45aBc?dSin[e+fx] -60bc2CdSin[e+fx] +45aAcd?Sin[e+fx] -
60bBcd?>Sin[e+fx] -60acCd*Sin[e+fx] -20Abd>Sin[e+fx] -
20aBd*Sin[e+fx] +23bCd>Sin[e+fx]) (a+bTan[e+fx]) (c+dTan[e+Fx})3+

bCd*Tan[e+fx] (a+bTan[e+fx]) (c+dTan[e+-Fx])3

5f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSinfe+fx])>
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Problem 67: Result more than twice size of optimal antiderivative.

J(c+dTan[e+-Fx])3 (A+BTan[e+fx] +CTan[e+fx]?)

dx
a+bTan[e + fx]
Optimal (type 3, 363 leaves, 7 steps):
1
7a2+b2
(a(c?C+3Bc®d-3cCd*-Bd>-A(c*>-3cd?))-b((A-C)d(3c*-d*)+B(c*-3cd?)))x-
(az+1bz)-F<b (*c+3Bc*d-3ccd*-Bd®) +a (Bc®-3c*Cd-3Bcd*+Cd’) +
Afad(3c®-d®)-b(c*-3cd®))) Log[Cos[e+Fx]] +
(Abz—a(bB—aC))(bc—ad)3Log[a+bTan[e+FxH 1

b* (a? + b2) £ =T
d (b*d (Bc+ (A-C)d)+ (bc-ad) (bcC+bBd-aCd)) Tan[e+fx] +
(bcC+bBd-acCd) (CerTan[eJr-Fx])2 C (CerTan[eercx])3

+

2b%f 3bf

Result (type 3, 1596 leaves):
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[(-b*c*C-3b%Bc2d+3ab’c?Cd-3Ab*cd?+3ab’Bed -
3a°bcCd*+3b>cCd*+aAb’d’-a’bBd’>+b’Bd’>+a’Cd’-ab’Cd®)
Cos[e+fx]?Log[Cos[e+fx]] (aCos[e+fx]+bSin[e+fx]) <c+dTan[e+fx1)3)/
(b“w‘(cCos[eJrfx]+dSin[e+fx])3(a+bTan[e+fx}))+
((Ab5c3fab4Bc3+a2b3c3cf3aAb4c2d+3a2b3Bc2d73a3b2c2Cd+3a2Ab3cd27
3a’b’Bcd®*+3a*bcCd*-a’Ab>d*+a*bBd®-a’>Cd’) Cos[e+fx]?
Log[aCos[e+fx] +bSin[e+fx]] (aCos[e+fx] +bSin[e+fx]) (c+dTan[e+fx])3)/
(b4 (a2+b2)f(cCos[e+-Fx]+dSin[e+fx}>3(a+bTan[e+fx]))+
1

12b% (a2 +b?) f (cCos[e+ fx] erSin[eJr-Fx])3 (a+bTan[e+fx])
Sec[e+fx] (aCos[e+fx]+bSin[e+fx])

(18a*b*cCd?Cos[e+fx] +18b*cCd*Cos[e+fx] +6a°b*Bd>Cos[e+fx]+
6b*Bd>Cos[e+fx]-6a*bCd*Cos[e+fx]-6ab3Cd®*Cos[e+fx] +9aAb3c3
(e+fx) Cos[e+fx] +9b*Bc® (e+fx) Cos[e+Ffx]-9ab’>c>C (e+fx) Cos[e+Ffx]+
27Ab*c?d (e+fx) Cos[e+fx]-27ab>Bc’d (e+fx) Cos[e+fx] -
27b*c*Cd (e+fx) Cos[e+fx] -27aAb’cd® (e+fx] Cos[e+Ffx] -
27b*Bcd?® (e+fx) Cos[e+fx]+27ab’cCd® (e+fx) Cos[e+Ffx] -
9Ab*d® (e+fx) Cos[e+fx] +9ab>Bd’ (e+fx) Cos[e+fx]+9b*Cd®> (e+fx) Cos[e+Fx]+
3aAb’c® (e+fx) Cos[3 (e+fx)]|+3b*Bc® (e+fx)Cos[3 (e+fx)]|-
3ab>c>C (e+fx)Cos[3 (e+fx)]|+9Ab*c?d (e+fx) Cos[3 (e+Fx)]|-
9ab’Bc’d (e+fx) Cos[3 (e+fx)|-9b*c?>Cd (e+fx) Cos[3 (e+fx)]-
9aAb’cd® (e+fx) Cos[3 (e+fx)|-9b*Bcd® (e+fx)Cos[3 (e+fx)]|+
9ab’cCd® (e+fx) Cos[3 (e+fx)|-3Ab*d® (e+fx) Cos[3 (e+fx)]+
3ab>Bd® (e+fx) Cos[3 (e+fx)]+3b*Cd® (e+Fx)Cos[3 (e+fx)]|+9a’b?c’Cd
Sinje+fx] +9b*c?CdsSin[e+fx] +9a?b?Bcd?*Sin[e+fx] +9b*Bcd®Sin[e+fx] -
9albcCd?Sin[e+fx] -9ab*cCd?Sin[e+fx] +3a2Ab%2d®>Sin[e+fx] +
3Ab*d®>Sin[e+fx] -3a’bBd®>Sin[e+fx] -3ab3>Bd®Sin[e+fx] +3a*Cd®Sin[e+fx] +
3a’b’Cd’Sinfe+fx] +9a’b>c>CdSin[3 (e+fx)|+9b*c®CdSin[3 (e+fx) ]+
9a’b?Bcd?Sin[3 (e+fx) | +9b*Bcd*Sin[3 (e+fx)|-9a’bcCd*Sin[3 (e+fx)]| -
9ab’cCd’sin[3 (e+fx)|+3a?Ab?d>Sin[3 (e+fx)| +3Ab*d>Sin[3 (e+fx)] -
3a®bBd’Sin[3 (e+fx)|-3ab>Bd*sSin[3 (e+fx)|+3a%Cd’Sin[3 (e+fx)] -
a’b’Cd’sin(3 (e+fx)] -4b*Cd®Sin[3 (e+fx)]) (c+dTan[e+1‘:x])3

Problem 68: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(CerTan[ewa})3 (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(a+bTan[e+fx])?

Optimal (type 3, 574 leaves, 7 steps):
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7#(& (Ac3—c3C—BBc2d—3Acd2+3ch2+Bd3) +
(a2+b2)2

a? (c3C+3Bc2d—3ch2—Bd3—A(c3—3cd2)>—

1
2ab((A-C)d(3c?-d?) +B (c-3cd? X4 —
([(a-cja(ze -] s i Snesvery

<2ab(Ac3—c3C—BBc2d—3Acd2+3ch2+Bd3)—az((A—C>d(3c2—d2)+B(c3—3cd2))+

N
b* (a2 +b2)* f
(bc-ad)?(2a°bBd-3a*Cd-b* (Bc+3Ad)-2ab® (Ac-cC-2Bd) +a*b? (Bc- (A+5C)d))

1
d*> (3a°Cd-Ab* (bc-ad) -b> (2cC+Bd) -a’b (3cC+2Bd) +ab® (Bc+2Cd)) Tan[e+Ffx] +
(2Ab?-2abB+3a2C+b2C)d (c+dTan[e+fx])?

2b% (a%+b?) f
[

b> ((A-C)d(3c*-d*) +B(c®>-3cd®))) Log[Cos[e+Ffx]] -

Log[a+bTan[e+fx]] -

(Ab?-a (bB-acC)) (c+dTan[e+fx])?
b (a?+b?) f (a+bTan[e+fx])

Result (type 3, 2467 leaves):
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((aZAc3—Ab2c3+2abBc3—a2c3C+b2c3C+6aAbc2d—3a28c2d+3b28c2d—6abc2Cd—3a2Ac
d*+3Ab’cd*-6abBcd*+3a*cCd*-3b*cCd*-2aAbd’+a’Bd’-b*Bd’+2abCd’)

(e+fx) Cos[e+fx] (aCos[e+fx] +bSin[e+1‘:x])2 (c+dTan[e+fx])3>/

3

((afjlb)2 (a+ib)?f (cCos[e+fx] +dSin[e+fx]) (a+bTan[e+Fx])2) -

(1‘1 (72a6Ab8c3+2jaSAb9c372a4Ab1°c3+21'1a3Ab11c3+a7b7Bc3fja6bSBc3fa3b”Bc3+
ia’?b®Bc*+2a%b¥cdCc-21a°b°c3Cc+2a*b®cic-21a3brc3c+3a’Ab’ c?d-
3ia®Ab®c?d-3a*AbMc?d+31a’AbPc?d+6a®b®Bc?d-61a°b°Bc?d+6a*b®Bc?d-
61a>b?Bc?d-3a’°b>c2Cd+31a®b%c?Cd-12a’b’c?Cd+121a°b%c?2Cd-9a°b’°c®Cd+
9i1a*b®c?Cd+6a®Ab®cd*-61a°Ab°cd®’+6a*Ab¥®cd’-61a3Abtcd®*-3a°b>Bcd?+
31a%b®Bcd?-12a’b’Bcd?’+121a°b®Bcd?’-9a°b’Bcd*>+91a*b®Bcd?’+6a®b*cCd?®-
61a’b°>cCd>+18a%b%cCd?-181a’b’cCd?*+12a%b%cCd?-121a°b°cCd?-
a®Ab°d*+1a%Abbd3-4a’Ab’d*+41a%Ab%3d>-3a°Ab°d®>+31a*Abd3+
2a®b*Bd®-21a°b°Bd*+6ab®Bd*-61a’b’Bd>+4a°b¥Bd>*-41a°b°Bd’-
3at'b’Ccd®+3iab*Ccd’-8a’b°Cd*+8ia’b°Cd’-5a’b’Cd’+5ia°b®Cd’)

(e+fx) Cos[e+fx] (aCos[e+fx] +bSin[e+1°x])2 (c+dTan[e+fx])3>/
(az (a-ib)* (a+1ib)’>b’f (cCos[e+fx] +dSin[e+Ffx])> (a+bTan[e+Fx})2> -
1

b* (a2 +b?)*f (cCos[e+fx] +dSin[e+fx])> (a+bTan[e+Fx])?
i(2aAb>c?-a’b*Bc?+b°Bc*-2ab°c’C-3a*Ab*c®d+3Ab°c*d-6ab°Bc’d+
3a*b?c*Cd+9a’b*c*Cd-6aAb>cd?’+3a*b?’Bcd?’+9a’b*Bcd?’-6a>bcCd?-
12a’°b>cCd*+a*Ab*d*+3a*Ab*d*-2a°bBd’-4a’b’Bd’+3a°Cd’+5a% b’ Cd?)
ArcTan([Tan[e+fx]] Cos[e+fx] (aCos[e+fx] erSin[eJr-Fx])2 (c+dTan[e+-Fx])3+
((—BbZCZCd—BbZBcdz+6abch2—Ab2d3+2ade3—3a2Cd3+b2Cd3)Cos[e+-Fx1
Log[Cos[e+fx]] (aCos[e+fx] +bSin[e+fx])? (c+dTan[e+Fx])3)/
(b4f(cCos[e+Fx1+dSin[e+fx])3(a+bTan[e+Fx})2)+
(1/(2b4 <a2+b2)2f(cCos[e+-Fx}+dSin[e+Fx])3<a+bTan[e+-Fx]>2))
(2aAb>c*-a’b*Bc?+b®Bc®-2ab’>c®C-3a’Ab*c?d+3Ab®c?d-6ab’Bc*d+3a*b>*c’Cd+
9a’b*c®Cd-6aAb’cd?*+3a*b*Bcd?’+9a’b*Bcd’-6a°bcCd*-12a*b3cCd?~
a*Ab’d’>+3a’Ab*d*-2a°bBd*-4a*b*Bd’+3a°Cd*+5a*b*Cd’) Cos[e+fx]
Log[(aCos[e+fx] +bSin[e+fx])?] (aCos[e+fx] +bSin[e+fx])* (c+dTan[e+fx])>+
(Cd3Sec[e+-Fx} (aCos[e+fx] +bSin[e+-Fx})2 (c+dTan[e+Fx])3)/
(ZbZ-F(cCos[e+-Fx]+dSin[e+fx])3(a+bTan[e+fx])2)+
((aCos[e+Fx1+bSin[e+fx])2(3bchZSin[e+-Fx]+de3Sin[e+Fx1—2aCd3Sin[e+Fx1)
(c+dTan[e+Fx])3)/(b3F(cCos[e+-Fx]+dSin[e+fx])3(a+bTan[e+-Fx])2)+
(Cos[e+fx] (aCos[e+fx] +bSin[e+fx]) (Ab°c*Sin[e+fx] -ab*Bc>Sinfe+fx] +
a’?b3>c3CsSinfe+fx] -3aAb*c?dSin[e+fx] +3a2b3Bc?dSin[e+fx] -3a*b?c?Cd
Sin[e+fx] +3a?Ab3cd?Sin[e+fx] -3a’b?Bcd?Sin[e+fx] +3a*bcCd®Sin[e+fx] -
a*Ab’d’sin[e+fx] +a*bBd’Sin[e+fx] -a°Cd’Sin[e+fx]) (c+dTan[e+fx])3)/

(a (a-ib) (a+ib)b>f (cCos[e+fx] +dSin[e+1Cx})3 (a+bTan[e+-Fx])2)
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Problem 70: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx])3 (A+BTan[e+fx] +CTan[e+fx]?)
dx

c+dTan[e + fx]

Optimal (type 3, 337 leaves, 7 steps):

Zldz(a3 (Ac-cCc+Bd)-3ab®> (Ac-cC+Bd)-3a*b (Bc- (A-C)d)+b> (Bc- (A-C)d)) x-
1 2 3 3 2
W<3a b(Ac-cC+Bd)-b’>(Ac-cC+Bd)+a®>(Bc-(A-C)d)-3ab®>(Bc- (A-C)d))

(bc-ad)® (c2C-Bcd+Ad?) Log[c+dTan[e+fx]]
Log[Cos[e+fx]] - +
d* (c?+d?) f

b(b(Ab+aB-bC)d?+ (bc-ad) (bcC-bBd-aCd)) Tan[e+fx]
d*f
(bcC-bBd-acCd) (a+bTan[e+fx])*> C(a+bTan[e+fx])>

+

2d%f 3df

Result (type 3, 1596 leaves):
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((b*c*C-b*Bc’d-3abc2Cd+Ab’cd’+3ab?Bcd?+3a’bcCd-
b>cCd*-3aAb*d>-3a’bBd>+b’Bd>-a’Cd’>+3ab’>Cd’) Cos[e+Ffx]?
Log[Cos[e+fx]] (cCos[e+fx]+dSin[e+fx]) <a+bTan[e+fx1)3)/
(d“w‘(aCos[eJrfx]+bSin[e+fx])3(c+dTan[e+fx}))+
((7b3c5C+b3Bc4d+3ab2c4Cd7Ab3c3d273ab2Bc3d273a2bc3cd2+3aAb2c2d3+
3a’bBc?d’+a*c*Cd’-3a°Abcd*-a’Bcd*+a’Ad’) Cosfe+fx]?
Log[cCos[e+fx] +dSin[e+fx]] (cCos[e+fx] +dSin[e+fx]) (a+bTan[e+fx])3)/
(d4 (c2+d2)f(aCos[e+-Fx]+bSin[e+fx}>3(c+dTan[e+fx]))+
1

12 d3 (c2+d2)f(aCos[e+-Fx]+bSin[e+-Fx])3(c+dTan[e+-Fx])

Sec[e+fx] (cCos[e+fx]+dSin[e+fx]) (-6b>c>CdCos[e+fx]+6b>Bc*d*Cos[e+fx]+
18ab?c?Cd?Cos[e+fx] -6b3>cCd®Cos[e+fx] +6b3>Bd*Cos[e+fx] +
18ab’Cd*Cos[e+fx] +9a’Acd’® (e+fx) Cos[e+fx]-27aAb*cd’® (e+fx) Cos[e+fx]-
27a’bBcd® (e+fx) Cos[e+fx] +9b>Bcd’® (e+fx) Cos[e+Ffx] -
9a’cCd® (e+fx) Cos[e+fx] +27ab’>cCd® (e+fx) Cos[e+fx]+
27a*Abd* (e+fx) Cos[e+fx] -9Ab>d* (e+fx) Cos[e+fx]+
9a’Bd* (e+fx) Cos[e+fx]-27ab’Bd* (e+fx) Cos[e+Fx] -
27a*bCd* (e+fx) Cos[e+fx] +9b>Cd* (e+fx) Cos[e+fx]+
3a®Acd® (e+fx) Cos[3 (e+fx)]|-9aAb>cd® (e+fx) Cos[3 (e+fx)]-
9a’bBcd® (e+fx) Cos[3 (e+fx)|+3b>Bcd® (e+fx) Cos[3 (e+fx)]-
3a®cCd® (e+fx)Cos[3 (e+fx)]|+9ab’cCd® (e+fx)Cos[3 (e+fx)]+
9a’Abd* (e+fx) Cos[3 (e+fx)|-3Ab>d* (e+fx) Cos[3 (e+Ffx)]+
3a®Bd* (e+fx) Cos[3 (e+fx)]-9ab’Bd* (e+fx) Cos[3 (e+fx)]|-
9a’bCd* (e+fx) Cos[3<e+fx)]+3b3cd4 (e+-Fx>Cos[3 (e+FxH+3b3c4CSin[e+-Fx]—
3b®Bc3dSin[e+fx] -9ab’>c>CdSin[e+fx] +3Ab3>c?d?Sin[e+fx] +
9ab?Bc?d?Sin[e+fx] +9a?bc?2Cd*Sin[e+fx] +3b3c?Cd?Sin[e+fx] -
3b®Bcd®Sin[e+fx] -9ab?cCd3Sin[e+fx] +3Ab>d*Sin[e+fx] +9ab?Bd*Sin[e+fx] +
9a’bCd*Sinfe+fx] +3b°c*CSin[3 (e+fx)|-3b>Bc*dSin[3 (e+fx)] -
9ab’c®>Cdsin|3 (e+fx)|+3Ab>c?d*Sin[3 (e+fx)|+9ab?Bc*d’Sin|[3 (e+fx)] +
9a’bc?Cd?Sin[3 (e+fx) ] -b’>c2Cd?Sin[3 (e+fx)|-3b*Bcd®Sin[3 (e+fx)]| -
9ab’cCd®sin|3 (e+fx)|+3Ab>d*Sin[3 (e+fx)|+9ab’Bd*Sin[3 (e+fx) ]+
9a’bCd*Sin[3 (e+fx)] -4b>Cd*Sin[3 (e+fx)]) (a+bTan[e+1‘x])3

3
3

Problem 71: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bTan[e+-Fx})2 (A+BTan[e+fx] +CTan[e+fx]?) 5
X

c+dTan[e + fx]

Optimal (type 3, 236 leaves, 6 steps):
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(a2 (Ac-cC+Bd) -b? (Ac-cC+Bd)-2ab (Bc- (A-C)d])x 1

¢+ 2 C(2ed) f
(2ab (Ac-cC+Bd) +a* (Bc- (A-C)d)-b*>(Bc- (A-C)d)) Log[Cos[e+Fx]]+
(bc—ad)2 (c2C-Bcd+Ad?) Log[c+dTan[e+fx]]

d® (c2+d?) f

b(bcC-bBd-aCd)Tan[e+fx] C(a+bTan[e+fx])?
+

df 2df

Result (type 3, 663 leaves):
((azAc—Abzc—2abBc—ach+b2cC+2aAbd+azBd—b2Bd—2ade)
(e+fx) Cos[e+fx] (cCos[e+fx]+dSin[e+fx]) (a+bTan[e+Fx})2)/

((c—jld) (c+id)f(aCos[e+fx] +bSinfe+fx])?

(c+dTan[e+fx]))+
((—b2c2C+bZBcd+2abch—AbZdZ—ZadeZ—azcd2+b2Cd2) Cos[e + fx]
Log[Cos[e+fx]] (cCos[e+fx] +dSinfe+fx]) (a+bTan[e+Fx})2)/
(d3f(aCos[e+fx]+bSin[e+fx])2(c+dTan[e+fx}))+
((b2c4C—bZBc3d—2abc3Cd+Ab2c2d2+2abBcde+a2c2Cd2—2aAbcd3—a2Bcd3+a2Ad4)
Cos[e+fx] Log[cCos[e+fx] +dSin[e+fx]] (cCos[e+fx] +dSin[e+fx])
(a+bTan[e+1‘x])2>/(d3 (c2+d2)f(aCos[e+-Fx]+bSin[e+Fx})2(c+dTan[e+fx]))+

b?CSec[e+fx] (cCos[e+fx]+dSin[e+fx]) (a+bTan[e+1‘x])2
.

2df (aCos[e+fx] +bSin[e+fx])? (c+dTan[e+fx])
((cCos[eJr-Fx} +dsinfe+fx]) (-b*cCSinfe+fx] +b*BdSin[e+fx] +2abCdSinfe+fx])

(a+bTan[e+fx])2)/(d2f (acCosfe+fx] +bSin[e+1Cx])2 (c+dTan[e+Fx]))

Problem 72: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bTan[e+fx]) (A+BTan[e+fx] +CTan[e+fx]?) 4
X

c+dTan[e + f x]

Optimal (type 3, 156 leaves, 5steps):
(a(Ac-cC+Bd)-b(Bc- (A-C)d)) x

c? + d?
(Abc+aBc-bcC-aAd+bBd+aCd) Log[Cos[e+fx]]
(c2+d?) f i
(bc-ad) (c2C-Bcd+Ad?) Log[c+dTan[e+fx]] . bCTan[e + f x]
d? (c?+d?) f df

Result (type 3, 384 leaves):
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((cCos[e+fx] +dSin[e+fx]) (a+bTan[e+fx])
(aAcd’e-bBcd’e-acCd’e+Abd’e+aBd’e-bCd’e+aAcd®fx-bBcd’fx-acCd*fx+
Abd’fx+aBd®fx-bCd*fx+ (bcC-bBd-aCd) (c*+d?*) Log[Cos[e+Ffx]] -
bc>Clog[cCos[e+fx] +dSin[e+fx]] +bBc?dLlog[cCos[e+fx] +dSin[e+fx]] +
ac’CdLlog[cCos[e+fx] +dSin[e+fx]] -
Abcd?log[cCos[e+fx] +dSin[e+fx]] -aBcd?Log[cCos[e+fx] +dSin[e+fx]] +
aAd’Log[cCos[e+fx]+dSin[e+fx]]+bCd (c®>+d?) Tan[e+fx]))/

((c-1id) (c+id)d*f (aCos[e+fx]+bSin[e+fx]) (c+dTan[e+Fx]))

Problem 75: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+BTan[e+fx] +CTan[e+fx]?
J dx

a+bTan[e+fx])? (c+dTan[e+fx])

Optimal (type 3, 281 leaves, 4 steps):
(a2 (Ac-cC+Bd) -b? (Ac-cC+Bd) +2ab (Bc- (A-C)d))x
<a2+b2)2 (c2+d2)
((2ab’c (A-C) +2a’bBd-a*Cd+b* (Bc-Ad) -a’b* (Bc+3Ad-Cd))
Log[aCos[e +f x] +bSin[e+-Fx}])/((a2+b2)2 (bcfad)z-F) +

+

d(c2C-Bcd+Ad?) Log[cCos[e+fx] +dSin[e+fx]] Ab’>-a (bB-ac)

(bc—ad)2 (c2+d2>-F (az+b2> (bc—ad) f (a+bTan[e+'FX])

Result (type 3, 2690 leaves):
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((aZAc—Abzc+2abBc—ach+b2cC—2aAbd+a2Bd—bZBd+2ade) <e+fx)
Sec[e+fx}3(aCos[e+fx}+bSin[e+fx])2<cCos[e+-Fx]+dSin[e+fx]))/

((a—ib)z(aﬂib)z(c—id) (c+id)-F(a+bTan[e+fx})2(c+dTan[e+fx]))+

((—21‘1a5Ab4c8—2a5Ab5c8—2ia4Ab6c8—2a3Ab7c8+1'1a7b3Bc8+a6b4Bc8—jla3b7Bc8—

a?b®Bc®+21a%b*c®Cc+2a°b>cBCc+21a*b®cBCc+2a*b’ cBCc+51ia’Ab>c’d+5a%Ab*c’d~
61a°Ab°c’d+6a*Abbc’d+ia’Ab’c’d+a?Ab®c’d-31a®b?Bc’d-3a’b3>Bc’d-
2ia®b*Bc’d-2a°b°Bc’d+ia*b®Bc’d+a*b’Bc’d+ia’bc’Ccd+adb’c’Cd-
2ia’b3c’Ccd-2a®b*c’Cd-3ia’b>°c’Cd-3a*b®c’Cd-31a8Ab%2c®d*-3a’Ab3cbd?-
81a°Ab*c®d?’-8a°Ab>c®d?’-51a*Ab®c®d?-5a3Ab’ c®d?+21a’bBc®d?>+2a%b?Bcbd?+
41a’b3Bc®d?>+4a%b*Bc®d?-21a*b’Bc®d?-2a2b¥Bcfd?-1a%®c®cCcd*-a’bcbCd?+
51a°b*c®Cd?’+5a°b°c®Cd?+4ia*b®c®Cd*+4a®b’c®Cd*+10ia’Ab3c>d’+
10a°Ab*c®d®+121a°Ab°c®d®+12a%*AbbcPd®+21alAb’ c>d*+2a2Ab8c®d3 -
6ia®b’Bc’d®-6a’b>Bc’d*-41a°b*Bc®d>-4a°b°Bc*d3+21a*b®Bc”d3+
2a3b’Bc*d*+2ia’be’cd®+2adb?c®Ccd®-4ia’b>cPCcd®-4a%b*c>Ccd®-61a°b>c’Cd®-
6a*b®c>Cd®-61a%Ab?c*d*-6a’Ab>c*d*-101a°Ab*c*d*-10a°Ab° c*d* -
4ia*Ab®c*d*-4a*Ab’ c*d*+41a°bBc*d*+4ab?Bc*d*+51a’b*Bctd*+5a%b*Bctdt -
ia’b’Bc*d*-a?b®Bc*d*-21a¥c*Cd*-2a°bc*Cd*+41a’b*c*Cd*+4a°b>c*Cd*+
2ia*bbc*cd*+2adb’ c*Cd*+51a’Ab>c3d°+5a°Ab*c3d°+61a°Ab cAd’+
6a*Ab®cPd®+ia*Ab’ c3d>+a?Aabdc3d®-31a®b?Bc®d°-3a’b>Bc3d®-21a%b*Bc3d-
2a°b’BAd+ria*b’Bc3d®+alb’BcPd +1a’bedcd®+a®b2c3cd®-21a’b*c3cd’-
2a%b*cPcd®-31a°b>c3Ccd®-3a*b%c3Cd®-31a%Ab?c?d®-3a’Ab3c?d°-
41a%Ab*c?d®-4a°Ab°c?d®-1a*AbSc?d®-a*Ab’c?d®+21a°bBc®d®+2ab?Bc?d®+
2ia’b’Bc*d®+2ab*Bc?d®-iac?Cd®-a’bc®Cd®+ia®b?c®Cd®+a’ b’ c®Cd)
(e+Fx) Sec[e+-Fx]3(aCos[e+-Fx]+bSin[e+~Fx])2(cCos[e+Fx]+dSin[e+fx]))/

(a2 (a—ib)4(a+ib)3c2 (c—id) (c+id) (—bc+ad)3(c2+d2)
-F(a+bTan[e+-Fx])2(c+dTan[e+-Fx]))—

(i (2aAb’c-a’b?Bc+b*Bc-2ab’cC-3a’Ab2d-Ab*d+2a’bBd-a*Cd+a’b?Cd)
ArcTan[Tan[e + fx]] Sec[e+fx]3
(aCos[e+fx}+bSin[e+Fx])2(cCos[e+Fx]+dSin[e+fx}))/

((a2+b2)2(—bc+ad)2-F(a+bTan[e+fx})2(c+dTan[e+fx]))+

((2aAb3c—azbZBc+b4Bc—2ab3cC—3a2Ab2d—Ab4d+2a3de—a4Cd+a2b2Cd)
Log[(aCos[e+fx] +bSin[e+fx])?] Secle+fx]>
(aCos[e+fx}+bSin[e+-Fx])2(cCos[e+Fx]+dSin[e+fx}))/

(2 (a2+b2)2(—bc+ad)2f(a+bTan[e+fx}>2(c+dTan[e+fx]))+

((CZCd—BCd2+Ad3> Log[cCos[e+fx] +dSin[e+fx]] Sec[e+fx]?3
(aCos[e+Fx}+bSin[e+-Fx])2(cCos[e+Fx]+dSin[e+fx}))/

((bc—ad)z(c2+d2)f(a+bTan[e+Fx})2(c+dTan[e+fx]))+

(Secle+fx]? (aCos[e+fx] +bSin[e+fx])

(-Ab*sin[e+fx] +ab’BSin[e+fx] -a’bCSin[e+fx]) (cCosl[e+fx] +dSin[e+fx1))/

(a (a-ib) (a+1ib) (7bc+ad)f(a+bTan[e+Fx])2(c+dTan[e+fx}))

Problem 76: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J A+BTan[e+fx] +CTan[e + fx]? 4
X

a+bTan[e+-Fx])3 (c+dTan[e+fx])

Optimal (type 3, 477 leaves, 5steps):
((a®> (Ac-cC+Bd) -3ab® (Ac-cC+Bd) +3a’b (Bc- (A-C)d)-b? (Bc- (A—C)d))x)/

((a2+b2)3 (c2+d2)) +

((3ab>Bc*-3a°bBd*+a°Cd*+3a*b’d (Bc+2Ad-Cd) +b® (c (cC-Bd) -A(c*-d*)) -

a’b® (8c (A-C)d+B (c®*-d*))-3a’b* (c (cC+2Bd) -A (c*+d?)))
Log[aCos[e + f X] +bSin[e+-Fx}])/((a2+b2)3 <bc—ad)3f) -
d? (c2C-Bcd+Ad?) Log[cCos[e+fx] +dSin[e+fx]]
(bc-ad)® (c2+d?) f
Ab’>-a (bB-ac)

2 (a+b?) (bc-ad)f(a+bTan[e+fx])?
(2ab’c (A-C) +2a’bBd-a*Cd+b* (Bc-Ad) -a?b? (Bc+3Ad-Cd)) /
((a2+b2)2 (bc—ad)zf (a+bTan[e+Fx]))

Result (type 3, 7731 leaves):

((—3a9Ab5c8+31'1a8Ab5c8—5a7Ab7c8+51'1aGAbgcs—aSAbgcs+J’1a4Ab19c8+a3Abllc8—
ia?Ab2c®+a®b*Bc®-1a°b°Bc®-a®b®Bc®+ia’b’Bc®-5ab®Bc®+51a°b°Bc®-
3a*b®Bc®+31a*b™Bc®+3a°b°c®C-31a%b®c®C+5a’b’cBC-51a%b%c®C+
a*b’c®Cc-1a*b®c®c-albtc®Cc+i1a’b?c®BC+11a*®Ab*c’d-81a°Ab>c’d+
2438 Ab®c’d-161a’Ab’ c’d+14a°Ab®c’d-81a°Ab°c’d-a?Ab2c’d-4a'b*Bc’d+
3i1a®b*Bc’d+16a’b’Bc’d-101a°b®Bc’d+16a°b°Bc’d-81a*b®Bc’d+
4a3bMBc’d-1a’b?Bc’d-11a¥b*c’Ccd+81a’b°c’Cd-24a8b®c’Cd+161a’b’c’Cd-
14a°b¥c’Ccd+81a°b’c’Cd+a’b2c’Cd-14a**Ab>c®d?+31a®Ab*cod?-
45a° Ab°c®d?+131a%AbPc®d?-47a’Ab’ c®d?+171a°Ab%c®d?-15a°Ab%cPd?+
7ia*Ab®c®d?+a’AbMrc®d?+6a'2b?Bc®d’-21a'*b*Bc®d?+10a'®b*Bcfd? -
71a°b°>Bc®d?-11a%b®Bcfd*-51a’b’Bc®d?>-29a®b®Bc®d?+31a°b’°Bcbd?-
15a*b®Bc®d?+31a3bBcbd?-a?b?Bcbd?+14attb3c®Cd?-31a®b*c®Cd?+
453°b°c®Cd?>-131a%b%c®Cd?+47a’b’ c®Cd?-171a°b%c®Cd?+15a°b°cbCd?-
71a*b®cbCd?-a2blcbcd?’+6al2Ab2c®d®+8iattAb3c’d®+40a°Ab*cd3+
8ia’Ab>c>d>+68a%Ab®c>d>*-81a’Ab’ c>d>+40a%Ab®c>d>*-81a°Ab°c’d’+
6a*Ab®c>d®-4a®bBc’d*-21a'%b?Bc”d*-20altb*Bc’d®+81a®b*Bc’d3-
16a°b°Bc’d>+201a%b®Bc>d3>+16a’b’Bc*d3>+81a°b¥Bc>d3>+20a°b°Bc”d?-
2i1a*b®Bc*d®+4a2bBc’d®-6al?b>cPCd®-81attb3>c®Cd®-40ab*c>Cd?-
8ia’b>c®>Cd®-68a%b®c°Cd®>+81a’b’c>Cd®-40a°b®c®>Ccd>+81a°b°c’°Cd?-
6a*b®c’Ccd3+al®>Abctd*-71al?Ab2c*d*-15attAb3c*d*-171a%Ab* c*d* -
47 a° Ab° c*d*-13ia®AbSctd*-45a’ Ab’ c*d*-31a°Abdc*d*-14a°Ab° c*d*+a¥Bctdt+
31a¥bBc*d*+15a2b?Bc*d*+31attb3Bc*d*+29a®b*Bc*d*-51a°b°Bctd*+
11a%b®Bc*d*-71a’b’Bc*d*-10a°b®Bc*d*-21a°b°Bc*d*-6a*b¥®Bc*d*-a®bc*Cd*+
7ia?b?c*cd*+15arb3ctCcd*+171a%b*c*Ccd*+47a°b>c*Cd*+131 a8 b c*Cdt+
453’ b’ c*cd*+31ab¥c*Ccd*+14a”b’ctcd*-at*Accid +81attAbicidd+
14a%Ab*ccPd°+161a°Ab>c3d>+24a8Ab®c3d>+81a’Ab’ c3d” +11a%Abdc3d° -
ia*Bcd°-4a®bBc3d>-81a'?2b?Bc>d®-16at'b>Bc3d®-101a®b*Bc3d° -
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16a°b°Bcd>+31a°b8Bc3d®+4a°b°Bcld®+at*cCcd®-81atb3c3Ccd®-14ab*c3cd -
161a’°b°c3Ccd®-24a%b8c3Ccd®-81a’b’cPcd®-11a°b8c3Ccd®+1a*Ac?d®+a'®Abc?df-
ia?Ab?c?d®-attAb3c?d®-51a°Ab*c?2d®-5a°Ab>c?d®-31a8Ab®c?d®-3a’Ab’ c2d®+
31a3bBc?2d®+3a2b2Bc2d®+5iab3Bc?2d®+5a®b*Bc2d®+ia’b®>Bc?d®+
a®b®Bc?d®-1a’b’Bc?d®-a®b®Bc?d®-1a*c?Ccd®-a®bc?Cd®+1al?b>c2Cdl+
allb3c2Cd6+51a19b4c2Cd5+5a9b5c2Cd6+Bjasbsczcd5+3a7b7czcd6) (e+fx)
Sec[e+Fx14(aCos[e+fx1+bSin[e+fx])3(cCos[e+-Fx]+dSin[e+fx]))/
(a2 (a-ib)®(a+ib)’c? (c-id) (c+id) (ic+d) (-bc+ad)?
-F(a+bTan[e+fx])3(c+dTan[e+fx]))7
1

(a2+b2)3 (—bc+ad)31c (a+bTan[e+fx])3 (c+dTan[e+fx])
1
(-3a®Ab*c?+Ab°c*+a’b’Bc*-3ab°Bc*+3a’b*c*C-b®c?C+
8a’Ab3cd-3a*b’Bcd+6a’b*Bcd+b®°Bcd-8a’b>cCd-6a*Ab%2d?-
3a’Ab*d*>-Ab®d®+3a°bBd’-a’b’Bd*-a°Cd®+3a*b’Cd?
ArcTan(Tan[e+fx]] Sec[e+fx]* (aCos[e+fx] +bSin[e+fx])>
(cCos[e+fx] +dSin[e+fx]) +
(Ji (c?Cd®*-Bcd®+Ad*) ArcTan[Tan[e+ fx]] Sec[e+fx]*

(acCos[e+fx] +bSin[e+fx])> (cCosle+fx] +dSin[e+-Fx}))/
((bc—ad)3 (c?+d?) f (a+bTan[e+fx])> (c+dTan[e+fx])) +
1

2 (a2+b2)3 (fbc+ad)3-F (a+bTan[e+Fx])3 (c+dTan[e+fx])
(-3a%Ab*c?+Ab®c?+a’b’Bc*-3ab’Bc*+3a’b* c?C-b®c’C+
8a’Ab>cd-3a*b?’Bcd+6a’b*Bcd+b®Bcd-8a*b’cCd-6a*Ab2d?-
3a°Ab*d*-Ab®d*+3a’bBd*-a’b’Bd’>-a®Cd®+3a*b’>Cd?)
Log[(aCos[e+fx] +bSin[e+fx])?] Sec[e+fx]* (aCos[e+fx] +bSin[e+fx])
(cCosfe+fx]+dSin[e+fx]) -
((cZCdZ—Bcd3+Ad4) Log| (cCos[e+fx] +dsinfe+fx])?] secfe+fx]*

3

(aCos[e+fx] +bSin[e+~Fx])3 (cCos[e+fx] +dSin[e+-Fx}))/
(2 (bc—ad)3 (c*+d?) -F(a+bTan[e+fx])3 (c+dTan[e+fx1>) +
(Secle+fx]* (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx]+dSin[e+fx])
(2a’Ab°c?+2aAb’ 2 -a*b*Bc?+b®Bc?-2a’b>c*C-2ab’ > C-3a%*Ab*c?d-
4a2Ab%c2d-Ab8c?d+2a’b>Bc?d+2a’b’Bc?d-a®b?c?Cd+a’b®c?Cd+
2a’Ab’°cd?’+2aAb’cd?-a*b*Bcd>+b®Bcd?*-2a*b>cCd*-2ab’cCd?-
3a*Ab*d*-4a2Ab®d®-Ab®d3+2a°b*Bd®+2a3b®Bd®-a®b2Cd®+a2bbCd’+
a®Ab*c® (e+fx) -2a*Ab*c® (e+fx) -3a%Ab®C’ (e+fx)+3a°b’BC® (e+fx) +
2a°b°Bc® (e+fx) -ab’Bc? (e+fx) -a°b?’c*C (e+fx)+2a*b*c?C (e+Fx)+
3a°b°c*C (e+fx)-2a’Abc’d (e+fx) +a°Ab>c*d (e+fx) +4a’Ab’>c®d (e+Fx) +
aAb’c*d (e+fx)-5a°b?’Bc’d (e+fx)-6a*b*Bc’d (e+fx)-a’b®Bc’d (e+Fx) +
2a’bc?Cd (e+fx) -a’b’c®Cd (e+fx) -4a’b>c®Cd (e+fx) -ab’c*Cd (e+Fx) +
a®Acd® (e+fx) +4a°Ab’cd® (e+fx) +a*Ab*cd® (e+fx)-2a*Ab%cd® (e+fx) +
a’bBcd® (e+fx)+6a°b’Bcd® (e+fx)+5a’b>Bcd® (e+fx)-a®cCd® (e+fx) -
4a°b?cCd* (e+fx)-a*b*cCd® (e+fx)+2a’b%cCd* (e+fx)-3a’Abd® (e+fXx) -
2a°Ab*d® (e+fx) +a*Ab°d® (e+fx) +a®Bd® (e+fx)-2a°b?Bd® (e+Ffx) -
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3a°b*Bd® (e+fx) +3a’bCd® (e+fx)+2a°b>C® (e+Fx)-a’b5Cd® (e+Fx) -
3a®Ab*c?Cos[2 (e+fx)]|-3aAb’ P Cos[2 (e+fx)]+2a*b*Bc?Cos[2 (e+fx) ]|+
a’b®BcCos[2 (e+fx)|-b¥Bc?Cos[2 (e+fx)|-a°b>c?CCos[2 (e+fx)]|+
a3b5c3CCos[2(e+-FxH+Zab7c3CCos[2(e+fx)]+4a4Ab4c2dCos[2(e+Fx)]+
5a*Ab®c’dCos[2 (e+fx)|+Ab®c?dCos[2 (e+fx)]-3a°b*Bc*dCos[2 (e+Ffx)]-
3a®b>Bc’dCos[2 (e+fx)|+2a°b?c*CdCos |2 (e+fx)]+a*b*c2CdCos|2 (e+fx)]|-
a’b®c?CdCos[2 (e+fx)] -3a’Ab°cd?Cos[2 (e+fx)|-3aAb’cd?Cos[2 (e+Fx)]+
2a*b*Bcd*Cos[2 (e+fx)|+a’b®Bcd®Cos[2 (e+fx)|-b*Bcd*Cos|2 (e+fx)]|-
a®b’cCd’Cos[2 (e+fx)]|+a’b>cCd*Cos[2 (e+fx)|+2ab’cCd*Cos[2 (e+Fx)]+
4a4Ab4d3Cos[2 (e+fx”+5a2Ab6d3Cos[ (e+Fx”+Ab8d3Cos[2(e+-Fx)]—
3a°b>Bd’Cos[2 (e+fx)] -3a’b°Bd®*Cos[2 (e+fx)]|+2a°b?Cd’Cos[2 (e+Fx)]+
a*b*Cd’Cos[2 (e+fx)|-a’b®Cd®Cos[2 (e+fx)|+a®Ab’>c® (e+fx) Cos[2 (e+Ffx)]|-
4a*Ab*c® (e+fx) Cos[2 (e+fx)]+3a2Ab®c® (e+fx) Cos[2 (e+fx)]+

3a°b>Bc® (e+fx) Cos[2 (e+fx)|-4a’b°Bc® (e+fx) Cos[2 (e+Fx)]+

ab’Bc® (e+fx) Cos[2 (e+fx)]-a®b?>cC (e+fx)Cos[2 (e+Ffx)]+

4a*b*C (e+fx) Cos[2 (e+fx)]-3a2b®c?C (e+fx) Cos[2 (e+fx)]-
2a7Abc2d<e+-Fx)Cos[2 (e+FxH+5a5Ab3c2d<e+-Fx)Cos[ (e+fx”
2a%Ab°c?d (e+fx) Cos[2 (e+fx)] -aAb’c?d (e+fx) Cos[2 (e+fx)]-
5a°b’Bc’d (e+fx) Cos[2 (e+fx)]+4a*b*Bc’d (e+fx) Cos[2 (e+fx)]+
a’b®Bc?d (e+fx) Cos[2 (e+fx)]+2a’bc’Cd (e+fx) Cos[2 (e+fx)]-
5a°b’>c?Cd (e+fx) Cos[2 (e+fx)]+2a’b>c?Cd (e+fx) Cos[2 (e+fx)]+
ab’c’Cd (e+fx)Cos[2(e+fx)]|+a®Acd® (e+fx) Cos[2 (e+Ffx)]|+

2a°Ab*cd® (e+fx) Cos[2 (e+fx)]-5a*Ab*cd® (e+fx) Cos[2 (e+fx)]+
2a2Abbcd? (e+-Fx)Cos[2 (e+fx)]+a7bBcd2 (e+fx)Cos[2(e+Fx”+
4a°b*Bcd® (e+fx)Cos[2(e+fx)]|-5a’b°Bcd® (e+fx) Cos|[2 (e+Ffx)]|-

a®cCd® (e+fx) Cos[2 (e+fx)]-2a°b>cCd® (e+fx) Cos[2 (e+fx)]+

5a*b*cCd® (e+fx) Cos[2 (e+fx)]-2a?bfcCd® (e+fx)Cos[2 (e+fx)]-
3a’Abd® (e+fx)Cos[2 (e+fx)]|+4a°Ab>d® (e+fx) Cos[2 (e+fx)]-

a’Ab>d’ (e+fx) Cos[2 (e+fx)|+a®Bd’® (e+fx) Cos[2 (e+Ffx)]-

4a°b?Bd® (e+fx) Cos[2 (e+fx)]+3a*b*Bd® (e+fx) Cos[2 (e+fx)]+

3a7bCd® (e+fx)Cos[2(e+fx)]|-4a°b>Cd® (e+fx)Cos[2 (e+fx)]+

a’b°Cd’ (e+fx) Cos[2 (e+fx)|+3a*Ab*c?Sin[2 (e+Ffx)]+3a*Ab®c’Sin[2 (e+fx)]-
2a°b>BcSin[2 (e+fx) ]| -a’b>BcSin[2 (e+fx)]| +ab’Bc®Sin[2 (e+fx) ] +
a6b2c3CSin[2(e+FxH—a4b4c3CSin[2(e+~Fx)]—2a2b6c3CSin[2(e+-Fx)]—
4a°Ab>c?dSin[2 (e+fx) | -5a®Ab°c?dsSin[2 (e+fx)]|-aAb’c?dsSin[2 (e+fx) ]+
3a°b’Bc’dsin(2 (e+fx)|+3a*b*Bc?dSin[2 (e+fx)|-2a’bc*CdSin[2 (e+fx)]-
a®b’c?CdSin[2 (e+fx)] +a’b>c®Cdsin|2 (e+fx)|+3a*Ab*cd®Sin|[2 (e+fx)] +
3a?Abfcd®sin[2 (e+fx)|-2a°b’Bcd?Sin[2 (e+fx)]-a’b°Bcd’Sin[2 (e+fx) |+
ab’Bcd’Sin[2 (e+fx)]+a®b?>cCd’Sin[2 (e+fx)]-a*b*cCd*Sin[2 (e+fx)]| -
2a’b®cCd*sin(2 (e+fx)|-4a°Ab’d>Sin[2 (e+fx) | -5a*Ab>d®Sin[2 (e+fx)] -
aAb7d3Sin[2(e+-Fx)]+3a6szd3Sin[2(e+-Fx)]+3a4b4Bd3Sin[2<e+-Fx)]—
2a’bCd’Sin[2 (e+fx) ] -a°b>Cd®Sin[2 (e+fx) ]| +a’b°Cd’Sin[2 (e+Ffx)] +
2a°Ab>C? (e+fx) Sin[2 (e+fx)]-6a*Ab>c® (e+fx)Sin[2 (e+fx) ]+

6a*b*Bc® (e+fx)Sin[2 (e+fx)|-2a?b®BC’ (e+fx)Sin[2 (e+fx)] -

2a°b> A C (e+fx)Sin[2 (e+fx)] +6a*b°c>C (e+fx)Sin[2 (e+Fx)] -
4a°Ab>c*d (e+fx)Sin[2 (e+fx)]|+6a*Ab*c?d (e+fx)Sin[2 (e+fx) ]|+
2a’Ab®c?d (e+fx)Sin[2 (e+fx)|-10a°b*Bc?d (e+fx)Sin[2 (e+fx)]| -
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2a3b5Bc2d(e+-Fx)Sin[2<e+-FxH+4a6b2c2Cd(é+-Fx)’51n[ <e+-Fx)]J—
6a*b*c?Cd (e+fx)Sin[2 (e+fx)]|-2a’b®c’Cd (e+Ffx)Sin[2 (e+fx)]|+
2a’Abcd? (e+fx)Sin[2 (e+fx)|+6a>Ab’cd® (e+fx)Sin[2 (e+fx)]-
4a3Ab°cd? (e+-Fx)Sin[2(e+-Fx>]+2a6bZBcd2 (e+-Fx)Sin[2<e+-Fx)]+
10a*b*Bcd® (e+fx)Sin[2 (e+fx)]|-2a’bcCd® (e+fx)Sin[2 (e+fx)]-
6a°b*cCd”® (e+fx)Sin[2 (e+fx)]+4a’b*cCd® (e+fx)Sin|2 (e+fx)]| -
6a°Ab>d® (e+fx)Sin[2 (e+fx)|+2a*Ab*d® (e+fx)Sin[2 (e+Fx)]+
2a’bBd® (e+fx)Sin[2 (e+fx)]|-6a°b>Bd® (e+fx)Sin[2 (e+fx)]+
6a°b>Cd® (e+fx)Sin[2 (e+fx)]-2a*b*Cd® (e+fx) Sin[2 (e+fx>}>)/
1) [

(Za (a—J'Lb)3 (a+ib>3 (—bc+ad)2 (c?+d?) f (a+bTan[e+fx])° (c+dTan e+1°x]))

Problem 77: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bTan[e+fx])3 (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(c+dTan[e+fx])?

Optimal (type 3, 579 leaves, 7 steps):

—(1>2(a3 (?C-2Bcd-Cd*-A(c*-d?)) -3ab® (c?C-2Bcd-Cd*-A (c®-d*)) -
c? + d?
3ab (2¢ (A-C)d B (2 d?]) +b® (2c (A C)d B[ d)))x+—
(C2+d2)2'F

(3a’b (c?C-2Bcd-Cd*-A (c*-d*)) -b*> (c>C-2Bcd-Cd*-A (c®-d*)) +
a®>(2c (A-C)d-B(c*-d*))-3ab*(2c (A-C)d-B (c*-d?)))
Log[Cos[e + f x] ] Jr;(bcfad)2
d* (c2+d?)*f
(b(3c*C-2Bc*d+c® (A+5C)d>-4Bcd®*+3Ad*) +ad® (2c (A-C)d-B (?-d?)))
1
d? (c?+d?) f
b> (ad (3c*C-Bcd+ (A+2C)d*) -b (3c>C-2Bc*d+c (A+2C) d*-Bd’)) Tan[e+fx] +
b (3c2C-2Bcd+ (2A+C) d?) (a+bTan[e+fx])?

2d% (2 +d?) f

Log[c+dTan[e+fx]] +

(c2C-Bcd+Ad?) (a+bTanfe+fx])?
d(c?+d?*) f(c+dTan[e+fx])

Result (type 3, 2463 leaves):
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((a3Ac2—3aAb2cz—3a2bBc2+b3Bc2—a3c2C+3ab2c2C+6a2Abcd—2Ab3cd+2a3Bcd—
6ab’Bcd-6a’bcCd+2b’cCd-a’Ad*+3aAb*d*+3a’bBd*-b>Bd*+a’Cd*-3ab’Cd?
(e+fx) Cos[e+fx] (cCos[e+fx] +dSin[e+1‘:x])2 (a+bTan[e+fx])3>/
((C*]'ld)z (c+id)?f (aCos[e+fx] +bSin[e+fx])’ (c+dTan[e+Fx])2) +
((3Jlb3c11Cd3—21'1b3Bcled4—6j1ab2clecd4+3b3c19Cd4+1'1Ab3c9d5+31'1ab28c9d5—
2b3Bc®d®+3i1a’bc®Ccd’-6ab’>c®Cd®+8ib3>c®°Cd®>+Ab3>c®d®+3ab?Bc®d® -
6ib>Bc®d®+3a’bc®Cd®-18iab?c®Cd®+8b3c®Cd®-31a?Abc’d’ +4iAb3c’d -
ia®’Bc’d’ +121ab?Bc’d’ -6b3Bc’d’+121a’bc’Cd’-18ab%?c’Cd’+51b3c’Cd’ +
2ia*Ac®d®-3a?Abc®d®-61aAb>c®d®+4Ab>c®d®-a3Bc®d®-61a’bBcld®+
12ab?Bc®d®-41b3Bc®d®-21a3c®Cd®+12a%bc®Cd®-121ab>c®Cd®+5b3c®Cd®~
2alAc’d®-6aAb?c®d’+31Ab3c*d°-6a’bBc”d®+91ab?Bc’d’-4b3Bc>d®-
2a3c’cd®+91a’bce’Cd’-12ab?>c®Cd’+21a>Ac*d®-61aAb>c*d®+3Ab3c*d°-
61a’bBc*d®+9ab?Bc*d®-21alc*Cd®+9a’bc*Ccd®+2alAccd?r +31a2Abc3d?-
6aAb2c3d11+1'1a3Bc3d11—6a2bBc3d11—2a3c3Cd11+3a2Abc2d12+a3Bczd“)
(e+fx) Cos[e+fx] (cCos[e+fx] +dSin[e+1°x])2 (a+bTan[e+fx])3>/
(c2 (c-id)*(c+id)’>d’f (aCos[e+fx] +bSin[e+Ffx])> (c+dTan[e+Fx})2> -
1

d* (c2+d?)*f (aCos[e+fx] +bSin[e+fx])’ (c+dTan[e+fx])?
i(3b*c®C-2b’Bc>d-6ab*c®>Cd+Ab>c*d*+3ab’Bc*d*+3a’bc*Cd*+5b%>c*Cd-
4b3Bcld3-12ab?c3Ccd®-3a%2Abc?d*+3Ab3c?2d*-a®Bc?d*+9ab’Bc?d*+
9a’bc?Cd*+2a’Acd’-6aAb’cd®-6a’bBcd’-2a’cCd®*+3a’Abd®+a’Bd°)
ArcTan([Tan[e+fx]] Cos[e+fx] (cCos[e+fx] erSin[eJr-Fx])2 (a+bTan[e+-Fx])3+
((-3b3cZC+2b3Bcd+6ab2ch-Ab3d2-3ab23d2-3a2de2+b3Cd2)cOs[e+fx1
Log[Cos[e+fx]] (cCos[e+fx] +dSin[e+Ffx])? (a+bTan[e+Fx])3)/
(d4f(aCos[e+Fx1+bSin[e+fx])3(c+dTan[e+Fx})2)+
(1/(2d4 <c2+d2)2f(aCos[e+-Fx}+bSin[e+Fx])3<c+dTan[e+-Fx]>2))
(30°c®C-2b’Bc®d-6ab>c>Cd+Ab*c*d*+3ab’Bc*d®+3a’bc*Cd®+5b>c*Cd®-4b>Bc?d® -
12ab?c3cd®-3a2Abc?d*+3Ab3c?2d*-a®Bc?d*+9ab®?Bc?2d*+9a’bc2Cd*+
2a’Acd®-6aAb’cd®-6a’bBcd’-2a’cCd®+3a’Abd®+a’Bd®) Cos[e+fXx]

LochCos[e+-Fx} +dSin[e+-Fx])2} (cCos[e+fx] erSin[eJr-Fx])2 (a+bTan[e+-Fx})3+

(b3CSec[e+-Fx} (cCos[e+fx] +dSin[e+-Fx}>2 (a+bTan[e+Fx])3)/
(ZdZ-F(aCos[e+-Fx]+bSin[e+fx])3(c+dTan[e+fx])2)+
((cCos[e+1:x1+dSin[e+1‘°x])2

(-2b’cCsinfe+fx] +b’BdSin[e+fx] +3ab*CdSinfe+fx]) <a+bTan[e+-Fx])3>/

(d3f(aCos[e+Fx1+bSin[e+fx])3(c+dTan[e+Fx1)2)+
(Cos[e+-Fx] (cCos[e+fx] +dSin[e+fx])

(-b*c®Csinfe+fx] +b’Bc*dSinfe+fx] +3ab®c*CdSinfe+fx] -
Ab3c3d?Sin[e+fx] -3ab?Bc3d®Sin[e+fx] -3a’bc>Cd?’Sin[e+fx] +
3aAb%c?d3Sin[e+fx] +3a2bBc?d®Sin[e+fx] +a3c®Cd3Sin[e+fx] -
3a’Abcd*sinfe+fx] -a’Bcd*Sin[e+fx] +a’Ad’Sin[e+fx]) (a+bTan[e+fx])3)/

(c (c-id) (c+id)d*f (aCos[e+fx] +bSinfe+fx])> (c+dTan[e+fx])2)
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Problem 78: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bTan[e+-Fx])2 (A+BTan[e+fx] +CTan[e+fx]?)

dx
(c+dTan[e+1"x])2
Optimal (type 3, 417 leaves, 6 steps):
—ﬁ(a2 (CZC—ZBcd—CdZ—A(cz—dZH -
c?2 +d?
b? (CZC—ZBcd—CdZ—A<c2—d2)) -2ab(2c (A-C)d-B (cz—dz))> X +
1
7(2ab (CZC—ZBCd—CdZ—A<C2—d2)> +a? (Zc (A—C) d-B (cz—dz)) -
(c2+d?2)?f

o
d® (c2+d?)*f
(bc-ad) (b (2c*C-Bc*>d+4c*Cd*-3Bcd*+2Ad*) +ad® (2c (A-C)d-B (c*-d?)))
b2 (2c2C-Bcd+ (A+C) d?) Tan[e + fx]
a2 (24 d?) f .

b*> (2c (A-C)d-B (c®*-d*))) Log[Cos[e+fx]] -

Log[c+dTan[e+fx]] +

(c2C-Bcd+Ad?) (a+bTan[e+fx])?

d(c2+d?) f(c+dTan[e+fx])

Result (type 3, 2636 leaves):

((—2]’1b2cleCdZ+1'1bzBc9d3+21’1abc9Cd3—2b2c9Cd3+b2Bc8d4+2abc8Cd4f
61ib>c®Cd*-21aAbc’d’-ia’Bc’d*+4ib*Bc’d>+8i1abc’Cd>-6b%>c’Cd’+
2ia’Ac®d®-2aAbc®d®-2iAb?>c®d®-a’Bc®d®-41abBc®d®+4b>Bc®d®-
2ia’c®Cd®+8abc®Cd®-4ib*>c®Cd®+2a*Ac>d’ -2Ab%>c>d’-4abBc°d +
3ib?Bc’d’ -2a2c’Cd’+61abc’Cd’ -4b?2c>Ccd’ +21a’?Ac*d®-21Ab>c*d®-
4iabBc*d®+3b2Bc*d®-21a2c*Cd®+6abc*Ccd®+2a?Aactd®+21iaAbcid®-
2Ab2c3d9+jaZBc3d974abBc3d972a2c3Cd9+2aAbc2dle+ach2d19)

(e+fx) (cCosl[e+fx] +dSin[e+1‘x])2 <a+bTan[e+fx})2)/
(c2 (c—jd>4<c+jd)3d51‘(aCos[e+-Fx]+bSin[e+fx])2(c+dTan[e+-Fx])2)—
(11 (-2b>c®C+b’Bc*d+2abc*Cd-4b*c’Cd*-2aAbc?d®-a’Bc?d® +3b°Bc*d® +
6abc’Cd’+2a*Acd*-2Ab’cd*-4abBcd*-2a°cCd*+2aAbd’+a’Bd°)
ArcTan[Tan[e+fx]] (cCos[e+fx] +dSin[e+fx])? (a+bTan[e+fx})2)/
(d3 (c2+d2)2-F(aCos[e+-Fx}+bSin[e+-Fx])2(c+dTan[e+-Fx])2)+
((szcC—szd—Zade) Log[Cos[e +fx]]
(cCos[e+fx}+dSin[e+fx])2<a+bTan[e+fx}>2)/
(dS'F(aCos[eJr-Fx]+bSin[e+-Fx])2(c+dTan[e+-Fx})2)+
((72b2c5C+bZBc4d+2abc4Cd74b2c3Cd2—2aAbc2d37a2Bc2d3+3bZBc2d3+
6abc’Cd®+2a*Acd*-2Ab’cd*-4abBcd*-2a’cCd*+2aAbd’+a*Bd°)
Log[(cCos[eJrFx] +dSin[e+-Fx])2] (cCos[e+fx] +dSin[e+-Fx])2 (a+bTan[e+-Fx])2)/
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(2d3 (c2+d2)zf(aCos[e+Fx}+bSin[e+-Fx])2(c+dTan[e+fx})2)+
(Sec[e+-Fx] (cCos[e+fx] +dSinfe+fx])

(p*c>cd+2b?c*Cd®+b*>cCd®+a’Actd® (e+fx) -Ab*c*d® (e+fx) -2abBc*d® (e+fx) -
c*Cd?® (e+fx) +b°c*Cd* (e+fx) +4aAbcd® (e+fx)+2a’Bc’d’ (e+fx) -
2b*°Bc*d® (e+fx) -4abc®Cd’® (e+fx) -aAc*d® (e+fx) +Ab>c*d* (e+fx) +
2abBc?d* (e+fx) +a?c?Cd* (e+fx) -b2c?Cd* (e+fx) -b2c®CdCos |2 (e+fx)] -
2b>c*Cd’Cos[2 (e+fx)| -b*cCd®Cos[2 (e+fx)]|+a’Acd® (e+Ffx) Cos[2 (e+Ffx)]|-
Ab’c*d® (e+fx) Cos[2 (e+fx)]-2abBc*d® (e+fx) Cos[2 (e+Fx)]-
2c*Cd? (e+fx) Cos[2 (e+fx)]|+b2c*Cd® (e+fx) Cos[2 (e+fx)]+
4aAbc®d® (e+fx) Cos[2 (e+fx)]+2a’Bc*d® (e+fx) Cos[2 (e+Ffx)]-
2b?Bc*d® (e+fx) Cos[2 (e+fx)|-4abc®Cd® (e+Fx) Cos[2(e+fx)]-
a’Ac’d* (e+fx) Cos[2 (e+fx)|+Ab’>c?d* (e+fx) Cos[2 (e+fx)]+
2abBc’d* (e+fx) Cos[2 (e+fx)|+a’c?Cd* (e+fx) Cos[2 (e+fx)]-
b>c?Cd* (e+fx) Cos[2 (e+fx)|+2b>c®CSin[2 (e+fx)]-b*Bc*>dSin[2 (e+fx)] -
2abc®Cdsin[2 (e+fx)| +Ab>c*d*Sin[2 (e+fx)|+2abBc*d?Sin[2 (e+fx) ]|+
2c*cd?sinf2 (e+fx) | +3b*c*Cd?Sin[2 (e+fx)] -2aAbc®d®Sin[2 (e+fx)]
a’Bc’d’sin([2 (e+fx) | -b?BPd®sin[2 (e+fx)]-2abc’®Cd®Sin[2 (e+fx)]+
a’Ac’d*sin([2 (e+fx)| +Ab?c?d*Sin[2 (e+fx)|+2abBc*d*Sin[2 (e+fx)] +
2c2Ccd*sin[2 (e+fx)| +b?c?Cd*Sin[2 (e+fx)| -2aAbcd®Sin[2 (e+Fx)]| -
a’Bcd®sin[2 (e+fx)| +a’Ad®Sin[2 (e+fx)]+a’Ac’d® (e+fx)Sin[2 (e+fx)]-
Ab?cd® (e+fx)Sin[2 (e+fx)]-2abBc*d® (e+fx)Sin[2 (e+fx)]-
a’c>cd’ (e+fx) Sin[Z(e+Fx”+b2c3Cd3 (e+fx)Sin[2(e+-Fx)]+
4aAbc?d* (e+fx)Sin[2 (e+fx)]+2a?Bc?d* (e+fx)Sin[2 (e+Fx)] -
2b*Bc*d* (e+fx)Sin[2 (e+fx)]-4abc®Cd* (e+fx)Sin[2 (e+fx)]|-a’Acd’® (e+fx)
Sin[2 (e+fx) | +Ab>cd® (e+fx)Sin[2 (e+fx)]+2abBcd® (e+fx)Sin[2 (e+fx)]+
a’cCd® (e+fx)Sin[2 (e+fx)]-b*cCd® (e+fx)Sin[2 (e+fx)]) (a+bTan[e+fx}>2)/

(2c(c—1‘1d)2(c+jd>2d2f(aCos[e+-Fx}+bSin[e+fx])2(c+dTan[e+-Fx}>2)

Problem 79: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J<a+bTan[e+-Fx}) (A+BTan[e+fx] +CTan[e+fx]?)

dx
(c+dTan[e+fx])?
Optimal (type 3, 292 leaves, 5 steps):
1 1
-——(a(c?C-2Bcd-Cd*-A(c?2-d?)) -b (2c (A-C)d-B (c?-d? Xe ———————
Evrd (1)) -b (2e (3-) -8 (- ))) x-
(a(Bc?+2cCd-Bd?) -b (c*C-2Bcd-Cd*) -A(2acd-b (c*-d*))) Log[Cos[e+Fx]] +

W<b (CAC_CZ (A_ >d2_ BCd3 Ad4> +ad2 (ZC( c) - (CZ 2)>>
d +d f d-B -d
(bc—ad) (cZC—Bcd+Ad2)

d? (c?+d?) f (c+dTan[e+fx])

Log[c+dTan[e+fx]] +

Result (type 3, 1433 leaves):
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[(ibc®cdebciCd®-iAbc/d®-iaBc d®+aibc’Cd+2iaActdt -
Abc®d*-aBc®d*-2ibBcfd*-2iactCcd*+4bc®Cd*+2aAc’d®-2bBc*d° -
2ac®Cd®+3ibc°Cd>+2iaAc*d®-2ibBc*d®-2iac*Cd®+3bc*Cd®+
2aAc®d’+iAbc’d’ +iaBc?d’ -2bBc?d’ -2ac’Cd’ +Abc®d® +aBc?d?)

(e+fx) Sec[e+fx] (cCos[e+fx] +dSin[e+-Fx])2 (a+bTan[e+fx]))/
(c2 (c-id)*(c+id)’>d®f (aCos[e+Ffx] +bSin[e+Ffx]) (c+dTan[e+Fx])2)—
(11 (bc*C-Abc*d*-aBc?d*+3bc’Cd*+2aAcd’-2bBcd’-2acCd®+Abd*+aBd?)
ArcTan[Tan[e + fx]] Sec[e+fx] (cCos[e+fx] +dSin[e+1‘:x])2 (a+bTan[e+fx}))/
(d2 (c2+d2)2-F(aCos[e+fx] +bsinfe+fx]) (c+dTan[e+fx}>2) -

(bCLog[Cos[e+fx}]Sec[e+fx] (cCosle+fx] +dSin[e+1Cx])2 (a+bTan[e+fx]))/

(dz-F(aCos[e+-Fx] +bsinfe+fx]) (c+dTan[e+Fx])2) +

((bc4C—Abc2d2—aBc2d2+3bc2Cd2+2aAcd3—2bBcd3—2ach3+Abd4+aBd4)

Log[(cCos[e+Fx]+dSin[e+-Fx])2]Sec[e+-Fx]
(cCos[em‘x}+dSin[e+fx])2(a+bTan[e+fx}))/
(Zd2 (c2+d2)zf(aCos[e+Fx1 +bsinfe+fx]) (c+dTan[e+Fx])2) +

(Secle+fx] (cCos[e+fx]+dSin[e+fx]) (aAc*d (e+fx) Cos[e+Fx] -
bBc*d (e+fx) Cos[e+fx]-ac*Cd (e+fx) Cos[e+fx]+2Abc>d® (e+fx) Cos[e+fx]+
2aBc*d® (e+fx) Cos[e+fx] -2bc>Cd® (e+fx) Cos[e+Ffx] -
aAc’d® (e+fx) Cos[e+fx] +bBc*d® (e+fx) Cos[e+fx] +ac’Cd’® (e+fx)Cos[e+Fx] -
bc°CSinje+fx] +bBc*dSin[e+fx] +ac*CdSin[e+fx] -Abc>d®Sin[e+fx] -
aBc>d?sin[e+fx] -bc3Cd?’Sinje+fx] +aAc?d®Sin[e+fx] +bBc2d®>Sin[e+fx] +
ac’Cd®sin[e+fx] -Abcd*Sin[e+fx] -aBcd*Sin[e+fx] +aAd®>Sin[e+fx] +
aAc’d®* (e+fx)Sin[e+fx] -bBc’d® (e+fx)Sin[e+fx] -ac’Cd® (e+fx) Sinfe+Ffx]+
2Abc*d’ (e+fx)Sinfe+fx] +2aBc®d® (e+fx)Sin[e+fx] -
2bc®Cd® (e+fx)Sin[e+fx] -aAcd® (e+fx)Sin[e+fx] +
bBcd* (e+fx)Sinfe+fx] +acCd* (e+fx)Sin[e+fx]) (a+bTan[e+-Fx]))/

(c (c-id)?(c+id)*df (aCos[e+fx] +bSin[e+fx]) <c+dTan[e+fx})2)

Problem 80: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JA+BTan[e+fx] +CTan[e+1¢x]2d1
X

(c+dTan[e+~Fx])2

Optimal (type 3, 140leaves, 3 steps):
(c2C-2Bcd-Cd*-A (c2-d?)) x

- +
(C2+d2>2
(2c (A-C) d-B (c*-d?)) Log[cCos[e+fx] +dSin[e+fx]] c2C-Bcd+Ad?

(C2+d2>2+‘ d(c?+d?) f (c+dTan[e+fx])

Result (type 3, 305leaves):
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1

2c(c2+d2>2f(c+dTan[e+-Fx])
(2 (A-iB-C) (c+id)? (esfx)+(2¢c (A-C)d+B(-c2+d?))
Log{(cCos[ewa]+dSin[e+fx})2”+
(2(c+id (CC-iAd*+cd® (A(1+ie+ifx)-iC(e+Ffx)+B(i+e+Ffx))-
czd(B(1+J‘1e+ifx)— (e+fx)+C(i+e+Ffx]))-
c c (-A+C)d+B (c®-d?)) Log| (cCos| e+1°x]+dSin[e+-Fx])2])Tan[e+ij+
A

d
2ic(2c(-A+C)d+B(c*-d*)) ArcTan[Tan[e +fx]] <c+dTan[e+fx]>)

Problem 81: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BTan[e+fx] +CTan[e + f x]? 4
X

a+bTan[e+fx]) (c+dTan[e+-Fx])2

Optimal (type 3, 293 leaves, 4 steps):
~(((a(c*c-2Bcd-Cd?-A(c*-d?)) +b (2¢c (A-C)d-B (c2-d?))) x) /[(a®+b?) (c2+d?)?))
b (Ab?-a(bB-aC))LoglaCos[e+fx]+bSin[e+fx]]
(a2+b2) (bc-ad)?f
((b(c*c-2Bc?d+c? (3A-C) d*+Ad*) -ad* (2c (A-C)d-B (c*-d?)))
Log[cCos[e + f x] +dSin[e+fx}])/

c2C-Bcd+Ad?
(bc-ad) (c?+d?) f (c+dTan[e+fx])

((bc—ad)2 (c2+d2)21‘:) +

Result (type 3, 2693 leaves):
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((aAc2+bBcz—aCZC—2Abcd+2aBcd+2bch—aAd2—de2+aCd2> (e+fx>
Sec[e+fx]? (aCos[e+fx] +bSin[e+fx]) (cCos[e+fX] +dSin[e+fx})2)/

((a—jb) (a+ib) (c-id)?(c+id)*>Ff (a+bTanfe+fx]) (c+dTan[e+fx])2)+

((ja6b2c10C+2ia4b4cleC+iazbscwC—ZJiasbzBc9d—4ia4b4Bc9d—2JiaszBc9d—

ia’bc®Cd+a®b>c®Cd-21a°b3c®Cd+2a*b*c®Cd-1a3b>c®Cd+a?b®c®Cd+
3ia®Ab2c®d?+61a*Ab*c®d’+31a°Ab®c®d?’+31a’bBc®d?-2a%b2Bc®d?+
6ia’b’Bctd*-4a*b*Bcdd*+31a2b°Bc®d?-2a?b°Bc®d®-a’bc®cd*-2a°b3cdCd?-
a’b’c®cd’-5i1a’Abc’d*+3a°Ab2c’d>-101a°Ab3c’d>+6a*Ab*c’d>*-51a*Ab°c’d3+
3a2Abbc’d*-1a®Bc’d®*+3a’bBc’d*-41a°b?Bc’d*+6a°b>Bc’d*-51a*b*Bc’d?+
3a3b°Bc’d®-2ia’b®Bc’d*+2ia’bc’Cd*+41a’b3c’Ccd*+21a3b>c’Cd®+
21a8Ac®d*-5a’Abc®d*+81a°Ab%>c®d*-10a°Ab3c®d*+101a*Ab*cOd*-
5a3Ab°c®d*+41a2Ab®c®d*-a®Bc®d*+2i1a’bBc®d*-4a°b?Bc®d*+41a°b3Bcld*-
5a°b*Bc®d*+21a*b°Bc®d*-2a2b®Bc®d*-21a%cfCd*+2a’bc®Cd*-51a%b%cbCd*+
42°b3cfCcd*-4ia*b*c®cd*+2a*b°c®cd*-1a%b%c®Cd*+2a8Ac°d®-61a’Abc’d’+
8a®Ab2c’d®-121a°Ab3c®d>+10a*Ab*c*d°-61a*Ab°c>d>+4a?Ab%cd +
2a’bBc’d®>+4a°b>Bc®d>+2a3b°Bc®d*-2ac®Cd®+31a’bc®Cd®-5a%b?c®Cd” +
61a°b3c®Cd®-4a*b*c®Cd®+31a3b°c®Cd’°-a?b®c®>Cd®+21a8Ac*d®°-6a’Abc*db+
5ia®Ab?c*d®-12a°Ab3c*d®+4ia*Ab*c*d®-6a>Ab°c*d®+1a2Ab®c*d®-1a’bBc*d®-
2ia’b3Bc*d®-ia’b’Bc*d®-21a%c*Cd®+3a’bc*Cd®-41a®b?c*Cd®+6a°b3c*Cd®-
2ia*b*c*cd®+3alb’c*Ccdé+2a®Acdd’ -1a’Abc3d’ +5a%Ab?cPd’-21a°Ab3c3d+
42°Ab*c3d’ -1aAb°cPd’ +a?Ab®c3d’ +1a8Bc3d’-a’bBc3d’ +21a®b?Bc3d -
2a°b3Bccd’ +i1a*b*Bc3d’-a’b’Bc3d’ -2a%c>Ccd’-4a%b?c3cd’-2a*b*c3cd -
a’Abc*d®-2a°Ab’ ?d®-a*Ab° ?d®+afBc?d®+2a% b’ Bc*d® +a* b Bc?d?) (e+fx)
Sec[e+fx]> (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+-Fx})2)/

(a2 (a—ib) (a+ib) (a®+b%) c? (c:—zld)“(c+1‘1d>3(—bc+ad)3
f(a+bTan[e+fx]) (c+dTan[e+-Fx])2) -

(i (-bc*C+2bBc?d-3Abc?d’ -aBc?d?+bc’Cd?+2aAcd®-2acCd®-Abd +aBd’)
ArcTan[Tan[e+ fx]] Sec[e+fx]> (aCos[e+fx] +bSin[e+fx])
(cCos[e+fx]+dSin[e+-Fx])2)/

((bc—ad)z(c2+d2)2f(a+bTan[e+-Fx]) (c+dTan[e+Fx})2)+

((Ab3—asz+a2bC) Log[aCos[e+fx] +bSin[e+fx]] Sec[e+fx]?3
(aCos[e+fx]+bSinfe+fx]) (cCos[e+fx] +dSin[e+Fx]>2)/

((a2+b2) (—bc+ad)zf(a+bTan[e+fx]) (c+dTan[e+-Fx])2)+

((—bc4C+2bBc3d—3Abc2d2—ch2d2+bc2Cd2+2aAcd3—2ach3—Abd4+aBd4)
Log[(cCos[e+fx]+dSin[e+fx])2]Sec[e+fx]3
(acCos[e+fx]+bSin[e+fx]) (cCos[e+fx] +dSin[e+Fx}>2)/

(Z(bc—ad)2 (c2+d2)2f(a+bTan[e+fx]) (c+dTan[e+Fx])2) +

(Secle+fx]? (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx])
(—cZCdSin[e+-Fx}+Bcd25in[e+-Fx]—Ad3Sin[e+-Fx]))/

(c (c-id) (c+id) (bc-ad)f(a+bTan[e+fx]) (c+dTan[e+-Fx])2)

Problem 82: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J A+BTan[e+fx] +CTan[e + fx]? 4
X

a+bTan[e+-Fx])2 (c+dTan[e+-Fx])2

Optimal (type 3, 509 leaves, 5steps):
7(((a2 (?Cc-2Bcd-Cd*-A(c?-d*)) -b* (c*C-2Bcd-Cd*-A (c®-d?)) +
2ab(2c (A-C)d-B(c?-d?))) x)/((a2+b2)2 (c2+d2)2)) +
(b (3a’bBd-2a*Cd+b* (Bc-2Ad) -a’b® (Bc+4Ad) +ab’ (2Ac-2cC+Bd))
Log[aCos[e +fx] +bSin[e+-Fx}])/((a2+b2>2 <bc—ad)3-F) +
(d(b(2c*C-3Bc®>d+4Ac®d®-Bcd®+2Ad*) -ad® (2c (A-C)d-B (c*-d?)))
Log[c Cos[e + f x] +dSin[e+1:x1])/((bc—ad)3 (c2+d2)zf) -
(d (b>c (cC-Bd) -abB (c?+d?) +a® (2c®C-Bcd+Cd?*) +A (a®d*+b? (c2+zd2)))>/
((a2+b2) (bc—ad)2 (c2+d?) f (c+dTan[e+fx])) -
Ab>-a (bB-acC)

(a2+b?) (bc-ad) f(a+bTan[e+fx]) (c+dTan[e+fx])

Result (type 3, 8527 leaves):

—((1’1 (—ZaGAbSc11+2j1a5Ab5c11—2a4Ab7c11+2j1a3Ab8c11+a7b4Bc11—Jia6bSBc11—a3bsBc11+
ia?b’Bctt+2afb’cttc-21a°bfctCc+2a%*b’ cttc-21a*bicttCc+6a’Ab*cl®d-
41a%Ab°c®d+10a°Ab®c®d-61ia*Ab’ c®d+4a3Ab®c®d-21a%Ab’ctd-
428b3Bc®d+31a’b*Bc®d-5ab°Bc®d+41a°b®Bc®d+i1a®b¥Bcl®d+
a’b’Bc®d-6a’b*c®Cd+41a®b°c®Cd-10a°b®c®cd+6ia*b’ct®cd-
423b8c®Ccd+21a’b°c®Ccd-4aAb3c®d?-21a’Ab*c®d?>-18a°Ab>c’d?+
41a°Abbcd?-16a*Ab’ c®d?’+61aAb8c®d?-2a2Ab°c®d?+6a°b?Bc’d?-
21a%b3Bc®d?+20a’b*Bc®d?-121a°b°Bc’d?+14a°b®Bc°d?-101a*b’ Bc’d?+
4a8b3c°cd*+21a’b*c®cd*+18a°b°c°Ccd*-41a°b8c°Cd?+16a*b’ c®°Cd?-
61a*b®c®Ccd?*+2a?b’°c®Cd?’-4a°Ab?>cBd®+81aAb3c®d3+10a’ Ab*cBd3+
61aAb>c®d®+24a°Ab®c®d®-41a*Ab’ cBd®+10a°Ab®c®Bd®-21a%2Ab°c®d®-
4a®bBc®d®-21a°b?Bc®d*-30a%b3Bc®d3>+81a’b*Bc®d®-40a°b>Bc®d®+
141 a°b®Bc®d®-14a*b’Bc®d3+41a*b®Bc®d®+4a°b2c®cd®-81aéb3cdCd®-
10a’b*c®cd®-61a°b°c®Ccd®*-24a°b8c®Cd®+41a*b’ cBcd®-10a*bdc¥cCd®+
2ia’b°c®cd®+6a®Abc’d*-21a°Ab%c’d*+10a%Ab3>c’d*-121ia’Ab*c’d*-
12aAb°c’d*-61a°Ab®c’d*-18a*Ab’ c’d*+41ialAb®c’d*-2a%Ab°c’ d*+
al'Bc’d*+31a®bBc’d*+20a°b?Bc’d*+81ia®b*Bc’d*+54a’b*Bc’ d* -
61a°b°Bc’d*+40a°b®Bc’d*-121ia*b’Bc’d*+5a>b®Bc’d*-1a’b’Bc’ d*-
6a®bc’Cd*+21a’°b?c’Cd*-10a®b>c’Cd*+121a’b*c’Cd*+12a®°b>c’ Cd* +
61a’bbc’Ccd*+18a*b’ c’Ccd*-41a*b8c’Ccd*+2a’b’c’Ccd*-2atActd®-
41a®Abc®d>-18a°Ab2c®d>+61a%Ab3c®d°-12a’ Ab*c®d’>+121a%Ab°>cbd+
10a°Ab®c®d®+21a*Ab’ c®d®+6a3Ab®cbd®-1a"Bc®d®-5a®bBcbd® -
12ia°b?’Bc®d°-40a%b3Bc®d®>-61a’ b*Bc®d®-54a°b°Bc®d” +81a°b®Bcld -
20a*b’Bc®d°+31a*b®Bcfd -a?b’Bc®d®+2attc®Cd*+41a®bcbCd +
18a°b?c®Ccd’-61a%b3c®Cd*+12a’b*c®Cd®-121a°b°>c®Cd°-10a°b®cbCd®-
21a*b’c®cd®-6a2b¥c®Ccd®+2ialtAc®d®+10a®Abc*d®+41a’Ab%>c®db+
2438 Ab3c’d®-61a’ Ab*c®d® +10a°Ab>c>d®-81a’Ab®c*d®-4a*Ab’ c>d® +
41a®bBc’d®+14a°b?’Bc”d®+141a%b>Bc”d®+40a’b*Bc*d® +81a®b>Bc’d®+
30a°b®Bc’d®-21a*b’Bc”d®+4a3b¥Bc”d®-21attc>Cd®-10a®bcCd® -
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41a°b?c®Cd®-24a%b3c®Cd®+61ia’b*c®Cd®-10a®°b>c®>Cd®+81ia°b®c>Cd®+
4a°b’c>Ccd®-2attAc*d’-61a®Abc*d’ -16a°Ab%c*d’ -41a%Ab3c*d’ -
18a’Ab*c*d’ +21ia®Ab°c*d’ -4a°Ab®c*d’-10ia’°b*Bc*d’ -14a%b>Bc*d -
12ia’b*Bc*d”’-20a®b°Bc*d’ -21a°b®Bc*d’ -6a*b’Bc*d’ +2attc*cd +
6iabc*Ccd’+16a°b2c*Ccd’+41ab3c*Cd’+18a’b*c*Cd’-21a%b°>c*Cd’ +
4a°b°c*cd’ +21a'Aactd®+4a®Abc3d®+61a’Ab2c3d®+10a%Ab3 3 dE
4ia’Ab*c3d®+6afAb>cAd®-al'BcPd®+i1a®bBcPd®+41a8b>Bc3d®+
5a’b*Bc3d®+3ia®b°Bcd®+4a°b®Bc3d®-2ia'rc3Ccd®-4a®bc3cd®-
61a’°b>c3Cd®-10a%b3c®Cd®-4i1a’b*c3Ccd®-6a®b>c>Cd®-21a®Abc?d’-
2a°Ab2c?d’-21iaAb3c?d®°-2a’Ab*c?d’+iattBc?d®+al®bBc?d’-ia’b*Bc?d®-
a6b5Bc2d9+2j1alebczcd9+2a9b2c2Cd9+21'1a8b3c2Cd9+2a7b4c2Cd9) (e+fx)

Sec[e+fx]* (aCos[e+fx]+bSin[e+fx])? (cCos[e+fx] +dSin[e+fx])2)/

(a2 (a—Jib)4 (a+1‘1b)3c2 (c—jd)4 (c+1’1d)3 (—bc+ad)4f
(aerTan[eJr-Fx])2 (c+dTan[e+-Fx])2)) -
(11 (-2aAb*c+a’b®Bc-b°Bc+2ab*cC+4a’Ab’d+2Ab d-3a*b?Bd-ab*Bd+2a*bCd)

ArcTan[Tan[e + f x] ]
Sec[e + fx]*
(aCos[e+fx] +bSin[e+fx])?

(cCose+fx] +dSin[e+-Fx])2)/
((a2+b2)2 (—bc+ad)31c (a+bTan[e+1Cx})2
(c+dTan[e+-Fx])2> +
(Ji (-2bc*Cd+3bBc’d*-4Abc’d’-aBc?d’+2aAcd*+bBcd*-2acCd*-2Abd°+aBd®)

ArcTan([Tan[e + f x] ]
Sec[e + fx]*4
(acCosfe+fx] +bSin[e+-Fx])2

(cCosle+fx] +dSin[e+-Fx])2)/
((bc—ad)3 (c2+d2)2f (aerTan[eJn‘x])2

(c+dTan[e+Fx])2> +
((-2aAb4c+a2b3Bc-b5Bc+2ab4cC+4a2Ab3d+2Ab5d-3a3bZBd-ab4Bd+2a4de)

Log[(aCos[e+fx] +bSin[e+fx])?]
Sec[e + fx]*
(aCos[e+fx] +bSin[e+fx])?

(cCosfe+fx] +dSin[e+Fx])2)/
(2 (a2+b2)2 (—bc+ad)3f (a+bTan[e+Fx1)2 (c+dTan[e+fx])2) -
((—Zbc“Cd+3bBc3d2—4Abc2d3—ch2d3+2aAcd4+bBcd4—2ach4—2Abd5+aBd5)
Log[ (cCos[e+fx] +dSin[e+fx])?]
Sec[e+fx]* (aCos[e+fx] +bSin[e+1‘:x])2
(cCosle+fx] +dSin[e+-Fx])2)/
(2 (bc-ad)? (c2+d?)*f (a+bTan[e+fx])? (c+dTan[e+Fx])2) +
(Secle+fx]* (aCos[e+fx] +bSin[e+fx])
(cCos[e+fx] +dSin[e+fx])
(a?Ab*c>d+Ab°c®d-a’b’Bc*d-ab’Bc’d+a*b’c®Cd+a’b*c®>Cd+a’bc*Cd®+
2ab3c*cd?’+ab’c?*Ccd?+2a%Abt3dd+2Ab8 3 d®-a*bBctd3-4a3b3B3dd-
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3ab’Bc3d3+2a*b?2c3cd®+2alb*c3Ccd®*+a’Abc?d*+2alAb3c?d*+aAb’ c?dt
a®bc?cd*+2a*b3c?2Ccd*+ab’c?2Ccd*+a?Ab*cd® +Ab®cd®-a°bBcd® -
3a3b®Bcd®-2ab’Bcd’+a*b?cCd®+a’b*cCd®>+a°Abd®+2a3Ab>d® +aAb d®+
a*Ab*c® (e+fx) -a’Ab*c® (e+fx) +2a’b>Bc® (e+fx) -a*b?>c®C(e+fx)+
a’b*c®C(e+fx)-2a°Abc’d (e+fx) -a’Ab’c’d (e+fx) -aAb c®d (e+fx) -
2a*b’Bc’d (e+fx)+2a°bc’Cd (e+fx) +a’b>c>Cd (e+fx) +ab>c®Cd (e+fx) +
a®Ac*d® (e+fx) +4a*Ab>c*d® (e+fx) -a*Ab*c*d® (e+fx)-2a°bBc*d* (e+fx) -
2ab’Bc*d® (e+fx)-a®c*Cd?® (e+fx) -4a*b*c*Cd® (e+Ffx)+a’b*c*Cd® (e+Fx) -
a?Abc’d® (e+fx) +4a’Ab>c?d’ (e+fx) +aAb’ P d® (e+fx)+2a°Bc’d® (e+fx) +
2a’b*Bcd® (e+fx) +a’bc’Cd® (e+fx) -4a’b’ACd® (e+fx)-ab’c>Cd’® (e+fx) -
a®Ac?d* (e+fx)-a*Ab?c?d* (e+fx)-2a’Ab*c*d* (e+fx)+2a’b’Bc?d* (e+fx) +
6c2Cdt (e+fx)+atb?c2Cd* (e+Fx)+2a2b*c2Cd (e+fx)-aSAbcd® (e+Fx)+
a’Ab’cd® (e+fx)-2a*b’Bcd® (e+fx) +a°bcCd® (e+fx)-a’b>cCd® (e+fx) -
a’Ab*c®dCos[2 (e+fx)] -AbSc®dCos[2 (e+fx)]|+a’b’Bc>dCos[2 (e+fx)]+
ab®Bc®dCos[2 (e+fx)]-a*b?>c®CdCos[2 (e+fx)]-a’b*c®CdCos[2 (e+fx)]|-
a®bc*Cd’Cos[2 (e+fx)]|-2a’b>c*Cd’Cos[2 (e+fx)]| -ab°c*Cd*Cos[2 (e+Fx)] -
2aAb* P d®Cos[2 (e+fx) | -2Ab*c?d®Cos[2 (e+fx)|+a’bBc®d®Cos[2 (e+Ffx)]+
4a°b*Bc*d’Cos[2 (e+fx)|+3ab®Bc’d®Cos[2 (e+Ffx)]-2a*b?>c®Cd’Cos[2 (e+Fx)] -
2a2b4c3Cd3Cos[2<e+fx)]—a Abc? d4Cos[2<e+-Fx)]—2a3Ab3c2d4Cos[2 (e+~FxH—
aAb®c?d*Cos[2 (e+fx)]-a’bc?Cd*Cos[2 (e+Fx)|-2a’b>c?Cd*Cos[2 (e+Fx)] -
ab®c’Cd*Cos[2 (e+fx)]-a?Ab*cd®Cos[2 (e+fx)|-Ab®cd®Cos[2 (e+fx)]+
a®bBcd®Cos[2 (e+fx)|+3a’b’Bcd®Cos[2 (e+fx)|+2ab>Bcd®Cos|2 (e+fx)|-
a*b?cCd®Cos[2 (e+fx)] -a?b*cCd®Cos[2 (e+fx)|-a°Abd®Cos[2 (e+fx)] -
2a®Ab*d®Cos[2 (e+fx)| -aAb>d®Cos[2 (e+fx)]|+a*Ab’>c® (e+fx) Cos[2 (e+Ffx)]-
a’Ab*c® (e+fx) Cos[2 (e+fx)|+2a’b’Bc® (e+fx)Cos[2 (e+fx)]-
a4b2c6C(e+-Fx)Cos[2 (e+FxH+a2b4c6C(e+-Fx>Cos[2(e+-FxH—

2a°Abc®d (e+fx) Cos[2 (e+fx)|-3a’Ab’c®d (e+fx) Cos[2 (e+Fx)]+

aAb>c®d (e+fx)Cos[2 (e+fx)]|-2a*b?Bc®d (e+fx) Cos[2 (e+fx)]-

4a’b*Bc®d (e+fx) Cos[2 (e+fx)]|+2a°bc°Cd (e+fx) Cos[2 (e+fx)]+

3a°b>c®Cd (e+fx) Cos[2 (e+fx)]-ab®c®Cd (e+fx) Cos[2 (e+fx)]+

a®Ac*d® (e+fx) Cos[2 (e+fx)]|+8a*Ab’c*d® (e+fx) Cos[2 (e+Ffx)]+

3a%Ab*c*d? (e+fx) Cos[2 (e+fx)]|-2a°bBc*d® (e+fx) Cos[2 (e+Ffx)]+

4 2 b3 B c* d? (e+Fx)Cos[2(e+-Fx)]+2ab5Bc4d2 (e+Fx)Cos[2(e+-Fx)]

6c*Cd® (e+fx)Cos[2 (e+fx)]|-8a*b>c*Cd® (e+fx) Cos[2 (e+Ffx)]-

3a’b*c*Cd® (e+fx) Cos[2 (e+fx)]|-3a°Abc?d’® (e+Fx) Cos[2 (e+Ffx)]-
8a’Ab>c*d’® (e+fx) Cos[2 (e+fx)|-aAb®c®d® (e+Ffx) Cos[2 (e+Ffx)]+
2a°Bc*d® (e+fx) Cos[2 (e+fx)|+4a*b?Bc>d® (e+Fx) Cos[2 (e+fx)]-
2a’b*Bc’d’ (e+fx) Cos[2 (e+fx)]|+3a°bc®Cd’® (e+Ffx) Cos[2(e+Ffx)]+
8a’b*c®Cd’® (e+fx) Cos[2 (e+fx)|+ab>c®Cd’® (e+Fx) Cos[2 (e+Ffx)]|-
a®Ac’d* (e+fx) Cos[2 (e+fx)]|+3a*Ab’c?d* (e+fx) Cos[2 (e+Fx)]+
2a>Ab*c?d* (e+fx) Cos[2 (e+fx) |- 4a bBc?d* (e+fx) Cos[2 (e+fx)]-
2a®b’Bc’d* (e+fx) Cos[2 (e+fx)|+a®c®Cd* (e+fx) Cos[2 (e+Ffx)]-
3a*b?c*Cd* (e+fx) Cos[z <e+-Fx)] 2a’b*c®Cd* (e+fx) Cos[Z(e+FxH+
a®Abcd® (e+fx) Cos[2 (e+fx)]|-a’Ab>cd® (e+fx)Cos[2 (e+fx)]+
2a*b’Bcd® (e+fx) Cos[2 (e+fx)]-a’bcCd® (e+fx) Cos[2(e+fx)]+
a’b’cCd® (e+fx) Cos[2 (e+Ffx)]|+a’Ab*c®Sin[2 (e+Fx)] +

Ab®c®sin[2 (e+fx)|-a*b>Bc®Sin[2 (e+fx)|-ab’Bc®Sin[2 (e+fx)]|+
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b2c6C51n[2 e+-ﬁ;<)}+a2b4cscsin{‘2 (e+1/:;<)]+2a2Ab4c‘L‘d2‘Sin[2l(Je+fx)}+
2Ab6c4d2 Sin[2 (e+fx)]-2a’b’Bc*d*Sin[2 (e+fx)|-2ab’Bc*d’Sin[2 (e+fx)] +
Cdzsln[z )] +4a*b>c*Cd®sin(2 (e+fx) | +3a?b*c*Cd®Sin[2 (e+Ffx)] -
a®Bc*d’sin[2 (e+fx)|-2a*b?Bd’Sin[2 (e+fx) | -a’b*Bcd*Sin[2 (e+fx) ]|+
a®Ac?d*sin[2 e+-FxH+2a Ab®c?d*sin[2 (e+fx)|+2a’Ab*c?d*Sin[2 (e+fx) |+
2(e-1x)] -
2 e+ x)]

2
2
Ab6c2d451n e+fx a®b*B c?d*sin[2 (e+fx”—ab58c2d4sin[2 (e+fx”+
2
(

(

2

(e+Fx

(

(

(
c?Cd*sin[2 (e+fx)] +3a*b>c?Cd*Sin[2 (e+fx)] +2a2b*c?Cd*Sin[2 (e+fx)] -

a Bcd551n[2 (e+fx)]-2a*b?Bcd®sin[2 (e+fx)|-a’b*Bcd®Sin[2 (e+fx) ]+

a®Ad®sin[2 (e+fx)|+2a*Ab?d®Sin[2 (e+fx)| +a’Ab*d®Sin[2 (e+fx) ]+

a’Ab’c® (e+fx) Sin[Z(e+Fx”—aAb5c6 (e+Fx) Sin|2 <e+-Fx)]+

2a?b*Bc® (e+fx)Sin[2 (e+fx)] -a’b>c®C (e+Fx)sSin[2 (e+fx)]+

ab®c®C (e+fx)Sin[2 (e+fx)]-a*Ab>c®d (e+fx)Sin[2 (e+fx)] -

3a%Ab*c*d (e+fx) Sin[2 (e+fx)]-2ab°Bcd (e+fx)Sin[2 (e+fx) ]+

a*b?c®Cd (e+fx)Sin[2 (e+fx)] +3a’b*c®Cd (e+fx) Sin[2 (e+fx)] -

)
a®Abc*d® (e+fx)Sin|2 (e+fx)|+4a’Ab?c*d? (e+-Fx)Sin 2(e+fx)]+
aAb®c*d? (e+fx) Sin ( +
a°bc*cd? (e+-Fx) (e+fx) -4a3b3c*cd? (e+-Fx)Sin[2<e+-Fx)]—
(

]

e+fx>% -4a*b*Bc*d® (e+fx) Sin{z (e+fx)]
]
]

ab®c*Cd* (e+fx)Sin
4a*Ap?d® (e+fx)S 2 (e+1cx)]—a2Ab4c3d3 (e+fx)Sin[2(e+Fx)]+
4a°b*Bc*d® (e+fx)Si (2 (e+fx)]fa6c3cd3 (e+fx)Sin[2(e+fx)]f
4a*b?>c3cdd (e+-Fx) [ (e+-Fx)]+a2b4c3Cd3 (e+-Fx)Sin[2(e+-Fx)]—
2
(

e+-Fx> +a®Accd® (e+-Fx> Sin[z (e+-FxH +

[
[
Sln[
[

2
2
2
2
in
in
in

3a5Abc2d4(e+Fx)Sln[ (e+-Fx)]—a3Ab3c2d4(e+Fx)Sin[2<e+fx)]+
2aGBc2d4(e+fx)Sln[ e+fx”+3a5bc2Cd4(e+fx)Sin[2(e+fx>]+
a3b3c2Cd4(e+-Fx)Sln[ <e+-Fx)]—aGAcd5 (e+fx)sin[2(e+1‘x)}+
a4Ab2cd5(e+-Fx)Sin[z(e+fx)}—2a5bBcd5 (e+fx)sin[2(e+-FxH+
a®ccd® (e+fx)Sin[2(e+fx)]—a4b2ccd5 (e+Fx)Sin[2(e+-Fx)]))/
(Za(a—ib)z(a+ib>2c(c—jd)2(c+id)2(—bc+ad)2-F
(a+bTan[e+-Fx])2(c+dTan[e+Fx])2)

Problem 83: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BTan[e+fx] +CTan[e+fx]?2 4
X

(a+bTan[e+fx])> (c+dTan[e+fx])?

Optimal (type 3, 841 leaves, 6 steps):
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—(((a3 (c*C-2Bcd-Cd*-A(c?-d?)) -3ab* (c*>C-2Bcd-Cd*-A (c*-d?)) +3a’b
(2c (A-C)d-B (c*-d?*)) -b® (2c (A-C)d-B (c*-d?))) x)/((a2+b2)3 (c2+d2)2)) -
(b (6a°bBd*-3a°Cd®>-a*b>d (4Bc+ (10A-C)d) -b® (c (cC-2Bd) -A (c*-3d*)) +
ab®(2c (A-C)d-B(3c®-d*))+3a’b* (c (cC+2Bd) -A(c*+3d*)) +
a’b® (16c (A-C)d+B (c*+3d*)))
Log[aCos[e +fx] +bSin[e+-Fx}])/((az+b2)3 (bcfad)“w‘) -
(d* (b (3c*C-4Bc’d+c* (5A+C) d*-2Bcd®+3Ad*) ~ad® (2c (A-C)d-B (c*-d?)))
Log[c Cos[e + f X] +dSin[e+-Fx}])/((bc—ad)4 (c2+d2)2f) -
(d (3a’bBd (c®>+d?*) +ab® (2Ac-2cC+Bd) (c>+d?*) -a*d (3c*C-Bcd+ (A+2C) d?) -
a’b* (Bc®+4Ac*d+2c*Cd-Bcd*+6Ad>) -b* (d (2Ac*+c*C+3Ad*) -B (c3+2cd2)))>/
((a2+b2)2 (bc—ad)3 (c?+d?) f (c+dTan[e+fx1)) -
Ab?-a (bB-ac()

2 (a?+b?) (bc-ad) f (a+bTan[e+-Fx])2 (c+dTan[e+fx])
(5a’bBd-3a*Cd+b* (2Bc-3Ad) +ab’> (4Ac-4cC+Bd)-a’b? (2Bc+ (7A-C) d))/
(2 (a2+b2)2 <bc—ad)2f (a+bTan[e+fx]) (c+dTan[e+-Fx]))

Result (type 3, 7873 leaves):
((—Ab5+ab4B—a2b3C> Sec[e+ fx]°
(aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+-Fx}>2)/

(2 (a—jlb)2 (a+1’1b)2 (—bc+ad)21c <a+bTan[e+1‘:x1)3 (c+dTan[e+fx])2) +

((a3Ac2—3aAb2c2+3a2bBcZ—b3Bcz—a3c2C+3ab2c2C—6a2Abcd+2Ab3cd+2a3Bcd—
6abZBcd+6a2bch—2b3ch—a3Ad2+3aAb2d2—3a2de2+b3Bd2+a3Cd2—3ab2Cd2)

(e+fx)Sec[e+fx]® (aCos[e+fx] +bSin[e+Ffx])? (cCos[e+Ffx] +dSin[e+fx])2)/

((a—jlb)3 (a+ib)® (c-1d)? (c+id)*f (a+bTan[e+fx])> (c+dTan[e+fx])2) +

((BagAb7c13—3iasAb3c13+5a7Ab9c13—5iasAblec”+a5Ab11c13—ia4Ab12c13—a3Ab13c13+
ia?AbMc®-a®p®BcP+ia’b’Bc+a®b®Bc?-1a’b’Bc?+5a°b®B 3 -
5ia’b®Bc®+3a%*b2Bc¥-31a3b¥Bc-3a°b’c3c+31a%b8cCc-5a’b°cPC+
51a%bcBc-a’brc3c+ia*bPcBc+adbBcl3c-1a2b*ctCc-16a®Ab%ct?d+
13ia°Ab’ c?d-35a8Ab%c?d+271a’Ab°cl?2d-21a°ADb®cl?2d+151ia°Abtt ct?d-
a*Ab? c?d+i1a*AbB cl2d+a?Ab®c?d+6atlb’Bct?d-51ia®b®Bc?d+a’b’Bct?d-
ia®b®Bc?d-21a’b’°Bc?d+151a°b®Bcl?2d-21a°b*™Bcl?d+131ia*b!?Bct?d-
5a3bBBc?2d+21ia’b¥Bc'?d+16a®b®c?Ccd-131a°b’ c*2Cd+35a%b%ct?Cd-
271a’b’c?Cd+21a%b®c?cd-151a°btct?2cd+a*b?ct2cd-1ab3ct?cd-
a’b¥c?cd+33atAb M d?-171a®Abbctd?+103a°Ab’ ¢ d?-551a%AbBcttd?+
107 a’ Ab°c1d?-591a%Ab®clrd?2+37a°AbM ctd?-211a*Ab2ctd?-15a2b*Bcttd?+
9iatb’Bcttd?-27a%b®Bctd?+211a°b’Bcttd?+15a8b®Bcttd?+51a’b°Bcttd?+
53a°b®Bctd?-171a°b?Bctd?+28a* b2 Bcltd?-101a>b¥Bcttd?+2a2b¥Bcttd?-
33a b’ cd?+171a®b® ' Ccd?-103a°b’ 1 Ccd?+551a%b8cttCcd?-107a’ b cttcd? +
591 a°b®cltcd?-37a°b crcd?+211a* b2t Ccd?-30a2Ab*c®d®-31attAb°c?d3-
161a°AbSc®d®+411a°Ab” c®d3-259a%Ab%c®d®+971a’ Ab°c®d3-155a°ADb%®cteqd3
591 a°Abt c®d®-27a*Ab2 c®d>+61a>Ab3c®d®+20a3b3Bc®d?-51a2b*Bcl?d+
85altb>Bcl®d3-491a®b®Bct®d®+77a°b’Bc®d3®-711a%b8Bc®d®-35a’b°Bct?d® -
131a°b®Bcl®d®-61a° b Bc®d®+161a*b?Bc®d®-14ab®Bc®d®*+21a2b¥Bc®d3+
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30a2b*c®Ccd®+31at b’ c®Ccd®+161a®b%c'®Cd®-411a°b” c®Cd3+259a%bdctPcCdd-
971a’b’c®Cd®+155a°b®c®Ccd3-591a°bcl®Ccd®+27a*b2c®cd®*-61a3b3cCcdd+
5a2Ab3c®d*+251a2Ab*c®d*+133attAb° c®d*+251a®Ab®c®d*+352a° Ab7 c®d* -
521 aAb%c®d*+332a’Ab°c®d*-801a°Ab¥®c’d*+115a°Abt c®d*-291a*Ab2 c®d*+
7alAbcPd*-1a?Ab¥c®d*-15a¥b?Bc’d*-51ab*Bc®d*-125a2b*BcPd*+
35iatb°Bc’d*-230a%b®Bc®d*+1041ia°b’Bc’d*-112a%b8Bc®d*+761a’ b®Bc®d* +
43a°b®Bcd*+51a° b Bc’d*+37a*b?Bc’d*-71a*b**Bc’d*+2a%b*¥Bc’d* -
5a¥b3c®Ccd*-251ia2b*c®Cd*-133a'b°c®Ccd*-251a®b®c®Cd*-352a°b’ c®Cd*+
521 a%b8c®Cd*-332a’b°c®Cd*+801a%b®c®Cd*-115a°b c®Cd*+291ia*b'2c®Cd?-
7a3b3cPcd*+i1a?b*c®cd*+12a*Ab>cBd°-171 a3 Ab>cBd°-35a%2Ab* B d° -
731attAb>c®d>-271aAb%c®d°-561a°Ab’ c®d°-428a% AbBc®d>+441a’ Ab° B d®-
244 2 Ab® c®d®+491a° AbM cBd®-41a%*Ab2cBd>+51a3AbB cBdP-a2Ab*cBd
6a®>bBc®d®+91ab?Bc®d>+99a®b3>Bc®d>+211aPb*Bc®d’>+309atb°BcBd®-
441 a*®b®Bc®d®+328a°b’Bc®d°-1121ab¥Bc®d°+86a’b®Bc®d®-531a°b®Bc8d®-
35a° b Bc®d*+31a*bPBcdd®-9a*b®Bcdd -12a%b2cBcd®+171a3b3cBCcd®+
35a2b*c®cd®+731arb>cBcd® +271a b8 cBcd®+561a’ b’ c®BCd®+428a%bdcdCd® -
441 a’b°c®Cd®>+244a%b®c8Cd®-491a° bt cBCcd +41a*b2c®BCcd’-51a>b3c®Cd®+
a?b¥*c8cd®-9a®Abc’d®*-31aAb2c’d®-35a'3Ab3c’d®+531a2Ab*c”d®+
86alAb°c’d®+1121a®Ab%c’d®+328a°Ab’ c’d®+441a®Abdc’d®+309a” Ab%c’d® -
211 a°Ab®c7d® +99a°Ab™ c’d®-91a*Abl2c’d® +6a3Ab3c’d® -al®Bc’db -
5ial®>bBc’d®-41a¥b?Bc’d®-491ab3>Bc’d®-244a*?b*Bc’d®-441a*b>Bc’ df -
428 a°b®Bc’d?+561a°b’Bc’d®-271a%b¥®Bc’d®+731a’b°Bc’d®-35a°b®Bc’db+
17ia’°bBc’d®+12a*b2Bc’d?*+9a¥bc’Cd®+3iab?c’Cd®+35a3b3c’Cd® -

531 a?b*c’Cd®-86a'tb>c’Cd®-1121a%®b%c’Cd®-328a°b’ c’Cd®-441a%bdc’Cdb-
309a’ b’ c’Cd®+211a°b®c’Cd®-99a°bc’Cd®+91a*b2c’Ccd®-6a3bt3c’Cdb+
2a®Acbd’+71a¥Abc®d’ +37a¥Ab>c®d’ -51a®Ab3c®d’ +43 a2 Ab*cbd -

76 1 att Ab® c®d’ -112a®Ab®c®d’-1041a°Ab’ c®d’ -230a Ab®c®d’ -351a’ Ab°cbd’ -
125a%Ab® c®d’ +51a°Ab c®d’ -15a*Ab2 c®d’ +1a®Bc®d’ +7a¥bBc®d +
291ia*b?Bc®d’ +115a3b*Bc®d’ +801 a2 b*Bcbd’ +332atb°Bc®d’ +521a®b®Bc®d +
352a°b’Bc®d’ -251ab8Bc®d’ +133a’b°Bcfd’ -251a®°b®Bc®d’ +5a° b1 Bcld” -
2ac®cd’ -71a¥bc®Cd’ -37a*b?c®Ccd’+51a**b3>c®Cd’ -43a'2b*cbcd +

76 1attb>c®Cd’ +112a*®b®c®Cd’ +1041ia°b’ c®Cd’ +230a%b¥c®Cd’+351a’b°c®Cd’ +
125a°b°c®Cd’-51a° b cbcd’ +15a*b'?2c®Cd’ -21a®Ac”d®-14a*>Abc’d®-

161 a*Ab2c’d®-61a®Ab>c>d®+131a'2Ab*c*>d®-35a'Ab°c®d®+711a®Ab®c>d®+
77a°Ab’ c®>d®+491a%Ab®c®d®+85a’ Ab°c®d®+51a®Ab®c>d® +20a° Abtt c®dd -
6ia®bBc’d®-27a*b?Bc*d®-591al*>b>Bc>d®-155a'2b*Bc*d®-971a''*b>Bcd®-
259a®b®Bc>d®-411a°b’Bc*d®-161a%b®Bc*d®+31a’b°Bc*d®-30a°b®Bc’d®+
2ia®c’Ccd®+14at®bc’Cd®+161a¥¥b>cPCd®+61a®b3>c®>Cd®-131a%?b*c”Cd®+
35alb>c’Ccd®-711a%bbc>Cd®-77a°b’ c>Cd®-491a%b8c>Ccd®-85a’b°c>Cdd-
5ia®b®c>Ccd®-20a°bMc®Cd®+2al®Ac*d®+101a®>Abc*d®+28a*Ab2c*d® +
17ia®Ab3c*d’+53a?Ab*c*d®-51altAb>c*d®+15a%AbP c*d®’-211a° Ab’ c*d° -
27aAb8c*d®-91a’Ab°c*d®-15a°Ab®c*d®+211atb?Bc*d®+37a*b>Bctd’+
59ia?b*Bc*d®+107a'b°Bc*d®+551a®b®Bc*d®+103a°b’ Bc*d®+171a%b¥Bc*d’+
33a’b’°Bc*d’-2a®c*cd’-101a¥bc*Ccd®-28atb2c*Ccd’-171a'*b3c*Cd®-
53a2b*c*cd’®+51attb>c*Cd®-15a®b%c*Ccd®+211a°b’ c*Ccd®+27adb¥ctCd®+
9i1a’b’c*Cd®+15a°bc*Ccd’-21a®Ac3d®-5a®Abc3d¥®-131a'*Ab%2c3de-
21a®Ab3c3d®-151 a2 Ab* 3 d®-21aAb> 3 d®+1ial®Ab®c3d®+a’Ab’ c3d0+
SiasAbsC3dle+Ga7Ab9C3d10+alsBC3dle—]'la15bBCBdle—aszBC?'dle—

151 a®b3Bc3d®-21a'2b*Bc3d®-271ab°Bc3d®-35a®b®Bc3d®-131a’°b’Bc3d®-
16a%b8Bc3d®+21a®c3Ccd®+5a®bc3Cd®+131a%b>c3Cd®+21a¥®b3c3Cd®+
15ia2b*c3cd®+21ab°c3Ccd®-1a®b®c3Ccd®-a’b’ c3Ccd®-51iabdc3cd®-
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6a’b’°c3Cd®+31al®Abc?d?+3aAb2c2d?r+51ia3Ab3c?2d?t+5a2Ab% c2dt .
ia*Ab®c?2d?+a®Ab®c2d? - ia’Ab’ c2d? -atAb®c?dt - 1al®Bc2dl! -
a®bBc?dM +ia™b?Bc2d? +a®b3Bc?dM +51a2b*Bc2dt +5allb°Bc2d! +
3ia®b®Bc?dt+3a’°b’Bc?d-31ia®bc2Cd?-3a¥b2c?2Ccd?-51ia®b3c2Cd!?-
5al2b?c2Cdt - iattbh®c2Cd™-al bt 2 Cd+ia® b c2Cd+afb? c2Cdt) (e+ x|
Sece+fx]® (aCos[e+fx]+bSin[e+fx])> (cCosle+fx] +dSin[e+fx])2)/
(az (ia-b)®(a-1ib)® (a+ib)®c® (c-1d)* (c+id)’ (-bc+ad)®
f(a+bTan[e+fx])’ (c+dTan[e+fx])2) -
1

(a2+b2)3 (—bc+ad)4f(a+bTan[e+fx])3 (c+dTan[e+Fx})2
1
(3a®Ab>c?-Ab’ c?-a’b*Bc?+3ab®Bc?-3a’b°c?C+b’c?C-10a°Ab*cd-2aAb®cd+
4a*b>Bcd-6a’b°Bcd-2b’Bcd+10a*b*cCd+2ab®cCd+10a*Ab3d? +
9a’Ab°d*+3Ab’d*-6a’b’Bd*-3a’b*Bd’*-ab®Bd*+3a°bCd*-a’b’Cd?)
ArcTan([Tan[e+fx]] Sec[e+fx]> (aCos[e+fx] +bSin[e+-Fx}>3
(cCos[e+fx] +dSin[e+fx])?-
(Ji (-3bc*Cd>+4bB3d®-5Abc?d* ~aBc2d*-bc2Cd*+2aAcd®+
2bBcd®>-2acCd®-3Abd®+aBd®) ArcTan[Tan[e + f x]]
Sec[e+fx]® (aCos[e+fx] +bSin[e+1‘:x])3 (cCos[e+fx] +dSin[e+fx])2>/
((bcfad)4 (c2+d2)21C (a+bTan[e+fx])> (c+dTan[e+fx})2) +
1

2 (a2+b2)° (-bc+ad)*f (a+bTan[e+fx])> (c+dTan[e+Ffx])?
(3aAb>c?-Ab’c*-a’b*Bc?+3ab’Bc?-3a’b>c®C+b’c*C-10a°Ab*cd-2aAbbcd+
4a*b>Bcd-6a’b>Bcd-2b’Bcd+10a*b*cCd+2ab®cCd+10a*Ab3d?+
9a’Ab°d*+3Ab’d*-6a’b’Bd*-3a’b*Bd’*-ab®Bd*+3a°bCd*-a*b’Cd?)
Log|[(aCos[e+fx] +bSin[e+fx])?] Sec[e+fx]®
(acCos[e+fx] +bSin[e+1“x1)3
(cCos[e+fx] +dSin[e+fx])*+
((—3bc4Cd2+4bBc3d3—5Abc2d4—aBc2d4—bc2Cd4+2aAcd5+2bBcd5—
2acCd®-3Abd®+aBd®) Log[(cCos[e+fx] +dSin[e+fx])?]
Sec[e+fx]° (aCos[e+fx]+bSin[e+fx])> (cCos[e+fx] +dSin[e+fx])2>/
(2 (bc-ad)* (c2+d?)*f (a+bTane+fx])> (c+dTan[e+Fx])2) +
(Sec[e+-Fx]5 (aCos[e+fx] +bSin[e+fx])? (cCos[e+fx] +dSin[e+fx])?
(-3aAb°csSinfe+fx]+2a’b*BcSin[e+fx] -b°BcSinfe+fx]-a’b>cCSin[e+fx] +
2ab’>cCSin[e+fx] +5a?Ab*dSin[e+fx] +2Ab®dSin[e+fx] -
4a*b>BdSin[e+fx] -ab°BdSin[e+fx] +3a4b2CdSin[e+-Fx]))/
(a (a—jlb)2 (a+1’1b)2 (—bc+ad)31C <a+bTan[e+1‘:x})3 (c+dTan[e+fx])2) +
(Sec[e+1‘x]5 (aCosfe+fx] +bSin[e+-Fx])3 (cCosfe+fx]+dSin[e+fx])
(-c*cd®sin[e+fx] +Bcd*Sinfe+ fx] —AdSSin[e+fx]))/
(c (c-id) (c+id) (bc—ad>3'1C <a+bTan[e+fx1)3 (c+dTan[e+fx])2)

| 61
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Problem 85: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bTan[e+fx])2 (A+BTan[e+fx] +CTan[e+fx}2) 4
X

(c+dTan[e+fx])3

Optimal (type 3, 597 leaves, 6 steps):

1
-—————(b* (Ac?-c?C+3Bc?d-3Acd’+3cCd®-Bd?) +

(C2+d2>3
a? (c3C—BBc2d—3ch2+Bd3—A(c3—3cd2))—2ab((A—C)d(3c2—d2)—B(c3—3cd2>))

1
x-————(2ab (Ac3—c3C+BBc2d—3Acd2+3ch2—Bd3) -

(c2+d?)° f
a’ ((A-C)d (3c*-d?*)-B(c®-3cd?)) +b* ((A-C)d(3c*-d*)-B(c*-3cd?)))
Log[Cos[e + fx]] —;(Zade‘ (Ac?-c®C+3Bc*d-3Acd®+3cCd*-Bd’) -
d* (c2+d?)’ f
b> (c®C+3c*Cd®+Bc?d®-3c® (A-2C) d*-3Bcd®+Ad®) -
a’d® ((A-C)d(3c?-d?)-B(c*-3cd?)))

(c2C-Bcd+Ad?) (a+bTan[e+1:x1)2
.

Log[c+dTan[e+fx]] -
2d (c?+d?) f (CerTan[eercx])2

((bc-ad) (b(c*c-c?(A-3C)d?-2Bcd®+Ad*) +ad? (2c (A-C)d-B (cz—dz))))/
Zf

(d® (c2+d?)*f (c+dTan[e+fx]))

Result (type 3, 2499 leaves):
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((—b2c4C+b2Bc3d+2abc3Cd—Ab2c2d2—2abBc2d2—a2c2Cd2+2aAbcd3+a2Bcd3—a2Ad4)
Sec[e+fx] (cCos[e+fx] +dSin[e+fx]) (a+bTan[e+fx}>2)/
(Z(C—Jid)z(c+id)2df(aCos[e+fx]+bSin[e+fx})2(c+dTan[e+fx])3)+
((aZACB—Ab2c3—2abBc3—a2c3C+b2c3C+6aAbc2d+3aZBc2d—3b2Bczd—6abc2Cd—3a2A
cd®+3Ab’cd*+6abBcd’*+3a*’cCd*-3b*>cCd*-2aAbd’-a*’Bd’+b*Bd’>+2abCd)
(e+fx)Secle+fx] (cCos[e+fx] +dSin[e+1‘:x])3 (a+bTan[e+fx])2>/
((cfjd)3(c+]1d)3f<aCos[e+Fx]+bSin[e+fx})2(c+dTan[e+Fx])3)+
((jb2C13Cd2+b2C12Cd3+5ibzcllCd4—2JiaAbcledS—:llachled5+JiszCmdSJrZJiabcleCder
5b2c®Ccd®+31a?Ac®d®-2aAbc®d®-31Ab?>c®d®-a?Bc®d®-61abBc’d®+
b2Bc°d®-31a2c®Cd®+2abc®Cd®+131b%>c®Cd®+3a2Ac®d’+21aAbcdd’ -
3Ab2c®d’+1a’Bc®d’ -6abBc®d’ -1b*Bc®d’-3a%2c®cd’-21abc®cd” +
13b%2c8Ccd’+51a’Ac’d®+2aAbc’d®-51Ab?c’d®+a’Bc’d®-101abBc’ d®-
b?’Bc’d®-51a?c’Cd®-2abc’Cd®+151b%c’Cd®+5a*Ac®d’+101aAbcbd’-
5Ab%>c®d’+51a2Bc®d’-10abBc®d’°-51b?Bc®d°-5a%c®Cd®-101abcfCd®+
15b2c®Ccd®+1a’?Ac®d®+10aAbc”d®-1Ab2c*d®+5a?Bc*d®-21abBc”d?®-
5b2Bc®d®-i1a’c>Cd®-10abc’Ccd®+61ib>c>Cd®+a?Ac*dr+61iaAbc*dt-
Ab2c*dM+31a?Bc*dr-2abBc*d-3ib?2Bc*dr-a?c*cdr-61abctcdt+
6b2c*cdr-1a?Ac3d?+6aAbcd?+iAb>cPd?+3a?Bc3d?+2iabBcid?-
3b2Bc3d12+]'1azc3Cd1276abc3cd127a2Ac2d13+Ab2c2d13+2abBc2d13+a2c2Cd13)
(e+fx) Sec[e+fx] (cCos[e+fx] +dSin[e+1‘:x])3 (a+bTan[e+fx])2>/
(c2 (c—jd>6(c+jd)5d5F<aCos[e+-Fx]+bSin[e+fx])2(c+dTan[e+-Fx})3)—
1

d3 <c2+d2)3f<aCos[e+fx] +bSin[e+1‘:x])2 (c+dTan[e+1‘:x])3
i (b®c®C+3b*c*Cd®-2aAbc’d’-a’Bc’d’+b’Bc*d®+2abcCd®+
3a2Ac?d*-3Ab%c?d*-6abBc?d*-3a%c?Cd*+6b%c?Cd*+6aAbcd®+
3a’°Bcd®-3b’°Bcd®-6abcCd®-a’Ad®+Ab*d®+2abBd®+a*Cd®)
ArcTan([Tan[e+fx]] Sec[e+fx] (cCos[e+fx] erSin[eJr-Fx])3 (a+bTan[e+-Fx])2—
(bZCLog[Cos[eJr-Fx]] Sec[e+fx] (cCos[e+fx]+dSin[e+fx])? (a+bTan[e+-Fx})2)/
(d3-F (acCos[e+fx] +bSin[e+1‘x])2 (c+dTan[e+Fx})3) +

(1/(2d3 (c2+d2)3f(aCos[e+fx}+bSin[e+Fx])2(c+dTan[e+fx]>3))
(b>c®C+3b’c*Ccd*-2aAbc’d’-a’BcPd*+b?Bc’d*+2abc®Cd’+3a*Ac?d* -
3Ab%c?d*-6abBc?d*-3a2c?Cd*+6b%>c?Cd*+6aAbcd®+3a’2Bcd®>-3b%Bcd®-
6abcCd®-a*Ad®+Ab*>d®+2abBd®+a’Cd® Log[(cCos[e+-Fx]+dSin[e+Fx])2]
Secle+fx] (cCos[e+fx] +dSin[e+fx])> (a+bTan[e+fx])?+
(Sec[e+-Fx] (cCosfe+fx] +dSin[e+-Fx])2
(-b*c>CsSin[e+fx] +Ab*c>d*Sin[e+fx] +2abBc’d®*Sin[e+fx] +a’c>Cd*Sinfe+fx] -
4b2c3Cd®Sin[e+fx] -4aAbc?d®Sin[e+fx] -2a%?Bc?d®Sin[e+fx] +
3b2Bc?d®Sin[e+fx] +6abc?Cd®Sin[e+fx] +3a2Acd*Sin[e+fx] -
2Ab%2cd*Sin[e+fx] -4abBcd*Sin[e+fx] -2a2cCd*Sin[e+fx] +
2aAbd°Sin[e+fx] +a’Bd°Sin[e+fx]) <a+bTan[e+fx}>2)/

(c (c—jld)2 (c+jd)2d2'F (aCos[e+fx] erSin[eJr-Fx])2 (c+dTan[e+-Fx])3)
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Problem 86: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bTan[e+-Fx]) (A+BTan[e+fx] +CTan[e+fx]?)

dx
(c+dTan[e+fx])>
Optimal (type 3, 352 leaves, 4 steps):
1
(C2+d2>3
(a(c®C-3Bc*d-3cCd*+Bd>-A(c>-3cd?))-b((A-C)d(3c*-d*)-B(c*-3cd?)))x+
;(b (c*c-3Bc?d-3cCd*+Bd’) -
(c2+d?)° f

a(Bc®+3c*Cd-3Bcd*-Cd®) +A(ad (3c*-d*) -b (*-3cd?)))
(bc-ad) (c?C-Bcd+Ad?
Log[cCos[e+fx] +dSin[e+fx]] + -
2d? (c?+d?) f (c+dTan[e+-Fx])2
(b (c*C-c®(A-3C)d*-2Bcd®+Ad*) +ad® (2c (A-C)d-B (cz—dz)))/
(d2 (c2+d2)2f (c+dTan[e+-Fx]))

Result (type 3, 2622 leaves):
((—JiAbcle—Jich1°+J'Lbc19C+311aAc9d—Abc9d—ch9d—3jLbBc9d—3iac9Cd+bc9Cd+
3aAc®d®’+iAbc®d*+iaBc®d’-3bBc®d*-3ac®Cd’-ibc®Cd®+5iaAc’d®+Abc’d>+
aBc’d*-5ibBc’d*-5iac’Cd®-bc’Cd®*+5aAc®d*+5iAbc®d*+51iaBc®d*-
5bBc®d*-5ac®Cd*-5ibc®Cd*+i1aAc®d®+5Abc>d>+5aBc®°d®°-ibBc*d’-iac’Cd®-
5bc®>Cd®*+aAc*d®+3iAbc*d®+31aBc*d®-bBc*dé-ac*Cd®-3ibc*Cd®-iaAcd +
3Abc®d’+3aBc?d’+ibBc’d’ +iac®Cd’ -3bc®>Cd’ -aAc®d®+bBc*d®+ac?Cd?)
(e+Fx) Sec[e+Fx]2(cCos[em‘x}+dSin[e+Fx])3(a+bTan[e+fx}))/
(c2 (c—Jid)6 (c+jd)5f(aCos[e+fx1 +bsinfe+fx]) (c+dTan[e+Fx}>3) -
(i (-Abc’-aBc®+bc®C+3aAc’d-3bBc?d-3ac’Cd+3Abcd s
3aBcd’-3bcCd*-aAd’+bBd*>+aCd®) ArcTan[Tan[e + fx] ]
Sec[e+-Fx]2(cCos[e+-Fx}+dSin[e+fx])3(a+bTan[e+fx]))/
((c2+d2)3f(aCos[e+-Fx] +bsin[e+fx]) (c+dTan[e+fx])3) +
((—Abc3—ch3+bc3C+3aAc2d—3bBc2d—3ac2Cd+3Abcd2+3chd2—
3bcCd>-aAd’+bBd®+aCd®) Log[(cCos[e+Fx1+dSin[e+fx])2]
Sec[e+1:x12(cCos[e+-Fx1+dSin[e+Fx])3<a+bTan[e+fx1))/
(2(c2+d2>3f(aCos[e+fx] +bSinfe+fx]) (c+dTan[e+fx])3) +
(Secle+fx]? (cCos[e+fx] +dSin[e+fx])
(bc®C-Abc*d*-aBc*d*+4bc*Cd*+2aAc?d®-2bBc*d*-2ac®Cd®*+3bc?Cd*+
2aAcd®-2bBcd®-2acCd®+Abd®+aBd®+aAc® (e+fx)-bBc® (e+fx) -
ac®C(e+fx)+3Abc’d (e+fx)+3aBc’d (e+fx)-3bc’Cd (e+fx) -
2aAc*d® (e+fx)+2bBc*d® (e+fx)+2ac*Cd® (e+fx) +2Abc’d® (e+fx)+
2aBc3d® (e+fx) -2bc3Cd® (e+fx)-3aAc?d® (e+fx) +3bBc?d* (e+fx) +
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3ac’cd* <e+fx> -Abcd® (e;fx) _aBcd® (e+1=‘x) ibcCd® (e+1°x)‘—

bBc®dCos[2 (e+fx)]-ac®CdCos[2 (e+fx)]|+2Abc*d’Cos[2 (e+fx)]+
2aBc*d?Cos[2 (e+fx)|-3bc*Cd*Cos[2 (e+fx)|-3aAc?d®Cos[2 (e+Fx)]+
bBc®d®Cos[2 (e+fx)|+ac®Cd®Cos[2 (e+fx)] +Abc?d*Cos[2 (e+Fx)]+
aBc?d*Cos[2 (e+fx)|-3bc*Cd*Cos[2 (e+fx)]|-3aAcd®Cos[2 (e+Ffx)]+
2bBcd®Cos[2 (e+fx)|+2acCd®Cos[2 (e+fx)|-Abd°Cos[2 (e+Fx)]-

aBd®Cos |2 (e+fx>] +aAc® (e+fx) Cos 2 <e+-Fx)] -bBc® (e+fx] Cos [2 <e+-Fx)] -
ac®C(e+fx)Cos[2(e+fx)]|+3Abc®d (e+fx)Cos|[2 (e+Ffx)]+
3aBc®d (e+fx) Cos[2 (e+fx)]-3bc®Cd (e+fx) Cos[2 (e+fx)]

4 aAc*d? (e+-Fx>Cos[ (e+FxH+4bBc4d2 (e+Fx)Cos[2<e+fx)]+
4ac*Cd? (e+fx) Cos[2 (e+Ffx)]-4Abc>d® (e+fx) Cos[2 (e+fx)] -
4aBc*d® (e+fx) Cos[2 (e+fx)]+4bc>Cd® (e+fx)Cos[2 (e+fx)]+
3aAc?d* (e+fx)Cos[2 (e+fx)]|-3bBc*d* (e+fx) Cos[2 (e+Ffx)]-
3ac?Cd* (e+fx)Cos[2(e+fx)] +Abcd® (e+fx) Cos[2 (e+fx)]+

[E——

aBcd® (e+fx) Cos[2 (e+fx)|-bcCd® (e+fx) Cos[2(e+Ffx)|+bBc®Sin|[2 (e+Fx)]|+
ac®Csin[2 (e+fx)]-2Abc>dSin[2 (e+fx)]|-2aBc*dSin[2 (e+fx) ]+
3bc>CdSin|2 <e+-Fx)]+3aAc4dZSin[2 (e+-FxH—bBc4dZSin[2 (e+-Fx)]—
ac*Cd*sin[2 (e+fx)| -Abc*d®Sin[2 (e+fx)] -aBcd®Sin[2 (e+Ffx)] +
3bc®Cd®Sin[2 (e+fx) ] +3aAc?d*Sin[2 (e+fx)]-2bBc?d*Sin[2 (e+fx)] -
2ac?Cd*sin[2 (e+fx)| +Abcd®Sin[2 (e+fx)]+aBcd®Sin[2 (e+fx) |+
2aAc®d (e+fx)Sin[2 (e+fx)]-2bBc°d (e+fx)Sin[2 (e+fx)] -

2ac®Cd (e+fx)Sin[2 (e+fx)]+6Abc*d® (e+fx)Sin[2 (e+fx)]|+

6aBc*d® (e+fx)Sin[2 (e+fx)|-6bc*Cd® (e+fx)Sin[2 (e+fx)]

6aAc3d’ (e+-Fx>Sin[2(e+~FxH+6bBc3d3 (e+~Fx)Sin[ (e+fx)]+

6ac’Cd’® (e+fx)sin[2 (e+fx)|-2Abc?d* (e+fx)Sin[2 (e+fx)]-2aBc’d*
(e+fx) Sin[2 (e+fx)} +2bc?Cd* (e+fx) Sin[2 (e+-Fx)]) (a+bTan[e+-Fx]))/

-

(Zc (c—id)3 (c+id>3f(aCos[e+fx] +bsinfe+fx]) (c+dTan[e+fx1)3)

Problem 87: Result unnecessarily involves imaginary or complex numbers.

JA+BTan[e+-FxJ +CTan[e+fx]2d1
X

(c+dTan[e+fx])>

Optimal (type 3, 209 leaves, 4 steps):

(c*C-3Bc?d-3cCd?+Bd®-A(c®-3cd?)) x 1
- +
(c2+d2)? (c2+d?)*f
((A-c)d(3c*-d*)-B(c*-3cd?)) Log[cCos[e+fx] +dSin[e+fx]] -
c?C-Bcd+Ad? 2c (A-C)d-B (c?-d?

2d (c?+d?) f (c+dTan[e+-Fx])2 (c2+d2)21c (c+dTan[e+fx])

Result (type 3, 396 leaves):
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1
2 (2+d?)’f (c+dTanfe+fx])>

Sec[e+fx]? (cCos[e+fx] +dSin[e+fx]) |-d (c*+d?) (cZC—BchrAd2)+1
c
2 (c?+d*) (>C-2Bc*d+c (3A-2C)d*+Bd’) Sin[e+fx] (cCos[e+fx] +dSin[e+fx]) +
2 (-c>C+3Bc?d+3cCd®-Bd’+A (*-3cd®)) (e+fx) (cCos[e+-Fx}+dSin[e+Fx])2—
2i ((A-C)d(-3c*+d?*) +B (c*-3cd?®)) (e+Fx) (cCos[eJr-Fx]+dSin[e+1:x})2
2i ((A-C)d(-3c?+d*) +B (c®>-3cd?)) ArcTan[Tan[e + fx]]
(cCos[e+fx]+dSin[e+fx})27((Afc)d(73c2+d2)+B(c373cd2))

Log|[(cCos[e+fx] +dSin[e+fx])?] (cCos[e+fx] +dSinfe+fx])?

Problem 88: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+BTan[e+fx] +CTan[e+fx]?
J dx

a+bTan[e+fx]) (c+dTan[e+fx])>

Optimal (type 3, 487 leaves, 5steps):
—(((a <c3C—38c2d—3ch2+Bd3—A<c3—3cd2))+b((A—C)d(3c2—d2)—B(c3—3cd2)))x)/
((a2+b2) (c2+d2)3))+b2 (Ab?-a (bB-acC)) Log[aCos[e+fx] +bSin[e+fx]] i
(a2+b?) (bc-ad)’f
((b* (c®C-3Bc®d+3c* (2A-C)d*+Bc*d’+3Ac*d*+Ad®) +
a®d® ((A-C)d(3c*-d*)-B(c®>-3cd?*))-abd® (8c® (A-C)d-B (3c*-6c*d*-d*)))
Log[cCos[e+-Fx]+dSin[e+-Fx}])/((bc—ad) c +d2)3-F)+
c?C-Bcd+Ad?
2 (bc-ad) (c2+d?) f (c+dTan[e+fx])?

+

(b(c*c-2Bc?d+c? (3A-C)d*+Ad*) -ad* (2c (A-C)d-B (cz—dz))>/
((bc—ad)2 (c2+d2)2-F (c+dTan[e+Fx]))

Result (type 3, 7733 leaves):

((—a3Ab5c14+jazAbGc14+a4b4Bc14—Jia3bSBc14+a3b5c14C—J'1a2b6c14C+a4Ab4c13d+
a?Ab®cPd-4a°b3Bc3d+31a*b*BcPd-4a3b’Bc®d+31a?b®Bct3d-a*b*ct®Cd-
a’b®cBcd+6a’Ab3ct?2d?-71ia*Ab*c?d?-1a2Ab8c?2d?+6a°b?Bct?2d? -
2ia°b3>Bc?d?+15a*b*Bcl?d?’-81a>b°Bcl?2d?+3a2b’Bct?d?’-6a°b>cl?2Cd?+
7ia*b*cl?2cd?+1a’bbcl?cd?-14a%Ab2cttd®+81a°Ab3cttd3-15a*Ab*cttd3 s
8i1alAb>cld®-aZAb®clld®-4a’bBc'd®>-2ia®b?Bc!td®-20a°b3>Bcttdd+
3ia*b*Bctd®-16a3b°Bctd3®+51a?b®Bcttd®+14a%b?2cttcd®-81a°b3cttCcdd+
15a*b*cttcd®-81a3b>crcd®+a?b®cttcd®+11a’Abct®d*+31a°Ab%ct?d*+
40a° Ab>c®d*-171a*Ab*c®d* +14a>Ab° c®d* - 51 a2 Ab®cl®d* +a®Bcl®d* +
31a’bBc®d*+10a®b?Bc®d*+81a°b>Bc®d*+29a*b*Bc®d*-101a’b>Bc®d*+
5a2b®Bc®d*-11a’bc®Cd*-31a®°b?c®Cd*-40a°b>c®Ccd*+171a*b*c®Cd* -
14a3b°c®cd*+51a2b%c®Ccd*-3a%Ac®d°-81a’Abc’d®-45a°Ab2c®d® +
8ia’Ab3c®d®-47a*Ab*®d>+161a*Ab°c®d>-5a%2Ab®c®d>-1a%Bc’d®*-71a®b?Bc’d’
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16a°b>Bc®d>-51a*b*Bc’d*-16a’b°>Bc’d> +1a’b®Bc®d>+3a%c®Cd*+81a’bc’Cd®+
45a°b%>c®Cd®-81a°b>c®Cd®+47a*b*c®Cd®-161a3b>c®Cd®+5a%béc®Cd®+
31a%Ac®d®+24a’ Abc®d®+131a°Ab2c®d®+68a°Ab3c®d®-131a*Ab*cBd0+
24a3Ab°>c®8d®-31a2Ab®c®d®-a®Bc®d®-11a°b2Bc®d®+201a°b>BcBd®+
11a*b*Bc®d®+a?b®Bc®d®-31ac®Cd®-24a’bc®Cd®-131a°b?>c®Ccd®-68a°b3c®Cd®~
13ia*b*c®Ccd®-24a*b°c®Cd®+31a%b°c®Ccd®-5a%Ac’d’-161a’Abc’d’ -
47 a°Ab%>c’d’ -81a°Ab3c’d’ -45a*Ab*c’d’ +81a*Ab°c’d’ -3a?Ab®c’d’ +1afBc’d +
16a’bBc’d’ -51a°b*Bc’d’ +16a°b>Bc’d’ -71a*b*Bc’d’ -1a2b®Bc’d’ +5a8c’Cd” +
16ia’bc’Cd’ +47a%b?c’Ccd’+81ia°b3c’Ccd’ +45a*b*c’cd’-8ia®b>c’Cd” +
3a2b®c’Ccd’ +51a8Ac®d®+14a’Abc®d®+171a°Ab2cd®+40a°ADb>ctdd-
3ia*Ab*c®d®+11a3Ab°c®d®-5a%Bc®d®-101a’bBcbd®-29a%b?Bcbd®+
8ia’b>Bc®d®-10a*b*Bc®d®+31a°b°Bc®d®-a?b®Bc®d®-51a%c®Cd®-14a’bc®Cd®-
171a%°b%2c®Cd®-40a°b3c®Cd®+31a*b*c®Ccd®-11a%b°c®Cd®-a8Ac>d®°-81a’Abc>d’-
15a°Ab2c*d®-81a°Ab>c’d’-14a*Ab*c>d®+51a%Bc”d’+16a’bBc”d® +
31a°b?Bc®d’+20a°b3Bc®d®-2ia*b*Bc’d’+4a®b’Bc®d’+a®c®Ccd®+8ia’bc®Cd®+
15a°b2c*cd®+8i1a’b3cPcd®+14a*b*c>Ccd®+1a%Ac*d®+71a%Ab%c*d®+
6a°Ab3c*d®-3a®Bc*d®-8ia’bBc*d®-15a°b>Bc*d®-21a°b>Bc*d®-
6a*b*Bctd®-1a%c*Ccd®-71a°b>c*Cd®-6a°b3c*Ccd®+a®Accdt+a®Ab?cAdl
3ia®Bcd?+4a’bBcPd™ +31ab?Bc3dit+4a’bPBcidr a3 cdt -afb2cdcdt -
ia®Ac?d?-a’Abc?d?-ia’bBc*d?-a®b*Bc?d?+ia®c*Cd?+a’bc’Cd?) (e+fx)
Sec[e+fx]* (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx})3)/
(a2 (a—jb>2(a+jb) cz(—jc—d)3(c—jd)3(c+jd)5(fbc+ad)4
f(a+bTan[e+fx]) (c+dTan[e+Fx])3) -
(1’1 (-Ab*+ab’B-a’b?C) ArcTan[Tan[e + fx]] Sec[e+ fx]*
(aCos[e+fx] +bsSin[e+fx]) (cCos[e+fx] +dSin[e+fx1)3)/
((a2+b2) (-bc+ad)’f (a+bTan[e+fx]) (c+dTan[e+Fx])3)+
1

(bc—ad)3 (c2+d2)3-F(a+bTan[e+fx1) (c+dTan[e+1“x])3
i (b®c®C-3b*Bc®d+6Ab*°c*d®+3abBc*d*-3b*c*Cd-
8aAbcld®-a?Bc®d3+b?Bc®d3®+8abc®Cd®+3a2Ac?d*+3Ab2c%d*-
6abBc*d*-3a*c*Cd*+3a’Bcd®-a*Ad®+Ab*d®-abBd®+a’>Cd®)
ArcTan[Tan[e + fx]] Sec[e+fx]* (aCos[e+fx] +bSin[e+fx])
(cCosfe+fx] +dSin[e+fx1)3+
((—Ab4+ab3B—a2b2C) Log[ (aCos[e+fx] +bSin[e+fx])?] Secfe+fx]*

(aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+Fx}>3)/
(2 (a?+b?) (-bc+ad)’f (a+bTan[e+fx]) (c+dTan[e+fx])3) -
1

2 (bc-ad)® (c2+d?)°f (a+bTan[e+fx]) (c+dTan[e+fx])>
(b*c®C-3b*Bc®d+6Ab*c*d*+3abBc*d®-3b*c*Cd’-
8aAbc*d®-a?Bc?d3+b?Bc3d3+8abc3Cd®+3a2Ac?d*+3Ab%c2d*-
6abBc*d*-3a*c*Cd*+3a’Bcd’-a*Ad®+Ab*d®-abBd®+a’Cd®)
Log[(cCos[ewa} +dSin[e+-Fx])2} Sec[e+fx]* (aCos[e+fx] +bSin[e+fx])
(cCos[e+fx] +dSinfe+fx])>+
(Secle+fx]* (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+Ffx])
(-a?bcfCd®-b3>c®Cd*+2a’bBc®d®+2b*Bc>d®-3a?Abc*d*-3Ab3c*d* -
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3Bt d*-ab?Bctdi i 2a3ACd +2aAb 3 d5+2a2bBc3d5 + 2b3B 3 dS -
2a°c3Ccd’-2ab’c®>Ccd’-4a?Abc?d®-4Ab3c?d®+a’bc?Cd®+b3c?2Cdb+

2a*Acd’ +2aAb’cd’-2a*cCd’ -2ab*cCd’ -a’Abd®-Ab*d® +a*Bd®+ab?Bd®+
aAb>c® (e+fx) +b>Bc® (e+fx)-ab’>c®C (e+fx)-2a’Abc’d (e+fx) -
3Ab°c’d (e+fx) +ab’Bc’d (e+fx)+2a’bc’Cd (e+fx) +3b>c’Cd (e+fx) +
a®Ac®d® (e+fx) +4aAb>c®d® (e+fx)-5a’bBc®d* (e+fx)-2b>Bc®d? (e+Fx) -
a*c®Cd® (e+fx)-4ab’>c®Cd® (e+fx)+a’Abc’d® (e+fx) -2Ab>c’d® (e+fx) +
3a’°Bc’d® (e+fx) +6ab’Bc’d® (e+fx) -a*bc®Cd® (e+fx) +2b>c’Cd® (e+Fx) -
2a°Ac*d* (e+fx) +aAb>c*d® (e+fx)-6a*bBc*d* (e+fx)-3b>Bc*d* (e+Fx)+
2a°c*Cd* (e+fx) -ab®c*Cd* (e+fx) +4a’Abc’d® (e+fx) +Ab> P d® (e+fx) +
2a°Bc*d® (e+fx) +5ab?Bc’d® (e+fx) -4a°bc>Cd® (e+fx)-b>c?Cd® (e+Fx) -
3a°Ac*d® (e+fx) -2aAb’c®d® (e+fx)-a’bBc*d® (e+fx) +3a’c®Cd® (e+Fx)+
2ab’>c?Cd® (e+fx) +a*Abcd (e+fx)-a’Bcd (e+fx)-a’bcCd’ (e+fx)+
2a’bc®Cd*Cos[2 (e+fx)|+2b’c®Cd*Cos[2 (e+fx)|-3a’bBc®d®Cos|2 (e+fx) |-
3b®Bc®d’Cos[2 (e+fx)] -a®c>Cd®Cos[2 (e+fx)] -ab>c®Cd®Cos[2 (e+fx) ]|+
4a’Abc*d*Cos|[2 (e+fx) | +4Ab>c*d*Cos[2 (e+Ffx)]+2a’Bc*d*Cos[2 (e+Ffx)]+
2ab?Bc*d*Cos[2 (e+fx)|+a’bc*Cd*Cos[2 (e+fx)]|+b’c*Cd*Cos[2 (e+Fx)]-
3a®Ac®d°Cos[2 (e+fx)]| -3aAb>c?d°Cos[2 (e+fx)|-3a’bBc>d®Cos[2 (e+fx) |-
3b®Bcd°Cos[2 (e+fx)] +a®c®Cd®Cos[2 (e+fx)] +ab?c®Cd®Cos[2 (e+Fx) ]+
5a’Abc?d®Cos[2 (e+fx)|+5Ab>c?d®Cos[2 (e+fx) ]| +a’Bc?d®Cos[2 (e+Fx)]+
ab’Bc*d®Cos[2 (e+fx)] -a’bc*Cd®Cos[2 (e+fx)|-b>c*Cd®Cos[2 (e+FX)]|-
3a®Acd’Cos[2 (e+fx)|-3aAb’cd’Cos[2 (e+fx)]|+2a*cCd Cos[2 (e+Fx)]+
2ab’>cCd’Cos[2 (e+fx)]+a*Abd®Cos[2 (e+fx)]|+Ab>d®Cos|[2 (e+fx)]-
a’Bd®Cos[2 (e+fx)|-ab’Bd®Cos[2 (e+fx)|+aAb>c® (e+fx)Cos[2 (e+fx)]+
b3Bc? (e+Fx)Cos[2(e+-Fx)]—ab2c8C<e+-Fx)Cos[2 (e+fx”—

2a?Abc’d (e+fx) Cos[2 (e+fx)|-3Ab>c’d (e+fx) Cos[2 (e+fx)]+

ab’Bc’d (e+fx)Cos[2(e+fx)]|+2a’bc’Cd (e+fx)Cos[2 (e+fx)]+

3b%c’Cd (e+fx) Cos[2 (e+fx)|+a’Ac®d® (e+fx) Cos[2 (e+Fx)]+

2aAb’c®d® (e+fx) Cos[2 (e+fx)]-5a2bBc®d? (e+fx)Cos[2 (e+fx)] -
4b°Bc®d”* (e+fx) Cos[2 (e+fx)]-a’c®Cd® (e+fx) Cos[2 (e+Ffx)]-

2ab?c®Cd® (e+fx) Cos[2 (e+fx)]+5aAbc®d® (e+fx) Cos[2 (e+fx)]+
4Ab3c°d3 <e+-Fx)Cos[ (e+fx”+3a3Bc5d3 <e+-Fx)Cos[2 (e+fx”+
4ab’Bc®d® (e+fx) Cos[2 (e+fx)]|-5a’bc®Cd® (e+fx) Cos[2 (e+Fx)]-
4b°c®Cd® (e+fx) Cos[2 (e+fx)]-4a’Ac*d* (e+fx) Cos[2 (e+fx)]-
5aAb’c*d* (e+fx) Cos[2 (e+fx)]+4a’bBc*d® (e+fx) Cos[2 (e+fx)]+
3b°Bc*d* (e+fx) Cos[2 (e+Ffx)]+4a®c*Cd* (e+fx) Cos[2 (e+Fx)|

5ab’c*Cd* (e+fx) Cos[2 (e+fx)]-2a*Abc’d® (e+fx) Cos[2 (e+fx)]-
Ab’>c?d® (e+fx) Cos[2 (e+fx)]-4a’Bc>d® (e+fx) Cos[2 (e+fx)]-

5ab?Bc®d® (e+fx) Cos[2 (e+fx)]+2a’bc>Cd® (e+Ffx) Cos[2 (e+fx)]+
b>c®Cd® (e+fx) Cos[2 (e+fx)|+3a’Ac?d® (e+fx)Cos[2 (e+fx)]+
2aAb’>c?d® (e+fx) Cos[2 (e+fx)]+a’bBc?d® (e+fx) Cos[2 (e+fx)]-
3a%c?Cd® (e+fx) Cos[2 (e+fx)]-2ab>c®Cd® (e+fx) Cos[2 (e+fx)]-

a’Abcd” (e+fx) Cos[2 (e+fx)]|+a’Bcd” (e+fx) Cos[2 (e+Ffx)]+

a’bcCd’ (e+fx) Cos[2 (e+fx)]|-2a’bc’CdsSin[2 (e+fx)|-2b>c’CdSin[2 (e+fx) ]|+
3a’bBc®d?Sin|2 (e+fx”+3b3Bc d>sin[2 (e+fx) | +a’c®Cd*sin[2 (e+fx) |+
ab?c®Cd’Sin[2 (e+fx)]| -4aAbc®d®Sin[2 (e+fx) | -4Ab>c>d®Sin|2 (e+fx)] -
2a°Bc*d®sin|2 (e+fx)| -2ab?Bc®d*sin([2 (e+fx)]| -a?bc>Cd®Sin|2 (e+fx) ]| -
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b%c®Cd®sin[2 (e+-FxH/+3a3Ac4d4Sin[2(e+\1°x”;BaAbzc“d“Sin{ (e+-FxH+
3a’bBc*d*sin|2 (e+fx)|+3b’°Bc*d*Sin[2 (e+fx) ]| -a’c*Cd*Sin[2 (e+Fx)] -
ab?c*Cd*sin[2 (e+fx)] -5a?Abc’d®Sin|2 (e+fx”—5Ab3c3d551n[2 (e+fx)] -
a’Bc*d°Sin[2 (e+fx)| -ab?Bcd°Sin[2 (e+fx)] +a’bc>Cd®Sin[2 (e+fx) |+
b>c®Cd®sin[2 (e+fx)]+3a*Ac*d®Sin[2 (e+fx)]+3aAb>c?d®Sin[2 (e+fx)] -
2a®c’Cd®Sin[2 (e+fx)]|-2ab’®c?Cd®Sin[2 (e+fx) | -a’Abcd’Sin[2 (e+fx)] -
Ab3cd7Sin[2(e+-Fx)]+a3Bcd7Sin[2 (e+-FxH+aszcd7Sin[2(e+-FxH+
2aAb’c’d (e+fx)Sin[2 (e+fx)|+2b>Bc’d (e+fx)Sin[2 (e+fx)]-
2ab?>c’Cd (e+fx)Sin[2 (e+fx)|-4a’Abc®d® (e+fx)Sin[2 (e+fx)] -
6Ab>c®d* (e+fx) Sin|2 (eJr1:x>}Jr2ab2Bc6d2 (e+-Fx)Sln[ (e+fx)]+
4a’bc®Cd? (e+fx)Sin[2 (e+fx)]|+6b’c®Cd? (e+Fx)Sin[2 (e+fx)]|+
2a’Ac®d® (e+fx) Sin[2 (e+fx)]+6aAb’c®d? (e+fx)51n[ (e+fx)

10a’bBc>d® (e+fx) Sin (e+fx”76b3Bc5d3 (e+fx) sin (e+fx]f
2a°c®Cd® (e+fx) Sin[2 e+fx)}76ab2cscd3 (e+fXx) Sin|
6a’Abctd® (e+fx) Sin[2 (e+fx)] +2Ab%c*d* (e+fx) Sin[2 (e+fx) ]+

2

(

2
6a3Bc4d4(e+-Fx)Sln[z(e+fx”+10ab28c4d4(e+fx> in[2 (e+fx
6a’bc*cd* (e+-Fx) Sln[z (e+fx)]—2b3c4cd4 e+-Fx) Sin

(

2

2

(

R
|

2

2 ]
2 ]
2 ] -
2 )
2 (e+fx)]+
2 ]
[ )
2 ]
2 ]
2 ]

2a’bBc’d® (e+fX) Sin| (e+fx)]+6a3c3Cd5 e+ fx) Sin
4ab2cdcd (e+fx)51n[ (e+fx)]+2a2Abc2d (e+fx)si

e+fx>

6a’Ac’d® (e+fx)Sin[2 (e+fx)]|-4aAb’c3d® Ee+1‘x)51n{ §e+fx> -
( [2 ( +
6 (2 (e+fx)] -

2a®Bc*d® (e+fx) Sin|2 e+fx” -2a’bc?Cd® (e+fx)Sin (e+fx>]))/

in
(2 (a*+b%) c (c—jd)3 (c+11d) (—bc+ad)2-F (a+bTan[e+fx]) (c+dTan] e+-Fx])3)

Problem 89: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BTan[e+fx] +CTan[e + fx]? g
X

a+bTan[e+-Fx})2 (c+dTan[e+-Fx])3

Optimal (type 3, 861 leaves, 6 steps):
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—(((b2 (Ac-c?C+3Bc*d-3Acd*+3cCd*-Bd) +
a’ (c>C-3Bc*d-3cCd®*+Bd’-A(c*-3cd®)) +
2ab ((A-C)d(3c2-d?) B (c*-3cd?)))x) /[(a®+b?)% (c2+d?)?] ] +
(b*> (4a’bBd-3a*Cd+b* (Bc-3Ad) +2ab®> (Ac-cC+Bd) -a’b* (Bc+ (5A+C)d))
Log[aCos[e + f X] +bSin[e+fx}])/((a2+b2)2 <bcfad)4f) +
(d (b (3c®C-6Bc>d+c* (10A-C)d*-3Bc’d’+9Ac*d*-Bcd®+3Ad°) +
a’d® ((A-C)d(3c?-d*) -B(c*-3cd?)) -
2abd® (c (A-C)d(5c*+d*) -B (2c*-3c*d*-d*)))
Log[c Cos[e + f X] +dSin[e+fx}])/((bcfad)4 (c2+d2)3f) -
(d (b®c (cC-Bd) -2abB (c*+d*) +a® (3c*C-Bcd+2Cd*) +A (a®d®+b? (2c2+3d2))))/
(2 (a%+ b?) (bc—ad)2 (c?+d?) f (c+dTan[e+fx])2> -
Ab%>-a (bB-ac)

(a2+b?) (bc-ad) f(a+bTan[e+fx]) (c+dTan[e+-Fx])2

(d (b®c(2c>Cc-3Bc?d-Bd*) +a’b (3c*C-3Bc*>d+2c*Cd*-Bcd®+Cd?) +
a*d®> (2cCd+B (c®>-d?)) +ab* (2cCd®-B (c*+2d*+2d%)) -
A(2a’cd®+2ab*cd®-2a’bd* (2c*+d?) - b’ (c4+6c2d2+3d4))))/

((a2+b2) (bc—ad)3 (c2+d2)zf(c+dTan[e+fx]))

Result (type 3, 7871 leaves):
((—czcd3+Bcd4—Ad5> Sec[e+fx]°
(aCosfe+fx] +bSin[e+-Fx])2 (cCosfe+fx] +dSin[e+fx}))/

(2 (c—jld)2 (c+1’1d)2 (bc—ad)zf (aerTan[eJr-Fx])2 (c+dTan[e+-Fx])3) +

((aZAc3—Ab2c3+2abBc3—a2c3C+b2c3C—6aAbc2d+3a2Bc2d—3b2Bc2d+6abc2Cd—3a2A
cd*+3Ab’cd’-6abBcd’+3a’cCd*-3b*cCd*+2aAbd’-a*Bd’+b*Bd’>-2abCd?)

(e+fx) Sec[e+fx]® (aCos[e+fx] +bSin[e+Ffx])* (cCos[e+Fx] +dSin[e+fx])3)/

((a—jlb)2 (a+ib)?(c-1id)? (c+id)’f (a+bTan[e+fx])? (c+dTan[e+fx])3) +

((2a6Ab7c1672j1a5Ab8c15+2a4Ab9c16—21'1a3Ab19c167a7bGBc16+ja6b7Bc16+a3bleBc16—
ia?b™Bc®_2a%b’ c®Cc+2ia’b®c®Cc-2a*b’c®Cc+21a3b®c®Cc-9a’Ab%c®d+
71a°Ab’ c®d-14a°Ab%c®d+101a*Ab°c®d-5a°Ab®c®d+31ia’Abtctd+
6a8b°Bc®d-5ia’b®Bc®d+7a®b’Bcl®>d-61a°b®Bct®d-ialb®Bc®d-aZb'Bcl®d+
9a’b®c®cd-71a®b’c?®Ccd+14a°b%c®Cd-10ia*b’c>Ccd+5a*b®cCd-
3iaZbc®cd+12a8AbPc*d?-31a’Ab®c*d?+37a%Ab7 c*d?-161a°Ab%c*d?+
28a*Ab’ c**d?-131a*Ab®c*d?+3a%2Abt M d?-15a°b*Bc*d?+91ab°Bct*d?-
41a’b®Bc**d?2+291a°b’Bc**d?2-27a°b¥Bct*d?+211a*b°Bct*d?-a*b®Bc*d?+
i1a’?b™Bc*d?-12a%b>c*Ccd?+31a’b®c¥Cd?>-37a°b’ c*Ccd?+161a°bdcl*Cd?-
28a*b°ct®Ccd?+131ia*bPct*cd?-3a%btccd?+5a°Ab*cPd®-171a%Ab° 13 d3 -
352’ Ab®ctd3-51a%Ab7 c3d?-61a°Ab®3cd3+171a*Ab’cBd®-21a3Ab%c3d3+
5ia2Ab™ c¥d®+20a®b?Bc?d>-51a°b*Bcd®+99a®b>Bc3d®-491ia’b®Bcd?+
115a° b’ Bc3d®-591a°b¥Bc3d®+37a*b°Bctd®-151a*>b®Bcd?+a%btBcd-
5a°b*cPCcd®+171a%b°c®Cd®+35a’b®c3cd®+51a%b” c3Cd®+61a°bdct3cdd-
171a*b°c3cd®+21a%b¥ccd®-51a2btc3cd®-30a%Ab3c'2d*+251a° Ab* ct2d* -
3528 Ab°ct?d*+531ia’ Ab®ct?d*+43a°Ab7 c?2d* +131a°Ab8c'?2d* +53a*Ab° 2 dt -
151 a>Ab® 2 d*+5a2Ab 12 d*-15a'tb2Bc?d*-51a®b>Bcl?d*-125a°b*Bcl?d* +
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211 a8 b°Bc*?d*-244a’ b®Bc'?2d*+801a°b’ Bcl?2d*-155a°b®Bc'?2d*+591a*b°Bcl?d*-
21a3b¥®Bc?d*+51a2b™Bct?d*+30a%b3c?Ccd*-251a°b*c*?2Cd*+35a%b> c2Cd? -
531 a’b®cl?2cd*-43a%b’ ct?cd*-131a°b8ct?cd*-53a*b°c?Ccd*+151a3b®c?cd?-
5a2btcl?2cd*+33atAb2ctd -31a®Ab3ctd®+133a°Ab*cttd®-731a%Ab° <t d®
86a’ Ab®ctd®-761a%Ab’ c1td°-35a°Ab®ctd*-51a*Ab%ctd*-21a>Abcttd 4+
ia?Abcld®+6a?bBcttd®+91altb?Bcttd®+85a®b*Bcttd®+351a°b*Bcttde+
309a%b° Bt d®-441a’b®Bcttd®+332a° b’ Bt d®-971a°b®Bcttd®+107a* b’ Bt d’ -
271a3b®Bctd>+5a2btBcttd -33at b2t cd®+31a®b3cttcd®-133a°b*cttCd +
731adb>ctltcd’-86a’bbcllCcd®+761a%b” ¢t Ccd®+35a°b¥cttCcd®+51a*b?cttCd®+
21a3b®crcd®-1a2b™ cttCcd®-16a*Abc'®d®-171at Ab%c'®d®-161a*®Ab3cl®d® +
251 a°Ab*c®d® - 271a% Ab°c1®d®+1121a’ Ab®c®d®-112a%Ab7 c?®d®+711a°>AbdctPdb+
15a4Ab9C16d6+]la3Ablecled6+azAb11Cleds—aBBCledG—S]lalzbBCledB—
27a''b2Bc®d®-491a®b>Bcl®d®-230a°b*Bcl®d®-441a%b°Bct®d®-428a’b®B P d® +
521 a%b’Bc®d®-259a°b®Bcl®d®+551a*b°Bc'®d®-35ab®Bcl®d®+31a’btBcl?dt+
16a2bc®Ccd®+171a*b%c'®Cd®+161a®b3c'®Cd®-251a°b*c'®Cd®+271a%b°>c®Cd®-
1121a’b®c®Cd®+112a%b7 c*?Cd®-711a°b%c®Cd®-15a*b°ct®Cdl-1a3b®cl®Cd®-
a’b™c?cd®+3a3Ac®d’ +131a2Abc’d’ +103ar Ab%>c?®d’ +41ia®Ab3c®d +
352a°Ab*c®d’ -561a®Ab°>c®d’ +328a’ Ab®c®d’ -104 1 a®Ab’ c®d’ +77a° Ab® P d’ -
21ia*Ab°c®d’ +a>Ab¥® c®d’ -1 a2Abtc®d’+1a®Bc®d’ +a?bBc®d’ +211attb?Bc’d +
77a®b*>Bc’d’ +1041a°b*Bc’d’ +328a%b°Bc®d’ +56ia’ b®Bc’d’ +352a%b’Bc’d’ -
411a°b®Bc®d’ +103a*b°Bc®d’ -131a>b¥®Bc°d’ +3a’b?Bc®d’ -3a¥*c°cd -

131 a?bc®Cd’-103a'b?2c®Cd’ -411a%®b3c®Ccd’-352a°b*c®Cd’+561ab>c®Cd’ -
328a’b®c®Cd’ +1041a%b” c®°Cd’ -77a°b8c®Cd’ +211a*b?°c®Ccd’ -a*b®c®cd +
i1a?b?tc®Cd’-31a®Ac®d®-35a2Abc®d®-551atAb2c®d®-259aAb3cBdd-

521 a°Ab*c®d®-428a8Ab° c®Bd®+441a” Ab®c®d®-230a%Ab’ cBd®+491a°AbBcBdE-
27a*Ab° cBd®+51a%Ab®c®d®-a2Abt cBd®+a®Bc®d® -1abBc®d®+15atb2B B d® -
711a®b3Bc®d®-112a°b*Bc®d®-1121a%b°Bc®d®-271a’b®Bc®d®-251a°b’ Bc®d® -
161a°b¥Bc®d®+171a*b°Bc®d®-16a3b¥®Bc®d®+31a®c®cd®+35a2bc®Cd®+
55iatb?c®Ccd®+259ab3cBcd®+521a°b*cBCd®+428a8b°cBCd®-441ia’bbcBCdd+
230a°b’ c®BCd®-491a°b8c®Ccd®+27a*b°c®BCd®-51a*b®cBcd®+abtcBCcd®+
5a¥Ac’d’+271a'2Abc’d®+107at Ab?>c’d®+971a®Ab3>c’d®+332a°Ab* 7 d%+

447 a8 Ab°c’d®+309a’ Ab®c’d®-351a°Ab’c’d’+85a°Ab%c’d’-91a*Ab’c’d’+
6a3AbPc’d°-1a®3Bc’d’-21a?bBc’d’+51attb?Bc’d’-35ab3>Bc’d’+

761 a°b*Bc’d’+86a%b°Bc’d’+731a’b®Bc’d’+133a°b’Bc’d’+31a°b¥Bc’d’+
33a*b°Bc’d’-5at*c’Cd’°-271a?bc’Cd’°-107altb?c’Cd’°-971a®b3c’ Cd® -
332a°b%c’Cd°-441a®b>c’Cd’°-309a’b®c’Cd®+351a%b” c’Cd®-85a°b¥c’Cd’+
9ia*b’c’cd’-6a*b®c’Cd’-51aAcbd®-21a'2Abc®d®-591altAb?cbdl®-

1552 Ab3c®d®-801a’Ab*c®d®-244a% Ab°c®d®-211a’ Ab®c®d®-125a°Ab7 c®d®-
5ia°>Ab®c®d®-15a*Ab°c®d®+5a®Bc®d®+151a'2bBc®d®+53altb2Bcldl®-

131 a'®b3Bc®d®+43a°b*Bc®d®-531a%b°Bc®d®-35a’b®Bc®d®-251a°b’Bc®d®-
30a°b¥Bc®d®+51a®c®Cd®+21a'2bc®Cd®+591altb?cbCd®+155a%b3cbCd®+
801a’°b*c®Cd®+244a%b°c®Cd®+211a’b%c®Cd®+125a%b” c®Cd¥®-51a°bdc®Cd®+
15a*b°c®Ccd®+a'3Ac®dr +151a%Abc>d? +37atAb?c>d? + 591 a®Ab3c®d?+
115a°Ab*c®d? +491i a® Ab>c®d?r +99a’ Ab® c’dl +51a°Ab” c>d' +20a° Ab% > dt -
51'1a13Bc5d11—21a12bBc5d11—17Jia11b2Bc5d11—61a19b3Bc5d11+51'1a9b4Bc5d11—
35a8b°Bc’dt +171a’b®Bc®dt +5a°b’BcPdt-at3c®cdt-151iat? b’ Ccdtt -
37alb2c’Ccdt-591al®b3c>Cdl-115a°b* c> Cdt -491 a8b’>c®> Cdt-99a’ b® c> Cd! -
51ab’c>cd?*-20a°b¥c®Ccdr-1aAc*d?-a?Abc*d?-211aAb%c*d?? -
27a%Ab3c*d?-291a°Ab*c*d?-41a%Ab° c*d?-91a’ Ab®c*d?-15a%Ab7 c*d? +
3a®Bc*d?2+131a2bBc*d? +28altb?2Bc*d?+161a®b3Bc*d?2+37a°b*Bc*d?+
31a8b°Bc*d?+12a’b®Bc*d2+1a¥c*Ccd?+abc*Ccd?+211ab2ctCd®?+
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27a®b3c*cd?+291a°b*c*Ccd?+41a b’ c*Cd?2+91a’b®c*Cd?+15a%b7” c*Cd?? -
al’AcddB +ria2Abccd®+61a?Ab3c3dB+7a°Ab*cAd3+51a%Ab° 3d3 -
6a’Ab®c3dB®-31a®Bc3d®-5a2bBc3d®-101arb?Bc3d®-14a%b3Bc3d? -
7ia’b*BcdB®-9adb°BcldB¥+a? P cdP¥-1a”bcdcd®-61a%b3c3cd -
7a’b*c3cdB-51ab°cAcd®-6a’bbcAcdP¥+ia?Acid¥+al?Abc?d -
ia’Ab*c2d¥-a®Ab  c?d¥+21a?bBc2d¥+2atb?Bc2d¥ +21a®b3Bc?d+
22°b*Bc?d¥-ia®c?Cd®-a?bc?Cd™+ia’b*c®Cd™+afb° 2 Cd™) (e+fx)

Sec[e+fx]® (aCos[e+fx] +bSin[e+1‘:x])2 (cCosfe+fx] +dSin[e+fx])3)/

(a2 (a—jb)4 (a+1’1b)2 (—J’la+b> c? (c—jld)6 (c+11d)5 (—bc+ad)6

f(a+bTan[e+fx])?

(c+dTan[e+Fx])3> -
(31 (2aAb’c-a’b*Bc+b®Bc-2ab’cC-5a2Ab*d-3AbSd+4a>b’Bd+
2ab>Bd-3a*b>Cd-a’b*Cd) ArcTan[Tan[e + fx]] Sec[e+fx]®
(acCos[e+fx]+bSin[e+fx])? (cCosle+fx] +dSin[e+fx])3)/
((a2+b2)2 (—bc+ad)41‘ (a+bTan[e+-Fx])2 (c+dTan[e+-Fx])3) -
1
(bc—ad)4 (c2+d2)3’1c(a+bTan[e+1‘:x})2 (c+dTan[e+1Cx])3
1
(3b>°c®Ccd-6b°Bc®d*+10Ab> c*d®>+4abBc*d’-b>c*Cd’-18aAbc’d*-a*Bc’d* -
3b?Bc3d*+10abc3Cd*+3a2Ac?d*+9Ab%c*d®>-6abBc?d>-3a%c?Cd’®-
2aAbcd®+3a’Bcd®-b*Bcd®+2abcCd®-a’Ad’ +3Ab*°d’-2abBd’ +a’Cd’)
ArcTan[Tan[e + fx]] Sec[e+fx]® (aCos[e+fx] +bSin[e+1‘:x1)2
(cCos[e+fx] +dSin[e+fx])>+
((2aAb5c—azb4Bc+b68c—2ab5cC—SaZAb4d—3Ab6d+4a3b3Bd+
2ab°Bd-3a*b>Cd-a’b*Cd) Log[(aCos[e+fx] +bSin[e+Ffx])?]
Sec[e+fx]° (aCos[e+fx] +bSin[e+fx])? (cCos[e+fx] +dSin[e+fx])3>/
(2 (a2+b2>2 (-bc+ad)*f (a+bTan[e+fx])? (c+dTan[e+-Fx])3) +
1
2 (bc-ad)* (c2+d?)>f (a+bTan[e+fx])? (c+dTan[e+fx])>
(3b°c®Cd-6b°Bc>d*+10Ab*c*d’+4abBc*d’-b*c*Cd’-10aAbc’d*-a*Bc’d* -
3b?Bc3d*+10abc3Cd*+3a2Ac?2d*+9Ab%c*d®-6abBc?d*-3a%c?Cd’®-
2aAbcd®+3a’Bcd®-b*Bcd®+2abcCd®-a’Ad’ +3Ab*°d’-2abBd’ +a’Cd’)
Log| (cCos[e+fx] +dsinfe+fx])?]| secle+fx]°
(acCos[e+fx] +bSin[e+fx])?
(cCos[e+fx] +dSin[e+fx])>+
(Sec[e+-Fx]5 (aCos[e+fx] +bSin[e+fx])
(-Ab®sin[e+fx] +ab*BSin[e+fx] -a’b>CSinfe+fx])
(cCose+fx] +dSin[e+-Fx])3)/
(a (a-ib) (a+ib) (—bc+ad)31c (a+bTan[e+-Fx])2 (c+dTan[e+fx})3) +

(Sec[e+-Fx]5 (aCosfe+fx] +bSin[e+-Fx])2 (cCosfe+fx] +dSin[e+1‘:x})2
(3bc*Ccd’sin[e+fx] -4bBc*>d*Sinfe+fx] ~ac’Cd’Sin[e+fx] +
5Abc?d*Sin[e+fx] +2aBc?d*Sin[e+fx] -3aAcd’Sin[e+fx] -
bBcd®Sin[e+fx] +2acCd°Sin[e+fx] +2Abd®Sin[e+ fx] —aBdGSin[eﬂcx]))/
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(c (c-1d)*(c+id)* (bc-ad)’f (a+bTan[e+fx])? (c+dTan[e+Fx])3)

Problem 90: Result more than twice size of optimal antiderivative.

J(a+bTan[e+Fx])3\/c+dTan[e+fx] (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 464 leaves, 12 steps):

(a-ib)® (1A+B-iC)c-id ArcTanh|Ledrnies |

_ m
.f:
(a+1’1b)3 (1A-B-iC)~/c+id ArcTanh| Ud\;:j%"c” ] )
.F
2 (a®B-3ab?B+3a’b (A-C) -b* (A-C))Vc+dTan[e+fx] 1
f +315d4f

2 (40a3cd3—6a2bd2 (16cC-45Bd) +9ab’d (8c*C-14Bcd+35 (A-C) d2) -
b’ (16 c*C-24Bc*d+42c (A-C) d*+105Bd’)) (c+dTan[e+fx])>?+

———2b(21b (Ab+aB-bC)d*+4 (bc-ad) (2bcC-3bBd-2aCd))
105 d* f
1

21d?f
2(2bcC-3bBd-2acCd) (a+bTanfe+fx])? (c+dTan[e+fx])¥?+
2C <a+bTan[e+fX}>3 (c+dTan[e+-Fx])3/2

9df

Tan[e + f X] (c+dTan[e+Fx])3/2—

Result (type 3, 1092 leaves):
1

Cos[e+fx]3
f (aCos[e+fx] +bSin[e+1:x])3

1

- 42 (16b3c4C—24b3Bc3d—72ab2c3Cd+42Ab3czdz+126ab2Bc2d2+126azbczcd2—
315d

48b3c?Cd?>-315aAb?cd®-315a2bBcd®+114b>Bcd®>-105a3cCd®>+342ab%cCd’-

945 a?Abd*+378Ab3d*-315a3Bd*+1134ab?Bd*+1134a’bCd*-413b3Cd*) +
2
315d

2b (-6b>c*C+9b*°Bcd+27abcCd+63Ab*d*+189abBd®+189a*Cd*-133b*Cd?)

2
Secle+fx]?2+—b3CSec[e+fx]*+
9 63d
1

315 d3

2Sec[e+fx] (-8b>c?CSin[e+fx] +12b*Bc*dSin[e+fx] +36ab’c®CdSin[e+fx] -
21Ab3cd?Sin[e+fx] -63ab?Bcd?Sin[e+fx] -63a’bcCd?Sin[e+fx] +
26b3cCd?*Sin[e+fx] -315aAb%d>Sin[e+fx] -315a?bBd?>Sin[e+fx] +

2Sec[e+fx]? (b’cCSinfe+fx] +9b’BdSin[e+fx] +27ab*CdSinfe+fx]) -

150 b>Bd>Sin[e+ fx] -105a°Cd>Sin[e+ fx] +450ab”Cd’>Sinfe+ fx])
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(a+bTan[e+fx])?>+/c+rdTan[e+fx] - |i (a®Ac-3aAb’c-3a’bBc+b’Bc-

a3cC+3abch—3a2Abd+Ab3d—a3Bd+3abZBd+3a2de—b3Cd)

ArcTanh [ c+d Tan.[ewF x] ] ArcTanh [ c+d Tanl[eﬂC x] ]
cid - cid Cos[e+fx]*
Ve-1id Ve+id

(a+bTan[e+fx])> (c+dTan[e+fx]) /
(f (acCos[e+fx] +bSin[e+fx])> (cCos[e+fx] +dSin[e+fx])) -
(3a®Abc-Ab*c+a’Bc-3ab’Bc-3a’bcC+b’cC+

a’Ad-3aAb*d-3a’bBd+b’Bd-a’Cd+3ab’*Cd)

ArcTanh [ c+d Tan.[e+1: X] ] ArcTanh [ c+d Tanl[eﬂc X] ]
cid + cid Cos[e +fx]*
Ve-1id vec+id

(aerTan[eJr-Fx])3 (c+dTan[e+fx]) /
(f (acCos[e+fx] +bSin[e+fx])> (cCos[e+fx] +dSin[e+fx]))

Problem 91: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx])2\/c+dTan[e+Fx] (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 325leaves, 11 steps):
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(a_jb>2 (B+1i (A-C)) Vc-id ArcTanh]| c+d Tan[e+f x] ]

_ Jeid
.F
] i . +d +f
(a+ib)? (B-1i (A-C))Vc+id ArcTanh[* VT:TT[: x] ] )
.F
2 (a?B-b*B+2ab (A-C)) Vc+dTan[e+fx] 1
N
f 105 d? f

2 (20a*Cd?>-14abd (2cC-5Bd) +b? (8c2C-14Bcd+35 (A-C)d?)) (c+dTanfe+fx])>?-
2b(4bcC-7bBd-4aCd) Tan[e+fx] (c+dTan[e+fx])>?
35d% f
2C(a+bTan[e+fx])? (c+dTan[e+fx])>?
7df

+

Result (type 3, 759 leaves):
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-||i (a*Ac-Ab*c-2abBc-a*cC+b’cC-2aAbd-a’Bd+b’Bd+2abCd)

Ar‘cTanh[ c+d Tan[e+f x] ] Ar‘cTanh[ c+d Tan[e+f x] ]
Jeid B Veid
Ve-1id Vvec+id

Cos[e+fx]® (a+bTan[e+fx])? (c+dTan[e+fx]) /

(f (acCos[e+fx]+bSin[e+fx])? (cCos[e+fx] +dSin[e+fx])) -

(2aAbc+a’Bc-b?’Bc-2abcC+a’Ad-Ab’d-2abBd-a’Cd+b’Cd)

Ar‘cTanh[ c+d Tan[e+f x] ] ArcTanh[j{udTan[ewa] ]

\ec-id + Ae+id
Vvec-1d VJe+1id

Cos[e + fx]3 (a+bTan[e+-Fx])2 (c+dTan[e+fx]) /

(f (aCos[e+fx] +bSinfe+fx])? (cCos[e+Fx] +dSin[e+fx])) +
1

f(aCos[e+fx] +bSin[e+fx])?

Cos[e + fx]2 (a+bTan[e+-Fx])2\/c+dTan[e+fx]

( 32 (8b2c3C—14b2Bc2d—28abc2Cd+35Ab2cd2+70abBcd2+
105d

35a2ch2-38b2ch2+210aAbd3+1@5a2Bd3—126b23d3-252ade3) +

2b (bcC+7bBd+14aCd) Sec[e+fx]? 1
+ 2Sec[e+fx] (-4b*c*CSin[e+fx] +7b*B
35d 105 d?

cdSin[e+fx] +14abcCdSin[e+fx] +35Ab%d?Sin[e+fx] +70abBd?Sin[e+fx] +

2 2¢s B 2 2 g 3 2 2
35a°Cd*Sin[e+fx] -50b“Cd Sln[e+fx]) +—b“CSec[e+fx]“Tan[e + fXx]
7
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Problem 94: Humongous result has more than 200000 leaves.

J\/c+dTan[e+-Fx} (A+BTan[e+fx] +CTan[e+fx]2) 4
X

a+bTan[e+fx]
Optimal (type 3, 234 leaves, 12 steps):

(iA+B-iC) mAf‘CTanh[ c+d$ij ] (iA-B-icC) mAr‘cTanh[ C+d$ij ]

la-ib)f (a+ib)f

. Vb \[crdTan[erfx]_
2 (Ab?-a (bB-acC))bc-ad ArcTanh| bead ] 2c/crdTanes Fx]
.

b3/2 (a? + b?) f b f

Result (type ?, 525533 leaves) : Display of huge result suppressed!

Problem 95: Humongous result has more than 200000 leaves.

J\/c+dTan[e+Fx} (A+BTan[e+fx] +CTan[e+fx]?)
dx

(a+bTan[e+fx])?

Optimal (type 3, 317 leaves, 12 steps):

(iA+B-1iC) mArcTanh[ c+d£“] ] )

(a-ib)*f

(B-i (A-C)) Ve+id ArcTanh| c+dT::f:+fX] ]

(a+ib)?f

{(a3de+a4Cd+b4 (2Bc+Ad) +ab® (4Ac-4cC-3Bd)-a*b* (2Bc+3Ad-5Cd))

1)/

(Ab?-a (bB-acC)) vec+rdTanfe + £ x]
b (a?+b?) f(a+bTan[e+fx])

Vb V/c+dTan[e + fx]
Vvbc-ad

(b>2 (a?+b?)*Vbc-ad f) -

ArcTanh [

Result (type ?, 842888 leaves): Display of huge result suppressed!

Problem 96: Humongous result has more than 200000 leaves.

J\/c+dTan[e+Fx1 (A+BTan[e+fx] +CTan[e+fx]?) ;
X

(aerTan[eJr-Fx])3

Optimal (type 3, 543 leaves, 13 steps):
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(A_la_c)mAr‘cTanh[ = T::l[z X] ] (A+iB-C)~/c+id ArcTanh [ < \/T:f% Xl ]

- + +

(ia+b)’f (ia-b)°f

{(3a5b8d2+a6Cd23a4b2d (4Bc+5Ad-6Cd) -3a’b* (8Ac*-8c*C-16Bcd-6Ad*+5Cd*) +

2a’b® (20c (A-C) d+B (4c*-13d’)) -3ab’ (8c (A-C)d+B (8c*-d’)) -
Vb /c+dTan[e + f x] ]/
Vbc-ad
(4b3/2 (32+b2)3(bc,ad>3/2f), (Ab?-a (bB-aC))c+dTan[e+fx] .
2b (a2+b?) f (a+bTan[e+fx])?

((3a3de+a4Cd+b4 (4Bc+Ad) +ab3 (8Ac-8cc-5Bd) -aZb? (4Bc+7Ad—9Cd))

b® (4c (2cC+Bd) -A (8c?+d?))) ArcTanh]|

Jec+dTan[e + £x] )/(4b (a2+b2)2 (bc-ad) f <a+bTan[e+-Fx1))
Result (type ?, 1853832 leaves): Display of huge result suppressed!
Problem 97: Result more than twice size of optimal antiderivative.

J(a+bTan[e+Fx])3 (c+dTan[e+fx])*? (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 550 leaves, 13 steps):
(ta+b)® (A-iB-C) (c—jd)3/2ArcTanh[@]

.F
. . . . +d +f
(a+ib)? (1A-B-1iC) (c+1id)>?ArcTanh[ 5 T::L[Z X 1
f f
2 (3a’b (Ac-cC-Bd)-b’> (Ac-cC-Bd)+a®>(Bc+ (A-C)d)-3ab® (Bc+ (A-C)d))

2 3B-3ab2B+3a2b (A-C)-b3(A-C dT £ 3/2
VerdTan[e+ fx] + (a @ e ( ) f( ))(C+ anfe+ x]) .
3

ﬁz (168a°Cd®-2a*bd* (192cC-847Bd) +33ab’d (8 c>C-18Bcd+63 (A-C) d*) -
3465

b® (48c>C-88Bc?d+198c (A-C) d*+693Bd?)) (c+dTan[e+fx])>?+

31C2b (99b (Ab+aB-bC)d*+4 (bc-ad) (6bcC-11bBd-6acCd))
693 d

1

99d? f
2 (6bcC711de76aCd) <a+bTan[e+-Fx})2 (c+dTan[e+-Fx])5/2+

2C(a+bTan[e+fx])> (c+dTan[e+fx])>?
11df

Tan(e+fx] (c+dTan[e+Ffx])>?-

Result (type 3, 1610leaves):
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1

f(aCos[e+fx] +bSin[e+fx])? (cCos[e+fx]+dSin[e+fx])?
i (aBAcz—3aAb2cz—3a2bBc2+b3Bcz—a3c2C+3ab2c2C—6a2Abcd+2Ab3cd—ZaBBcd+
6ab’Bcd+6a’bcCd-2b’cCd-a’Ad*+3aAb*d*+3a’bBd*-b>Bd*+a’Cd*-3ab’Cd?)

Ar‘cTanh[ c+d Tan[e+f X] ] Ar‘cTanh{:{dean[eva] ]

cid - crid Cos[e+fx]°
Ve-1id Ve+id

(a+bTan[e+fx])> (c+dTan[e+Ffx])*-
1

f(aCos[e+fx] +bSin[e+fx])> (cCos[e+fx]+dSin[e+fx])?
(3a2Abc2—Ab3c2+a3Bc2—3abZBc2—3a2bc2C+b3c2C+2a3Acd—6aAb2cd—6a2bBcd+
2b°Bcd-2a*cCd+6ab*cCd-3a’Abd*+Ab’d*-a’Bd*+3ab’Bd*+3a’bCd*-b’Cd?)

ArcTanh [ c+d Tanl[e+f X] } ArcTanh [ c+d Tan.[e+f X] }
cid + cid Cos[e+fx]°
Ve-1d VJe+1d

(a+bTan[e+fx])® (c+dTan[e+Ffx])*+
1

f (acCos[e+fx] +bSin[e+fx])> (cCos[e+fx]+dSin[e+fx])

Cos[e+fx]* (a+bTan[e+fx])> (c+dTan[e+fx])>?
1

3465 d*
594a2bc3Cd?+216b3c3Cd?+2079aAb?c?d®+2079a’bBc?d>-726b>Bc?d®+
693a3c?Cd®-2178ab%>c?Cd®+13860a’Abcd*-5412Ab3cd*+4620a>Bcd* -
16236 ab’*Bcd*-16236a2bcCd*+5832b3cCd*+3465a°Ad° -12474aAb>d° -

1

3465 d2
2 (—18b3c3C+33b3Bc2d+99ab2CZCd+792Ab3cd2+2376abZBcd2+2376a2bch2—

1632b3ch2+2079aAb2d3+2079a2de3—1463b3Bd3+69333cd3—4389abzcd3)

2 (—48b3c5C+88b3Bc4d+264ab2c4Cd—198Ab3c3d2—594abZBc3d2—

12474 a’ b B d’ + 4543 b3Bd5—4158a3Cd5+13629ab2Cd5) +

2
Sec[e+fx]*+ —b*(12bcC+11bBd+33aCd) Sec[e+fx]*+
99 693d

(3b>c®*Csinfe+fx] +110b°BcdSinfe+fx] +330ab>cCdSin[e+fx] +99Ab>d®Sin[
e+fx]+297ab’Bd*Sin[e+fx] +297a’bCd*Sin[e+fx] -225b>Cd*Sinfe+fx]) -

2Sec[e+fx]3

73256C[e+fx} (-24b*>c*Csinfe+fx] +44b>Bc*>dSin[e+fx] +
3465d

132ab?c3>CcdSin[e+fx] -99Ab3c2d?Sin[e+fx] -297ab?Bc?d?>Sin[e+fx] -
297 a’bc?Cd?>Sin[e+fx] +114b3c2Cd?Sin[e+fx] -4158aAb2cd®Sin[e+fx] -
4158 a°bBcd®Sin[e+fx] +1936b>Bcd®Sin[e+fx] -1386a3cCd®>Sin[e+fx] +
5808 ab%cCd3>Sin[e+fx] -3465a2Abd*Sin[e+fx] +1650Ab3>d*Sin[e + fx] -
1155 a3 Bd*Sin[e+ fx] + 4950 ab?Bd* Sin[e+ fx] +4950a%2bCd*Sin[e + fx] -

2
1965b° Cd*Sinfe+ fx]) + —b’>CdSec[e+fx]*Tan[e +fx]
11
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Problem 98: Result more than twice size of optimal antiderivative.

J(aerTan[eJr-Fx])2 (c+dTan[e+-Fx}>3/2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 396 leaves, 12 steps):

(a—jb)z <B+J'l (A—C)> (C—Jid)3/2Ar‘cTanh[ c+d Tan[e+f x] }

Veid
_ f
(a+ib)? (1A-B-1iC) (c+1id)>?ArcTanh| c+dv:a+nT[:+fx] ] .
f -
2(2ab(Ac-cC-Bd)+a? (Bc+ (A-C)d)-b?(Bc+ (A-C)d))c+dTan[e+Fx] +
2 (a2B-b2B+2ab (A-C)) (c+dTan[e+fx])>? 1
3f a5 f

2 (28a%Cd*-18abd (2cC-7Bd) +b? (8c*C-18Bcd+63 (A-C)d?)) (c+dTanfe+Ffx])>?-
2b (4bcC-9bBd-4aCd) Tan[e + fx] (c+dTan[e+-Fx})5/2
63d2f
2C <a+bTan[e+-Fx}>2 (c+dTan[e+-Fx])5/2
9df

+

Result (type 3, 1099 leaves):
1

f (aCos[e+fx] +bSinfe+fx])? (cCos[e+fx]+dSin[e+Fx])

Cos[e+fx]3 ;2 (8b>c*C-18b°Bc’d-36abc®Cd+63Ab*>c*d*+126abBc®d®+
315d

63a%c?Cd?’-66b%>c?Cd?+840aAbcd®+420a2Bcd®-492b%Bcd’-

984abcCd®+315a°Ad*-378 Ab’d* - 756 abBd* - 378 2> Cd* + 413 b* C d*) +

315d
2 (3b2c2C+72szcd+144abch+63Ab2d2+126ade2+63a2Cd2—133b2Cd2)

2 2 2 4
Sec[e+fx]“+—b“CdSec[e+fx]"+
9

2
—Sec[e+fx]? (10b*cCSin[e+fx] +9b*BdSin[e+fx] +18abCdSin[e+fx]) -
63

; 2Sec[e+fx] (4b*>c*CSin[e+fx] -9b*Bc*>dSinfe+fx] -
315d

18abc?CdSin[e+fx] -126Ab%2cd?Sin[e+fx] -252abBcd?Sin[e+fx] -
126 a> cCd?Sin[e+fx] +176 b>cCd?*Sin[e+fx] -210aAbd®>Sin[e+ fx] -

105a°Bd’>Sin[e+fx] +150b*Bd>Sin[e+fx] +300abCd’Sin[e+fx])

(a+bTan[e+1‘x}>2 (c+dTan[e+fx])3/2—

i (azAcz—Abzcz—2abBc2—a2c2C+b2c2C—4aAbcd—2achd+
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2bzBcd+4abch—aZAd2+Ab2d2+2ade2+a2Cd2—b2Cd2)

ArcTanh [ A/ c+dTan[e+f x] ] ArcTanh [ :{ c+d Tan[e+f x] ]

cid - cid Cos[e+fx

Ve-1d Ve+1d

]4

(a+bTan[e+1‘x])2 (c+dTan[e+1‘:x])2 /
(f (aCosle+fx] +bSin[e+1‘:x})2 (cCosfe+fx] +dSin[e+fx])2) -
(2aAbc*+a’Bc?-b*Bc*-2abc*C+2a’Acd-2Ab’cd-

4abBcd-2a’cCd+2b*cCd-2aAbd*-a*Bd*+b’Bd®>+2abCd?)

ArcTanh [ 4/ c+dTan[e+f x] ] ArcTanh [ 3{ c+d Tan[e+f x] ]

fcid + c:id Cos[e+ fx]*
Ve-1d Ve+id

(a+bTan[e+-Fx])2(c+dTan[e+-Fx])2/
(f (aCos[e+fx] +bSinfe+fx])? (cCos[e+Fx] +dSin[e+fx])2)
Problem 99: Result more than twice size of optimal antiderivative.

J(a+bTan[e+Fx]) (c+dTan[e+1:x1)3/2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 273 leaves, 11 steps):

(ia+b) (A-iB-C) (cfid)”zAr‘cTanh[ c+dTan(e+f x] ]

_ \c-1id
.F
(ia-b) (A+iB-C) (c+id)>?ArcTanh| crdTanle:fx] ]
Nevid N
-F
2 (Abc+aBc-bcC+aAd-bBd-acCd) VJec+rdTanfe + fx]
.
.F
2 (Ab+aB-bC) (c+dTan[e+fx])*?

3f
2 (2bcC-7bBd-7acCd) (c+dTan[e+fx})5/2 2bCTan[e+ fx] (CerTan[eJrFx])S/2

+

35d2 f 7df
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Result (type 3, 714 leaves):

-1 (aAcz—bBc2—ac2C—2Abcd—2aBcd+2bch—aAd2+de2+aCd2

ArcTanh{j{udTan[ewa] ] Ar‘cTanh[ c+d Tan[e+f x] ]

Joid B Verid
Vvec-1d Ve+1id

Cos[e+fx]> (a+bTan[e+fx]) (c+dTan[e+1:x1)2 /

(f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx])2) -

(Abc2+ch2—bc2C+2aAcd—2bBcd—2ach—Abd2—aBd2+de2)

Ar‘cTanh[ c+d Tan[e+f X] ] Ar‘cTanh[ c+d Tan[e+f Xx] ]
Ve-id N Ve+id
Ve-1id Ve+id

Cos[e+fx]? (a+bTan[e+fx]) (c+dTan[e+fx])? /

(f (acCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx])2) +
1
f(aCos[e+fx] +bSin[e+fx]) (cCos[e+fx]+dSin[e+fx])

Cos[e+fx]? (a+bTan[e+fx]) (c+dTan[e+1‘:x])3/2

1
(- 22 (6bc3C—21bBc2d—21ac2Cd—149Abcd2—140chd2+164bch2—105aAd3+
105d

2
126 bBd>+126aCd’) + — (8bcC+7bBd+7aCd) Sec[e+fx]?+ 2Sec[e +fx]

35 1e5d
(3bc*>Csin[e+fx] +42bBcdSin[e+fx] +42acCdSin[e+fx] +35Abd*Sinfe+fx] +

2
35aBd*Sin[e+fx] -50bCd*Sin[e+fx]) + —bCdSec[e+fx]*Tan[e+fx]
7
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Problem 100: Result more than twice size of optimal antiderivative.

J(c+dTan[e+~Fx])3/2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 187 leaves, 10 steps):

(1A+B-1icC) (c—id)g/zAr‘cTanh[ c+dTan[e+x] ]

VJe-id

.F

. . +d +f
(B-i (A-C)) (c+1id)>?*ArcTanh| C%X] ] 2 (Bc+ (A-C)d)c+dTan[e+fx]
+ +

f f
2B (c+dTan[e+fx])¥? 2C(c+dTan[e+fx])*?

+

3f 5df

Result (type 3, 420leaves):

2(3c2C+20Bcd+15Ad?-18Cd?)
Cos[e + fX] +

15d

2 2
—CdSecle+fx]?+ —Secle+fx] (6cCSin[e+fx]+5BdSin[e+fx])
5 15

(c+dTan[e+fx])3/2]/ (f (cCos[e+fx]+dSin[e+fx])) -

Ar\cTanh[j{UdTan[e#x] ] Ar‘cTanh[ c+d Tan[e+f Xx] }

i (Ac?-c?C-2Bcd-Ad?+Cd?) —— - —

Ve-1d Vve+1id

Cos[e + fx]2 (c+dTan[e+1‘:x])2 /(f (cCosfe+fx] +dSin[e+fx})2) -

ArcTanh [ A/ c+dTan[e+f x] ] ArcTanh [ c+d Tan[e+f x] }

(Bc?+2Acd-2cCd-Bd?) Jeid N ve+id

Vec-1d Vve+1id

Cos[e + fx]? (c+dTan[e+1‘:x])2 /(f (cCosfe+fx] +dSin[e+fx1)2)

Problem 101: Humongous result has more than 200000 leaves.

J(CerTan[ewa])?'/2 (A+BTan[e+fx] +CTan[e+fx]?) :
X

a+bTan[e+fx]
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Optimal (type 3, 271 leaves, 13 steps):

(JiA+B—]lC> (C—id>3/2APCTanh[ c+d Tan[e+f x] ]

Vec-id

(a-ib)f

(A+iB-C) (c+id)*?ArcTanh[eralnietxl |

Vc+id

(ia-b)f

2 (Ab2-a (bB-aC)) (bc—ad)”zAr'cTanh[W““dTan[e*{X] ]
vJbc-ad

+

b5/2 (a2 + b2 f

2(bcC+bBd-acCd)Vc+dTan[e+fx] 2C(c+dTan[e+fx])*?

+

b2 f 3bf

Result (type ?, 796117 leaves) : Display of huge result suppressed!

Problem 102: Humongous result has more than 200000 leaves.

J(c+dTan[e+-Fx])3/2 (A+BTan[e+fx] +CTan[e+fx]?)

dx
<a+bTan[e+1‘:x})2
Optimal (type 3, 372 leaves, 13 steps):
(J'lA+B—J'1C) (c—jd)3/2Ar‘cTanh[ cdTan[e+fx] ]
) Veid
(a-ib)*f
. . c+d Tan[e+f x
(B-i (A-C)) (c+1d)3/2Ar‘cTanh[ Tcﬂ_l[d ! ] ) 1
(a+ib>2f b5/2 (a2+b2)2f

vbc-ad <a3de—3a4Cd—b4 (2Bc+3Ad) -~ab3 (4Ac—4cC—5Bd) +a’b? <ZBc+ (A—7C) d))
[\/F\/c+dTan[e+-Fx} ]

ArcTanh +
Vbc-ad

(Ab?-abB+3a2C+2b*C) d+/c+dTan[e+fx] (Ab?-a (bB-acC)) (c+dTan[e+1‘:x])3’/2
b2 (a%+b?) f b (a2+b?) f (a+bTan[e+fx])

Result (type ?, 1313997 leaves): Display of huge result suppressed!

Problem 103: Humongous result has more than 200000 leaves.

J(c+dTan[e+-Fx])3/2 (A+BTan[e+fx] +CTan[e+fx]?) :
X

(a+bTan[e+fx])>

Optimal (type 3, 532 leaves, 13 steps):
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(A-iB-C) (C—id)a/ZArcTanh[@]

i Joid
(ta+b)’f
(A+iB-C) (c+ Jid)S/zAr‘cTanh[:“Nan[e”:x] ]
Joid
(ta-b)°f

{(a5b5d2+3ascd2+a4b2d (4Bc+3 (A+2C)d) -

b® (8Ac?-8c*C-12Bcd-3Ad*) +a’b* (24Ac?-24c*C-48Bcd-26Ad*+35Cd*) -
2a3b3 (12c (A—c) d+B (4c2-9d2)) +ab’ (4ec (A-c) d+3B (8c2-5d2)))

ST/ (a0 o -
bc-ad

((a3de+3a4Cd+b4 (4Bc+3Ad) +ab’ (8Ac-8cC-7Bd) -a’b* (4Bc+5Ad-11Cd))

ArcTanh [

Vc+dTan[e + fx] )/(4b2 (az+b2)2f<a+bTan[e+-Fx})) -

(Ab>-a (bB-acC)) (c+dTan[e+fx])*?

2b (a2 +b2) f (a+bTan[e+fx])?

Result (type ?, 1783377 leaves): Display of huge result suppressed!

Problem 104: Result more than twice size of optimal antiderivative.

J(a+bTan[e+Fx])2 (c+dTan[e+fx])*? (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 503 leaves, 13 steps):

(a—jb>2 (jA+B—]’1C> (C—J'ld>5/2Ar‘cTanh[ c+dTan[e+f x] }

_ A\/c-id
.F
(a+1‘1b)2 (iA-B-1iC) (c+1‘1d)5/2Ar'cTanh[ c+dT:f]f:+fX] } 1
f f

2 (Zab (c2C+ZBcd—Cd2—A(c2—d2)> - a? (2c (A—C) d+B (cz—dz)) +

b*> (2c (A-C)d+B (c*-d?))) Vec+rdTan[e + f x] +i

3f
2 (2ab(Ac-cC-Bd)+a*(Bc+ (A-C)d)-b? (Bc+ (A-C)d)) (c+dTan[e+Ffx])*?+
2 (a?B-b*B+2ab (A-C)) (c+dTan[e+fx])>? 1
+
5f 693d3 f

2 (36a*Cd*-22abd (2cC-9Bd) +b? (8c2C-22Bcd+99 (A-C)d?)) (c+dTan[e+fx])"?-
2b (4bcC-11bBd-4aCd) Tan[e+fx] (c+dTan[e+fx])"?
99d? f
2C (a+bTan[e+fx])? (c+dTan[e+fx])”?
11df

+
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Result (type 3, 1480 leaves):

1
2

f (aCos[e+fx] +bSin[e+fx]) (cCos[eJr-Fx]+dSin[e+1Cx})3
i (a®Ac®-Ab*c?-2abBc®-a*c’C+b*c®>C-6aAbc*d-3a°Bc*d+3b°Bc’d+
6abc?Cd-3a2Acd*>+3Ab%cd?>+6abBcd®*+3a%?cCd?*-3b%cCd?>+2aAbd?+
Ar‘cTanh[ c+d Tan[e+f X] } Ar‘cTanh{:{UdTan[e#x] ]
Ae-id _ A\ c+id
Ve-1d Ve+id

a’Bd*-b’Bd’-2abcCd’)

Cos[e+fx]° (aerTan[eercx])2 (c+dTan[e+-Fx])3—

1

f (aCos[e+fx] +bSinfe+fx])? (cCos[e+Ffx]+dSinfe+Ffx])>
(2aAbc3+ach3—bZBc3—2abc3C+3a2Ac2d—3Ab2c2d—6abBc2d—3a2c2Cd+3b2c2Cd—
6aAbcd®-3a’Bcd*+3b°Bcd*+6abcCd’-a*Ad’+Ab*°d’+2abBd®>+a’Cd®>-b*Cd?)

ArcTanh [ c+d Tan‘[e+-F x] } ArcTanh [ c+d Tan.[e+1’- X] }
cid + rerid Cos[e+fx]°
Vvec-1id Vve+id

<a+bTan[e+-Fx]>2 (c+dTan[e+-Fx})3+

1

f(aCos[e+fx] +bSin[e+fx])? (cCos[e+fx]+dSin[e+fx])?

Cos[e+fx]* (a+bTan[e+fx])? (c+dTanfe+Ffx])>?
1
- 2(40b*c*C-110b°Bc"d-220abc* Cd+495Ab* > d* +990abB > d* +
3465d

495a%2c3Cd?-510b%>c3Cd?+10626aAbc?d?®+5313a%Bc?d®-6138b2Bc?d-
12276 abc?Cd®+8085a2Acd*-9570Ab%cd*-19140abBcd*-9570a2cCd*+
1

3465d
2 (15b2c3C+825szc2d+1650abc2Cd+1485Ab2cd2+297OabBcd2+1485a2ch2—

3095b* cCd*+1386aAbd®+693a*Bd’®-1463b*Bd> - 2926abCd’) Sec[e+fx]?+

10375b* c Cd* - 8316 aAbd> - 4158 a*Bd> + 4543 b*B d> + 9086 ab Cd’>) +

2
—bd (23bcC+11bBd+22aCd) Sec[e+fx]*+
99 693

(113b>c*CSinfe+fx] +209b’BcdSin[e+fx] +418abcCdSinfe+fx] +99Ab? d?
Sin[e+fx] +198abBd*Sin[e+fx] +99a’Cd*Sin[e+fx] -225b%>Cd*Sin[e+fx]) -

Sec[e+fx]?

———2Sec[e+fx] (20b>c*CSin[e+fx] -55b*Bc>dSinfe+fx] -

3465 d2

116abc>CdSin[e+fx] -1485Ab?c?2d?Sin[e+fx] -2970abBc?d?Sin[e+fx] -
1485 a2 c2Cd?Sin[e+ fx] +2050b% c>Cd?Sin[e+fx] -5082aAbcd3Sin[e+fx] -
2541 a’2Bcd®Sinfe+fx] +3586b2Bcd?®Sin[e+fx] +7172abcCd®Sin[e+ fx] -
1155 a2 Ad* Sin[e + fx] + 1650 Ab?>d* Sin[e+ fx] + 3300 abBd*Sin[e+ fx] +

2
1650 2> Cd*Sinfe + fx] - 1965b* Cd* Sin[e+ fx]) + — b*Cd*Sec[e + fx]*Tan[e + f x]
11
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Problem 105: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx]) (c+dTan[e+-Fx})5/2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 353 leaves, 12 steps):
(ia+b> (A_iB—C) (C—id)s/zArcTanh{@]

_ Ve-id
.F
(ia-b) (A+iB-C) (c+id)*?ArcTanh| “”:i‘ﬂ[z*”] ] 1
f f

2(a(Bc?-2cCd-Bd?) -b (c?C+2Bcd-Cd?*) +A (2acd+b (c?-d?))) Vc+dTan[e+fx] +
2 (Abc+aBc-bcC+aAd-bBd-acCd) (c+dTan[e+fx])>?

+

3f
2 (Ab+aB-b() (c+dTan[e+-Fx])5/2
5f )
2 (2bcC-9bBd-9acCd) (c+dTanfe+fx])”? 2bCTan[e+fx] (c+dTan[e+fx])’"?
63d2f ’ 9df

Result (type 3, 921 leaves):
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1

f(aCos[e+fx] +bSin[e+fx]) (cCos[e+Ffx] +dSin[e+fx])?

Cos[e+fx]3 22(—10bc4C+45bBc3d+45ac3Cd+483Abc2d2+483ch2d2—
315d

558bc*>Cd*+735aAcd’-870bBcd®-876acCd’-378Abd*-378aBd*+413bCd*) +
2
—— (75bc*C+135bBcd+135acCd+63Abd®>+63aBd*-133bCd?) Sec[e+fx]?+
315
2 2 4
—bCd*Sec[e+fx]"+
9
2 3 : 2 c3 2 3 1
—Sec[e+fx]? (19bcCdSin[e+fx] +9bBd*Sin[e+fx] +9aCd*Sin[e+fx]) - ——

315d

63
2Sec[e+fx] (-5bc®CSin[e+fx] -135bBc?dSin[e+fx] -135ac®CdSin[e+fx] -

231Abcd?Sin[e+fx] -231aBcd?Sin[e+fx] +326bcCd?Sin[e+fx] -
105aAd®Sin[e+fx] +150bBd>Sin[e+fx] +150aCd*Sin[e+fx])

(a+bTan[e+fx]) (c+dTan[e+-Fx])5/2— i(aAc®-bBc*-ac’C-3Abc*d-

3aBc*d+3bc®*Cd-3aAcd*+3bBcd*+3acCd’+Abd’+aBd’-bCd?)

Ar'cTanh[ c+dTanl[e+'Fx] ] Ar‘cTanh[ c+dTanl[e+fx] ]
cid - cid Cos[e+fx]*

Vvec-1d Vve+1id

(a+bTan[e+fx]) (c+dTan[e+-Fx])3/
(f (aCos[e+fx]+bSin[e+fx]) (cCos[e+fx] +dSin[e+fx])3) -

(Abc3+ch3—bc3C+3aAc2d—3bBch—Baczcd—BAbcdz—3chd2+3bch2—

T 'F +dT f
ArcT [ c+d Tan[e+f x] } ArcTant [ c+d Tan[e+f x] ]
cla - cla -
Vc-id Ve+id

aAd>+bBd’+acCd?®)

Ve-1d Ve+1d

Cos[e+fx]* (a+bTan[e+fx]) (c+dTan[e+fx])> /

(f (aCos[e+fx] +bSin[e+fx]) (cCos[e+fx] +dSin[e+fx])3)
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Problem 106: Result more than twice size of optimal antiderivative.

J(c+dTan[e+-Fx])5/2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 229 leaves, 11 steps):

(1A+B-1icC) (c—id)s/zAr‘cTanh[ c+dTan[e+x] ]

_ Ve-id
f

(B-i (A-C)) (c+id)*?ArcTanh| “‘%“] ] +
f

2(2c(A-C)d+B(c2-d?))/c+dTan[e+fx] 2 (Bc+ (A-C)d) (c+dTanfe+Ffx])>?
f : 3f :

2B (c+dTan[e+fx])>? 2C(c+dTan[e+fx])”?

5f : 7df

Result (type 3, 515leaves):

-1 (Ac3—c3C—BBc2d—3Acd2+3ch2+Bd3)

ArcTanh { y/c+dTan[e+f x] ] ArcTanh { A/ c+dTan[e+f x] ]

cid - c:id Cos[e+-Fx]3(c+dTan[e+fx])3/
Ve-1id Ve+id
(-F(cCos[e+-Fx]+dSin[e+-Fx})3) - | (B>+3Ac2d-3c>Cd-3Bcd*-Ad®+Cd?)

Ar\cTanh[j{dean[e#x] ] Ar‘cTanh[ c+d Tan[e+f x] ]

c-id + crid Cos[e+-Fx]3(c+dTan[e+-Fx])3/
Vec-1d Ve+1id

(f (cCosfe+fx] +dSin[e+fx})3) +

Cos[e+fx]* (c+dTanl[e+fx]) +

s, [2 (152 C+161Bc*d+245Acd?-290 cCd?-126Bd?)
105 d

2
—d (15cC+7Bd) Sec[e+fx]%+ Sec[e + fx]

35 105
(45c*Csinfe+fx] +77BcdSin[e+fx] +35Ad*Sin[e+fx] -50Cd*Sin[e+fx]) +

2
—Cd%*Sec[e+fx]%Tan[e + f x]

/(f (cCos[e+fx] +dSin[e+fx])2)
7

| 89



90 | Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb

Problem 107: Humongous result has more than 200000 leaves.

J<C+dTan[e+fX]>5/2 (A+BTan[e+-Fx] +CTan[e+fx]2) 4
X

a+bTan[e + fx]
Optimal (type 3, 336 leaves, 14 steps):

(]j_A+B_]']_c> (C—id)S/ZAPCTanh[ c+d Tan[e+f X] ]

i veia L
(a-ib)f
(1A-B-1icC) (c+id)5/2Ar‘cTanh[ c+dTan[e+f x] ]
Verid
(a+1’1b) f
2 (Ab2-a (bB-acC)) (bc—ad)S/zAr'cTanh[vF [ c+dTan(e:fx] ]
Jbc-ad N 1
b7/2 (a2 + b2 F b £

2 (b*d (Bc+ (A-C)d)+(bc-ad) (bcC+bBd-aCd))Vc+dTan[e+fx] +
2(bcC+bBd-aCd) (c+dTan[e+fx])>? 2C(c+dTanfe+fx])>?

+

3b2f 5bf

Result (type ?, 1076 868 leaves): Display of huge result suppressed!

Problem 108: Humongous result has more than 200000 leaves.

J(CerTan[eH‘:x])S/2 (A+BTan[e+fx] +CTan[e+fx]?)

dx
(a+bTan[e+fx])?
Optimal (type 3, 473 leaves, 14 steps):
(1A+B-1icC) (c—id)S/zAr'cTanh[ c+dTan[e+f x] ]
B Veoid
(a-ib)?f
. . 5/2 c+d Tan[e+f X]
(B-i (A-C)) (c+id)>*ArcTanh| — | ) 1 be-ad)?
(a+1‘1b)2f b7/2 <a2+b2>2f
(3a°bBd-5a*Cd-b* (2Bc+5Ad) -ab® (4Ac-4cC-7Bd) +a*b®> (2Bc- (A+9C) d))
ArcTanh[\/F\/c+dTan[e+-Fx] ]7 1
Vbc ad b® (a? +b?) f

d(5a3Cd—Ab2 (bc—ad)—Zb3 (2cC+Bd)-a2b<5cC+3Bd)+ab2 (Bc+4Cd))

(3Ab?-3abB+5a2C+2b2C)d (c+dTan[e+fx])>?
Vc+dTan[e+fx] + -
3b? (a%+b?) f

(Ab2-a (bB-acC)) (c+dTan[e+fx])>?
b (a?2+b?) f(a+bTan[e+fx])
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Result (type ?, 1794028 leaves): Display of huge result suppressed!

Problem 109: Humongous result has more than 200000 leaves.

J(c+dTan[e+'Fx])5/2 (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(a+bTan[e+fx])>

Optimal (type 3, 643 leaves, 14 steps):

(A-iB-C) (C—id)S/ZArcTanh[@]
Veid

_ (ta+b)’f
(A+iB-C) (c+jld)S/zAr‘cTanh[:C“”an[e”:x] ]
(ta-b)°f 4b72 (a? +b2)° f
Vbc-ad (3a°bBd*-15a°Cd*+a*b*d (4Bc+ (A-46C)d) -
3a’b* (BAC*-8c*C-16Bcd-6Ad*+21Cd*) -ab® (56c (A-C)d+B (24c*-35d%)) -
b® (4c (2cC+5Bd) -A (8c*-15d%)) +2a’b® (4c (A-C)d+B (4c*+3d*)))

1

Vb Vc+dTan[e + f x] 1
ArcTanh | -
Vbc-ad 4b* (a+b2)% f

d(3a’bBd-15a*Cd-ab’ (8Ac-8cC-11Bd) +
a’b® (4Bc+ (A-31C) d) -b* (4Bc+7Ad+8Cd)) Vc+dTan[e+fx] +
((a’bBd-5a*Cd-b® (4Bc+5Ad) -ab® (BAC-8cC-9Bd) +a’b? (4Bc+3Ad-13Cd))

(c+dTan[e+fx])3/2)/(4b2 <a2+b2)2f (a+bTan[e+fx])) -

(Ab?-a (bB-acC)) (c+dTan[e+fx])*?

2b (a?+b?) f (a+bTan[e+1Cx])2

Result (type ?, 2422718 leaves): Display of huge result suppressed!

Problem 114: Humongous result has more than 200000 leaves.

dx

J A+BTan[e+fx] +CTan[e+fx]?2

a+bTan[e+fx])Vc+dTan[e+fx]

Optimal (type 3, 210leaves, 11 steps):

c+d Tan[e+f x] ]

Ve-id
(a—jlb) ve-1id f

(1A+B-1C)ArcTanh|

(A+1iB-C)ArcTanh| c+dTanle+fx] | 2(Ab*-a(bB-acC)) Ar‘cTanh[vF JcrdTan(e:fx] ]
Veiid Vbcad

(ia-b)Vc+id f _ Vb (a2+b?)+/bc-ad f

Result (type ?, 262487 leaves) : Display of huge result suppressed!
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Problem 115: Humongous result has more than 200000 leaves.

dx

J A+BTan[e+fx] +CTan[e+fx]?

a+bTan[e+fx])?c+dTan[e+fx]

Optimal (type 3, 327 leaves, 12 steps):
(iA+B-1C)ArcTanh [ JfewdTanefx) | (B-1 (A-c)) ArcTanh | cedTan(e+f x] ]

Veid ) Verid
(a-ib)*Vec-id f (a+ib)*Vc+id f

{(3a3de-a4Cd+b4 (2Bc-Ad) +ab® (4Ac-4cC-Bd) -a’b? (2Bc+5Ad-3Cd))

1)/

(Ab>-a (bB-acC)) Vc+rdTan[e + f x]
(a2+b?) (bc-ad) f (a+bTan[e+fx])

Vb Vc+dTan[e + f x]
vbc-ad

(\/F (a®+b?)? (bc—ad)”zf) -

ArcTanh [

Result (type ?, 847080 leaves) : Display of huge result suppressed!

Problem 116: Result more than twice size of optimal antiderivative.

J(aJFbTan[ech])3 (A+BTan[e+fx] +CTan[e+fx]?)
dx

(c+dTan[e+-Fx])3/2

Optimal (type 3, 511 leaves, 11 steps):

(afjb>3 (]‘lA+B*]’lC> ArcTanh[ c+d Tan[e+f x] ]

= (ia-b)? (A+iB-C)ArcTanh[erarnietxl |
V-1

A\ c+id

(c-1d)>2f 7 (c+id)>2f
2 (c2C-Bcd+Ad? (aerTan[eJr-Fx])3 1
.
d (c?+d?) f+/c+dTanle+fx] 15d* (2 +d?) f

2b (6a°d® (12c*C-5Bcd+ (5A+7C) d*) -15abd (8c>C-6Bc*d+c (3A+5C) d*-3Bd’*) +
b*> (48 c*C-40Bc*d+6c* (5A+3C)d*-25Bcd®+15 (A-C) d4>)\/c+dTan[e+fx] -
1
15d® (c?+d?) f
5d* ((A-C) (bc-ad)+B(ac+bd))) Tan[e+fx] Vc+dTan[e+fx] +
1
5d? (c?+d?) f

2b* (4 (bc-ad) (6c*C-5Bcd+ (5A+C) d*) -

2b (6c*C-5Bcd+ (5A+C) d?) (a+bTan[e+fx])2\/c+dTan[e+fx]

Result (type 3, 1173 leaves):
1

f (aCos[e+fx] +bSin[e+fx])> (c+dTan[e+fx])>?

Cos[e+fx] (cCos[e+fx]+dSin[e+fx])?
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(2 (48b3c5C—40b3Bc4d—120ab2c4Cd+36Ab3c3d2+90ab2Bc3d2+9ea2bc3cd2+15b3c3C

d?-45aAb%c?d®-45a2bBc?d®*-25b3Bc?d®*-15ac?Cd*-75ab?c>Cd®+45a%Ab
cd*+15Ab°cd*+15a’Bcd*+45ab’Bcd*+45a°bcCd*-18b°cCd*-15a*Ad°)) /
2b3CSec[e+fx]? 1

(15¢ (c-id) (c+id)d*) + + 2Sec[e+fXx]
5 d? 15 d?
(-9b’cCsSinfe+fx] +5b>BdSin[e+fx] +15ab*CdSinfe+fx]) -
1

c(c-id) (c+id)d®(cCos[e+fx]+dSin[e+fx])
2 (b*c®Csinfe+fx] -b’Bc*dSin[e+fx] -3ab’>c*CdSin[e+fx] +
Ab3>c®d?Sin[e+fx] +3ab?Bc*d?’Sin[e+fx] +3a’bc3Cd?Sin
3aAb?c?d®Sin[e+fx] -3a2bBc?d3Sin[e+fx] -a®c?cd?sin

e+fx] -
e+fx]+

[
[

3a’Abcd*Sinfe+fx] +a’Bcd*Sin[e+fx] -a’Ad®>Sin[e+fx])

3/2

<a+bTan[e+fx1>3+ (cCos[e+fx] +dSin[e+fx]) (a+bTan[e+-Fx])3

-||i(a®Ac-3aAb’c-3a’bBc+b’Bc-a’cC+3ab’cC+3a’Abd-Ab*d+a’Bd-

ArcTanh [ c+d Tan.[e+f X] } ArcTanh [ c+d Tanv[e+‘F x] ]
3ab2>Bd-3a2bCd+b’Cd) re 10 - et
Vve-1id Ve+id

\Jc+dTan[e + fx] /(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+fx}) -

(3a2Abc—Ab3c+a3BC—BabZBc—3a2bcC+b3cC—a3Ad+3aAb2d+3a2de—

ArcTanh [ c+d Tan[e+f x] ] ArcTanh { c+d Tan[e+f x] ]
b>Bd+a’Cd-3ab>Cd) Lt " ——
Vec-1id Vec+1id

Vc+dTan[e + fx] /(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+fx}> /

((c—jld) (c+id) fsecle+fx]*? (aCos[e+fX] +bSin[e+1‘:x])3
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(c+dTan[e+-Fx])3/2)

Problem 117: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx])2 (A+BTan[e+fx] +CTan[e+fx]?) :
X

(c+dTan[e+fx])>?

Optimal (type 3, 343leaves, 10 steps):
(a-ib)? (1A+B-1iC) Ar‘cTanh[@]

\ec-id

(c-id)**f

(a+ib)? (B-1i (A-C)) ArcTanh[edmnietxl ]

erid
(c+id)>2f d(c2+d?) f/c+dTan[e+fx]

2 (c2C-Bcd+Ad?) <a+bTan[e+1‘:x1)2

+

1

——————2b(6ad(2c*C-Bcd+ (A+C)d*)-b (8c>C-6Bc*d+c (3A+5C) d*-3Bd’))
3d° (c?+d?) f

2b% (4c2C-3Bcd+ (3A+C) d?) Tan[e+fx] Vc+dTan[e+fx]
3d? (c?+d?) f

Jec+dTan[e+ £x] +

Result (type 3, 895leaves):
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1

f(aCos[e+fx] +bSin[e+fx])? (c+dTan[e+fx])>?
(cCosfe+fx] +dSin[e+fx])? (a+bTan[e+fx])?

—((2 (8b2c4C—6szc3d—12abc3Cd+3Ab2c2d2+6abBc2d2+3a2c2Cd2+5b2c2Cd2—6a

Abcd®-3a’Bcd®-3b’Bcd®*-6abcCd®+3a’Ad*)) /(3c(c-1id) (c+id)d))+
(2 (b*c*Csinfe+fx] -b*Bc’dSin[e+fx] -2abc®>CdSin[e+fx] +
Ab2c?d?’Sin[e+fx] +2abBc?d?>Sin[e+fx] +a?c2Cd®Sin[e+fx] -
2aAbcd®sin[e+fx] -a’Bcd*Sin[e+fx] +a’Ad*Sin[e+fx])) /
2b2CTan[e + fx]

(c(c-id) (c+id)d®(cCos[e+fx]+dSin[e+fx])) + iy +

(cCosfe+fx] +dSin[e+fx])3/2 (aerTan[eJr-Fx])2

-1 <a2Ac—Abzc—2abBc—ach+b2cC+2aAbd+azBd—szd—2ade)

ArcTanh [ c+d Tan‘[e+f X] } ArcTanh [ c+d Tan.[e+1c X]
Ve-id _ verid Vc+dTan[e + fx] /
vec-1id Vve+id

(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+fx}) -

(2aAbc+a’Bc-b’Bc-2abcC-a’Ad+Ab*d+2abBd+a’Cd-b’>Cd)

ArcTanh [ c+d Tan[e+f Xx] } ArcTanh [ c+d Tan[e+f x] ]
cid + fcxid Jc+dTan[e + f x] /
Ve-1id Ve+id

(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+Fx}) /

((c—jld) (c+id) fv/Sec[e+fx] (aCos[e+fx] +bS.in[e+-Fx})2

(c+dTan[e+fx])3/2)
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Problem 118: Result more than twice size of optimal antiderivative.

J(a+bTan[e+-Fx]) (A+BTan[e+fx] +CTan[e+fx]?) 4
X

(c+dTan[e+fx])>?

Optimal (type 3, 201 leaves, 9 steps):
(ia+b) (A-iB-C)ArcTanh|[Y<aBETX ] (5 5 _p) (A+iB-C) ArcTanh[eraraniesix ]
) Jeid . Jeiid .

(c-1d)**f (crid)®*f

2 (bc-ad) (c?C-Bcd+Ad?) 2bC+/c+dTan[e + f x]
+

d? (c2+d?) f\/c+dTan[e + fx] d? f

Result (type 3, 684 leaves):
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Sec[e+fx] (cCose+fx]+dSin[e+fx])?

2(2bc*C-bBc?d-ac’Cd+Abcd?’+aBcd?+bcCd*-aAd?)
[ c(c-id) (c+id) d?
(2 (bc®Csinfe+fx] -bBc*dSin[e+fx] -ac’CdSin[e+fx] +
Abcd®Sin[e+fx] +aBcd’Sin[e+fx] -aAd’Sin[e+fx]))/

(c(c-id) (c+id)d(cCosfe+fx] +dSin[e+fx}>)] (a+bTan[e+fx])

/

(f (aCos[e+fx] +bSin[e+Fx}) <C+dTan[E+fX}>3/2) .

/Sec[e+fx] (cCos[e+fx]+dSin[e+fx])??

(a+bTan[e+fx]) |-||i (aAc-bBc-acC+Abd+aBd-bCd)
Ar‘cTanh[ c+dTan[e+~Fx]} Ar‘cTanh[ c+d Tan[e+f X]
cid - c:id vec+dTan[e + fx] /
Ve-id Ve+id
(\/Sec[e+fx} \/cCos[e+fx]+dSin[e+fx}) - |(Abc+aBc-bcC-aAd«bBd+

Ar‘cTanh[ c+d Tan[e+f x] } Ar‘cTanh[ c+d Tan[e+f X] ]
aCd) cid + cid \c+dTan[e + f x] /
vec-1id Vve+id

(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+fx}) /
((c—jd) (c+id) f(aCos[e+fx] +bSinfe+fx]) (c+dTan[e+Fx})3/2)

Problem 119: Result more than twice size of optimal antiderivative.

JA+BTan[e+fx] +CTan[e+1¢x]2dl
X

(c+dTan[e+-Fx])3/2

Optimal (type 3, 157 leaves, 8 steps):



98 | Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb

(1A+B-1C) ArcTanh [ c+dTanle+fx] ]

~ Ne-id
(c-id)¥?*f
. +d +f
(B-i(A-C])ArcTanh] CJ:?%X] ] 2 (2C-Bcd+Ad?)
(c+jd)3/zf d(c2+d2)F\/c+dTan[e+fx}

Result (type 3, 510leaves):

Sec[e+fx]? (cCos[e+fx] +dSin[e+fx])?

[ 2 (c2C-Bcd+Ad?) 2 (c2Csinfe+fx] -BcdSin[e+fx] +Ad?Sin[e+fx])

|/

cd(-ic+d) (ic+d) : c(c-id) (c+id) (cCos[e+fx]+dSin[e+fx])

(f (c+dTan[e+Fx])3/2) +|Sec[e+fx]¥2 (cCos[e+fx] +dSinfe+Ffx])>?

c+d Tan[e+f Xx] c+d Tan[e+f x]
ArcTanh | — | ArcTanh| — ]
-||i (Ac-cC+Bd) : - -

vc+dTan[e + fx] /(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+Fx}) -

Ar‘cTanh[ c+d Tan[e+f X] } Ar‘cTanh[ c+d Tan[e+f X] ]
(Bc-Ad+Cd) cid + cid Vc+dTan[e + fx] /
Ve-1d Vvec+1id

(\/Sec[e+-Fx} \/cCos[e+-Fx]+dSin[e+-Fx}) /
((c-id) (crid)f(c+dTan[e+Fx])>?)

Problem 120: Humongous result has more than 200000 leaves.

J A+BTan[e+fx] +CTan[e + fx]? 4
X

a+bTan[e+fx]) (c+dTan[e+-Fx])3/2

Optimal (type 3, 262 leaves, 12 steps):
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c+d Tan[e+f X] ] (Ji A-B-1i C) Ar‘cTanh[ c+d Tan[e+f Xx] }
Ve-id N Nerid _

(ia+b) (C—j_d>3/2-|: (a+ib) (C+Jid>3/2-F

(A-iB-C) ArcTanh |

2 _ /b +/c+dTan[e+f x]
2/b (Ab a (bB aC))Ar‘cTanh[ — } )

(a2 +b?) (bc—ad)3/21C (bc-ad) (c2+d?) fy/c+dTanle+fx]

2 (c2C—Bcd+Ad2>

Result (type ?, 659327 leaves) : Display of huge result suppressed!

Problem 121: Humongous result has more than 200000 leaves.

J A+BTan[e+fx] +CTan[e+fx]? s
X

a+bTan[e+-Fx])2 (c+dTan[e+-Fx])3/2

Optimal (type 3, 447 leaves, 13 steps):

(iA+B-iC)ArcTanh[+<BretX T (g3 (A_C)) ArcTanh[Ledtnietxl ]

(a-ib)? (c-1d)>?f (a+ib)? (c+id)>?f

(\/F (5a°bBd-3a*Cd+b* (2Bc-3Ad) +ab® (4Ac-4cC+Bd)-a?b? (2Bc+ (7A-C)d))

Vb Vc+dTan[e + fx] ] /((a2+b2>2<bc—ad)5/2f)—
Vbc-ad
(d(2b®c (cC-Bd) -abB (c*+d*) +a* (3c*C-2Bcd+Cd*) +A (2a°d*+Db? (c2+3d2))))/
((a2+b2) (bc—ad>2<c2+d2)F\/c+dTan[e+fx] )—
Ab?-a (bB-acC)

ArcTanh|

(a2+b?) (bc-ad) f (a+bTan[e+fx])Vc+dTan[e+fx]

Result (type ?, 1833889 leaves): Display of huge result suppressed!

Problem 122: Result more than twice size of optimal antiderivative.

J(aerTan[ewa])3 (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(c+dTan[e+fx])°>?

Optimal (type 3, 585Ileaves, 11 steps):
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c+d Tan[e+f X] ]

(a—ib)3 (1A+B-1iC) ArcTanh |
Ve-id

(c-id)>2f

c+d Tan[e+f X] ]
(c+id)®?f 3d (c2+d?) f (c+dTan[e+fx])>?

(jla_b>3 (A+iB-C)ArcTanh| 2 (c2C-Bcd+Ad? (a+bTan[e+-Fx])3

(2 (b(2c*Cc-BcPd+4c?Cd®-3Bcd®+2Ad*) +ad® (2c (A-C)d-B (c*-d?)))
(a+bTan[e+Fx])2)/(d2 (c2+d2)2-F\/c+dTan[e+-Fx] )+
-
3d* (c2+d?)?f
b> (16 c*C-8Bc*d+2c® (A+15C) d*-17Bc*d’+8c (A+C) d*-3Bd°) +
1
3d° (c2+d?)*f
2b* (b (8c*C-4Bc*d+c® (A+15C) d*-18Bcd’+ (7A+C) d*) +3ad* (2c (A-C)d-B (c*-d?)))
Tan[e+fx] Vc+dTan[e + f x]

2b (3abd (8c*C-2Bc’d-c? (A-17C) d*-8Bcd*+ (5A+3C) d*) -

6a’d®> (2c (A-C)d-B (c*-d?)))Jc+dTan[e+fx] +

Result (type 3, 1617 leaves):
1

f(aCos[e+fx] +bSin[e+fx])? (c+dTan[e+fx])>?

(cCos[e+fx] +dSin[e+fx])> (a+bTan[e+fx])>

- 1 2 (16b°c®C-8b>Bc*d-24ab>c>Cd+2Ab>c*d*+
3¢ (c—Jid)2 (c+1’1d)2d4
6ab’Bc*d?’+6a’bc*Cd?>+31b3c*Cd*+3aAb’>c®>d®+3a?bBc3d?-
18b3Bc3d®+a*c®cd®-54ab?c3cd®*-12a?Abc?d*+9Ab>c?d*-4a*>Bc?d*+
27ab?Bc?d*+27a’bc?Cd*+8b3c2Cd*+7a*Acd’-18aAb%cd® -
18a’bBcd®-3b’Bcd®-6a’cCd°-9ab*cCd>+9a*Abd®+3a’Bd°) +

2 (bc—ad)3 <c2C—Bcd+Ad2)

+

3 (c—jd>2 (c+1’1d)2d2 (cCosfe+fx] erSin[eJr-Fx])2

1

3c(c-1d)?(c+id)?d® (cCos[e+fx]+dSin[e+fx])

2 (7b*c®Csinfe+fx] -4b’Bc>dSin[e+fx] -12ab*c®>CdSinfe+fx] +
Ab3c*d?Sin[e+fx] +3ab?Bc*d?Sin[e+fx] +3a’bc*Cd?Sin[e+fx] +
15b3c*Cd?Sin[e+fx] +6aAb?c3d3Sin[e+fx] +6a2bBc>d3Sin[e+fx] -
12b3Bc3d3sin[e+fx] +2a3c3Cd®Sin[e+fx] -36ab’c3>Cd®Sin[e+fx] -
15a2Abc?d*Sin[e+fx] +9Ab3c?d*Sin[e+fx] -5a’Bc?d*Sin[e+fx] +
27ab?Bc?d*Sin[e+fx] +27a’bc?Cd*Sin[e+fx] +8a’Acd®Sin[e+fx] -
18aAb%cd®Sin[e+fx] -18a’bBcd’Sin[e+fx] -6a>cCd’Sin[e+fx] +

) 6 s 30 6 s 2b3CTan[e + fx]
9a’Abd®sSin[e+fx] +3a*Bd°Sin[e+fx]) + ; +
3d
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(cCos[e+fx]+dSin[e+fx])>? (a+bTan[e+fx])>

-1 <a3Ac2—3aAb2c2—3a2bBc2+b3Bcz—a3c2C+3ab2c2C+6a2Abcd—2Ab3cd+

2a’Bcd-6ab?Bcd-6a’bcCd+2b>cCd-a*’Ad*+3aAb’>d?>+3a2bBd?-

Ar\cTanh[j{dean[encx] ] Ar‘cTanh[ c+d Tan[e+f x] }

b>Bd2+a’Cd’-3ab2Cd?) feid - e
Ve-1d vec+id

vc+dTan[e + fx] /(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+Fx}) -

(3a2Abc2—Ab3c2+a3Bc2—3ab2Bc2—3a2bc2C+b3CZC—2a3Acd+6aAb2cd+

6a’bBcd-2b>Bcd+2a’cCd-6ab>cCd-3a?2Abd?>+Ab3d?>-a3Bd?>+3ab?*Bd?+

c+d Tan[e+f x] c+d Tan[e+f Xx]
ArcTanh | — | ArcTanh| — ]
3a’bCd*-b’Cd?) . + :
Ve-1d Vve+1id

vc+dTan[e + fx] /(\/Sec[e+1cx] \/cCos[e+fx]+dSin[e+Fx]) /

((C—]ld)z (c+1‘1d)2f\/Sec[e+fX] (aCosfe+fx] +bSin[e+-Fx])3

(c+dTan[e+fx])5/2)

Problem 123: Result more than twice size of optimal antiderivative.

J(aerTan[eM‘:x])2 (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(c+dTan[e+-Fx])5/2

Optimal (type 3, 358 leaves, 10 steps):



102 | Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb

c+d Tan[e+f X] ]

(a—jlb)2 (1A+B-1iC) ArcTanh |
Ve-id

(c-id)>2f

c+d Tan[e+f X] ]

(a+1’1b)2(B—i(A—C))Ar‘cTanh[ —

(c+id)>2f

2 (c2C-Bcd+Ad?) (a+bTanfe+fx])?

+ (2 (bc-ad)
3d (c2+d?) f (c+dTan[e+fx])*?

(b(4c*C-Bc®d-2c* (A-5C) d*-7Bcd’>+4Ad*) +3ad® (2c (A-C)d-B (cz—dz))))/

2b% (4c*C-Bcd+ (A+3C) d?) Vc+dTan[e+fx]
3d® (c?+d?) f

(3d3 (c2+d?)*f~/c+dTan[e+ fx] )+

Result (type 3, 1262 leaves):
1

f(aCos[e+fx] +bSin[e+fx])? (c+dTan[e+fx])>?

Sec[e+fx] (cCos[e+fx] +dSinfe+fx])?
7((2 (—8b2c5C+2szc4d+4abc“Cd+Ab2c3d2+2abBc3dz+a2c3Cd2—18b2c3Cd2—8aAb

c?d®-4a’Bc?d®>+9b?Bc?d*+18abc?Cd®*+7a’Acd*-6Ab%2cd*-12abBcd*-
6a’cCd*-3b2cCd +6aAbd®+3a%Bd®)) /(3¢ (c-id)? (cvid)’d]]-
2 (bc—ad)2 (cZC—Bcd+Ad2)

3(c-1d)?(c+id)®d (cCos[e+fx] +dSinfe+fx])?
1

3¢ (c—jd)z (c+1’1d)2d2 (cCos[e+fx] +dSin[e+fx])

2 (4b*c>Csinfe+fx] -b?’Bc*dSin[e+fx] -2abc*CdSin[e+fx] -
2Ab%>c3d?Sinje+fx] -4abBc*>d?Sinfe+fx] -2a?c>Cd?Sin[e+fx] +
12b2c3Cd?Sin[e+fx] +10aAbc?d®Sin[e+fx] +5a?Bc?d®>Sin[e+fx] -
9b?Bc?d®Sin[e+fx] -18abc?Cd®Sin[e+fx] -8a?Acd*Sin[e+fx] +
6Ab%cd*Sin[e+fx] +12abBcd*Sin[e+fx] +6a2cCd*Sin[e+fx] -

6aAbd®Sin[e+fx] -3a’Bd°Sin[e+fx])| (a+bTan[e+fx])*+

VSec[e+fx] (cCos[e+fx] erSin[eJr-Fx})S/2 (a+bTan[e+-Fx])2

-1 (aZAcz—Abzcz—ZabBcz—aZc2C+b2c2C+4aAbcd+2achd—

2b2Bcd—4abch—a2Ad2+Ab2d2+2ade2+a2Cd2—b2Cd2)
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ArcTanh [ c+d Tan.[e+f x] } ArcTanh [ c+d Tan.[e+'F X]
cid - cid Vec+dTan[e + f x] /
Ve-id Ve+id

(\/Sec[e+Fx} \/cCos[e+fx]+dSin[e+Fx}) -

<2aAbc2+a2Bc2—b2Bcz—2abc2C—ZaZAchrZAbzcd+4abBchr

2a°cCd-2b*cCd-2aAbd*-a’Bd*+b*Bd*+2abCd?)

ArcTanh [ c+d Tan.[e+1: X] } ArcTanh [ c+d Tan.[ewF X]
cid + fcxid Jc+dTan[e + fx] /
Ve-id Ve+id

(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+fx}) /

((C*]'ld)z (c+id)?f (aCos[e+fx] +bSin[e+fx])?
(c+dTan[e+-Fx])5/2)

Problem 124: Result more than twice size of optimal antiderivative.

J<a+bTan[e+-Fx]) (A+BTan[e+fx] +CTan[e+fx]?) :
X

(c+dTan[e+fx])>?

Optimal (type 3, 273 leaves, 9steps):
(a-ib) (iA+B-iC)ArcTanh[cdrenietx |

\e-id

(c-id)>*f

(ia-b) (A+iB-C)ArcTanh| CHLT:%H] ] 2 (bc-ad) (c?C-Bcd+Ad?)
N -

(c+1’1d)5/2f 3d2 (c2+d2>1C<c+dTan[e+1cx})3/2

(2 (b(c*C-c®(A-3C)d>-2Bcd®+Ad*) +ad® (2c (A-C)d-B (czfdz))))/
(d2 (c2+d2)2f\/c+dTan[e+fx] )

Result (type 3, 931 leaves):
1

f (aCos[e+fx] +bSin[e+fx]) (c+dTan[e+1‘x1)5/2
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Sec[e+fx]? (cCos[e+fx] erSin[eercx])3

7((2 (2bc4C+bBc3d+ac3Cd—4Abc2d2—4aBc2d2+9bc2Cd2+7aAcd3—

6bBcd’-6acCd+3Abd*+3aBd")) /(3¢ (c-id)® (c+id)’d?)]+
2 (bc-ad) (c?C-Bcd+Ad?)

+

3 (c—id>2 (c+1’1d)2 (cCosle+fx] +dSin[e+1‘:x})2

(2 (bc*Csin[e+fx] +2bBc*dSin[e+fx] +2ac’CdSin[e+fx] -5Abc*>d®*Sin[e+fx] -
5aBc2d?Sin[e+fx] +9bc?2Cd?Sin[e+fx] +8aAcd®*Sin[e+fx] -6bBcd?
Sin[e+fx] -6acCd®Sinfe+fx] +3Abd*Sin[e + f x] +3aBd4Sin[e+Fx]))/

(3c (c—Jld)2 (c+1‘1d)2d (cCos[e+fx] +dSin[e+-Fx}>) (a+bTan[e+fx]) +

Sec[e+fx]*? (cCos[e+fx] +dSin[e+fx])”? (a+bTan[e+fx])

-1 <aAc2—bBc2—ac2C+2Abcd+2chd—2bch—aAd2+de2+aCd2)

ArcTanh [ c+d Tan.[e+f X] } ArcTanh [ c+d Tan.[e+'F X]
Ve-id _ verid vc+dTan[e + f x] /
Ve-1d Ve+1d

(\/Sec[e+1:x1 \/cCos[e+fx]+dSin[e+Fx1) -

(Abc?+aBc*-bc*C-2aAcd+2bBcd+2acCd-Abd?>-aBd*+bCd?)

ArcTanh [ c+d Tan‘[e+~F X] } ArcTanh [ c+d Tan'[eﬁf X] ]
cid + cid Jc+dTan[e + fx] /
Vve-1id Ve+id

(\/Sec[e+fx} \/cCos[e+fx]+dSin[e+fx}) /

((C*]'ld)z (c+id)?f (aCos[e+fx] +bSin[e+fx]) (c+dTan[e+fx])5/2)
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Problem 125: Result more than twice size of optimal antiderivative.

JA+BTan[e+-Fx] +CTan[e+fx]?

(c+dTan[e+fx])>?

dx

Optimal (type 3, 209 leaves, 9 steps):

(iA+B-iC)ArcTanh[Y<BretX 1 (g3 (A_C)) ArcTanh[Ledmnietxl ]
) Jid - Veiid

(c-1d)>2f (c+id)>*f
2(c2c_Bcd+Ad2) 2(2c(A-c)d-B(c2-d2))

3d (c?+d?) f (c+dTan[e+1‘:x])3/2 (c2+d2)2-F\/c+dTan[e+fx}

Result (type 3, 647 leaves):
2 (c*C-4Bc?2d+7Acd?’-6cCd?+3Bd?)

Sec[e+fx])? (cCos[e+fx]+dSin[e+fx])’ |- ( w E
3c(c-1d c+1d)°d

2d (c*C-Bcd+Ad?)

+
3 (c—jld)2 (c+1‘1d)2 (cCosfe+fx] +dSin[e+-Fx])2

(2 (2c®Csin[e+fx] -5Bc*dSin[e+fx] +8Acd?’Sin[e+fx] -6cCd?Sin[e+fx] +

3Bd3sin[e+fx]))/(3c (c-id)? (c+id)® (cCosle+fx] +d51n[e+fx]))]}/
(f (c+dTan[e+Fx])5/2> +|Secle+fx]®? (cCos[e+fx] +dSin[e+fx])>?

Ar‘cTanh{;{than[ewa] ] Ar‘cTanh[ c+d Tan[e+f Xx] ]

-||i(Ac®-c2C+2Bcd-Ad?+Cd?) ve-id _ Verid
\Vec-1id Ve+id

Vc+dTan[e + f x] /(\/Sec[e+fx} \/cCos[e+fx]+dSin[e+fx}) -

dTanerf dTane+f
Ar‘cTanh[ cicTanfes XJ] Ar‘cTanh[ crcTanfes X]]

(Bc>-2Acd+2cCd-Bd?) —— " ——
vec-1id Ve+1id

vc+dTan[e + fx] /(\/Sec[eﬂcx} \/cCos[e+fx]+dSin[e+Fx}> /

((c—jd)z (crid)®f <c+dTan[e+fx1)5/2)
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Problem 126: Humongous result has more than 200000 leaves.

J A+BTan[e+fx] +CTan[e+fx]?

a+bTan[e+fx]) (c+dTan[e+-Fx])5/2

Optimal (type 3, 365leaves, 13 steps):

c+d Tan[e+f x] ] (1 A-B-1i C) Ar‘cTanh[ c+d Tan[e+f x] }
Veid . Verid .

(ia+b) (c-id)>?*f (a+ib) (c+id)*?f

(A-1iB-C) ArcTanh|

2b%2 (Ab2-a (bB-acC)) ArcTanh[WW]
\VbcC-a

+

(a% + b2) (bcfad>5/21c
2 (CZC—BchrAdZ)

+

3(bc-ad) (c2+d?) f (c+dTan[e+fx])>?
(2 (b(c*c-2Bcd+c? (3A-C) d?+Ad*) -ad? (2c (A-C)d-B (c2-d?))))/
((bc—ad)2 (c2+d2)2-F\/c+dTan[e+-Fx] )

Result (type ?, 1191748 leaves): Display of huge result suppressed!

Problem 127: Humongous result has more than 200000 leaves.

A+BTan[e+fx] +CTan[e+fx]?
J dx

a+bTan[e+fx])? (c+dTan[e+fx])>?

Optimal (type 3, 679 leaves, 14 steps):

(iA+B-iC)ArcTanh[ ¥ et ] g (A_C)) ArcTanh[erdtenietxl |

) Joia ) Jeid )
(a—ib)z(c—id)S/zf (a+ib)2(c+id>5/2f

{bm (7a’bBd-5a*Cd+b* (2Bc-5Ad) +ab’> (4Ac-4cC+3Bd)-a’b® (2Bc+ (9A+C) d))

Vb \c+dTan[e+fx] ] /((az+b2)2(bc—ad)7/2f)_
Vbc-ad

(d (2bc (cC-Bd)-3abB (c*>+d*) +a* (5¢®C-2Bcd+3Cd*) +A (2a°d*+Db? (3c2+5d2))))/

(3 (a?+b?) (bc-ad)? (c2+d2)F(c+dTan[e+fx])3/2) -

Ab?-a (bB-ac()

ArcTanh [

(a2+b?) (bc-ad) f (a+bTan[e+fx]) (c+dTan[e+1:x])3/2
(d (2a®d* (Bc>+2cCd-Bd?*) +2b*c (2c>C-3Bc*d-Bd’) -
ab® (Bc*-4cCd®+3Bd*) +a’b (5¢*C-6Bc’d+2c*Cd*-2Bcd’+Cd?) -
A(4a’cd®+4ab’cd®-4a’bd® (22 +d?) -b? (c4+16c2d2+5d4)>))/
((a2+b2) (bc—ad)3 <c2+d2)2-F\/c+dTan[e+fx1 )
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Result (type ?, 1369492 leaves): Display of huge result suppressed!

Problem 128: Humongous result has more than 200000 leaves.

J(a+bTan[e+-Fx])5/2\/c+dTan[e+-Fx] (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 679 leaves, 16 steps):

(a—jb)S/Z (1A+B-1iC) mAr‘cTanh[m a+bTan[e+fx] ]
Ja-ib +/c+dTan[e+fXx]

.F

(a+ib)®2 (B-i (A-C))Vcrid ArcTanh|*cidfaiomietad |
Va+ib +/c+dTan[e+f x]

f
1

30a*b*d* (c*C-4Bcd-8 (A-C)d*) -20ab’d (°C-2Bc*d+8c (A-C)d*-16Bd’) +
b* (5c*C-8Bc*d+16c® (A-C) d>+64Bcd’+128 (A-C) d*))
\Jd Va+bTan[e + f x] X
Vb \/c+dTan[e+fx] 64bd> f
(bc-ad) (16b (Ab+aB-bC) d*+ (bc-ad) (5bcC-8bBd-5aCd)))a+bTan[e+fx]

(5a4Cd4720a3bd3 (cC+2Bd) +

ArcTanh [ (64b (a®B-b>B+2ab (A-C)) d*-

Vc+dTan[e+fx] + (16b (Ab+aB-bC) d*+ (bc-ad) (5bcC-8bBd-5aCd))

32d3 f

1
Ja+bTan[e + fx] (c+dTan[e+-Fx})3/2——

24 d% f
(5bcC-8bBd-5aCd) (a+bTan[e+1°x})3/2 (c+dTan[e+fx])3/2+

C(a+bTan[e+fx])>? (c+dTan[e+fx])*?
4df

Result (type ?, 1631220 leaves): Display of huge result suppressed!

Problem 129: Humongous result has more than 200000 leaves.

j(a+bTan[e+-Fx])3/2\/c+dTan[e+-Fx] (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 505 leaves, 15 steps):
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\c-id +/a+bTan[e+f x] }
Va-ib +/c+dTan[e+f x]
+

(a—Jib)g’/2 (1A+B-1iC)~/c-id ArcTanh|

.F
(a+ib)*? (iA-B-iC)+/crid ArcTanh|Yd farbTaniefx) |
Ja+ib +/c+dTan[e+f x] 1
f 78b3/2d5/2.|:
(a®cd®-3a’bd* (cC+2Bd) +3ab*d (c*C-4Bcd-8 (A-C) d?) -

vJd va+bTan[e + fx] 1
+
Vb Vc+dTan[e+ fx] 8bd>f
(8b (Ab+aB-bC)d*+ (bc-ad) (bcC—Zde—aCd))\/a+bTan[e+-Fx} Vc+rdTan[e+ fx] -

b> (c*C-2Bc*d+8c (A-C) d*-16Bd?)) ArcTanh|

(bcC-2bBd-aCd)Va+bTan[e+fx] (c+dTan[e+fx])>?
adf
C(a+bTan[e+fx])>? (c+dTan[e+fx])*?

3df

+

Result (type ?, 1131613 leaves): Display of huge result suppressed!

Problem 130: Humongous result has more than 200000 leaves.

J\/a+bTan[e+-Fx] Vc+dTan[e+fx] (A+BTan[e+fx]+CTan[e+fx]?) dx

Optimal (type 3, 381 leaves, 14 steps):
Va-ib (iA+B-iC)+c-id ArcTanh[{<id[abTanlefx |

Va-ib +/c+dTan[e+f x]
.F
. . . A/ C+i A/ @+ +
Va+ib (B-1i (A-C))+c+id ArcTanh[** 1d JasbTanle:fx) ]
Va+ib +/c+dTan[e+f x] 1
f N 4b3/2d3/2.f:

[\/F\/a+bTan[e+fx} ]

(aZCdZ—Zabd (cC+2Bd) +b? (cZC—4Bcd—8 (A—C) dz))Ar‘cTanh
b A/c+dTan[e+ fx]

(bcC-4bBd-aCd)Va+bTan[e+fx] vc+dTan[e+fx]
4bdf
CVa+bTan[e+fx] (c+dTan[e+fx])*?
2df

+

Result (type ?, 697 653 leaves) : Display of huge result suppressed!

Problem 131: Humongous result has more than 200000 leaves.

dx

J\/c+dTan[e+Fx1 (A+BTan[e+fx] +CTan[e+fx]?)

va+bTan[e + f x]
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Optimal (type 3, 287 leaves, 13 steps):

(1A+B-1iC) \/mAr'cTanh[m a+bTan[e+f x] ]
Va-ib f
i : +1 ﬁ
(B-i (A-C)) v/crid ArcTanh[ Yeid[abTaniest) )
Varib \[cidTan[erfx]
.
Va+ib f
JarbTanerfx)
(bcc+2de—aCd)ArcTanh[ﬁ a+bTan[e+f x]
Vb JcidTaniefx) ~  Cy/a+bTan[e+fx] vcrdTan[e+fx]
.
b¥2~/d f bt

Result (type ?, 332624 leaves) : Display of huge result suppressed!

Problem 132: Humongous result has more than 200000 leaves.

J\/c+dTan[e+-Fx} (A+BTan[e+fx] +CTan[e+fx]?)
dx

(a+bTan[e+fx])>?

Optimal (type 3, 300 leaves, 13 steps):

. . . \/ Cc-1 A/ a+ +
(1A+B-1iC)~c-id ArcTanh| c-id ya-bTanlerfx] ]
Va-ib +/c+dTan[e+f x]

(a-ib)>2f

(B-i (A-C))vcrid ArcTanh|Y<2d JarbTaniefx) |
Ja+ib +/c+dTan[e+f x]
V .

(a+1’1b)3/2f

+/ \/+7 Tan[e+f
ZC/_! T |[d a+b Tan[e+f x]
b +/c+dTan[e+f x] 2 (Abzfa (beaC)) \/C+d Tan[e + f x]

b3/2 £ b (a?+b?) fv/a+bTanle+fx]

Result (type ?, 621058 leaves) : Display of huge result suppressed!

Problem 133: Humongous result has more than 200000 leaves.

j\/c+dTan[e+fx} (A+BTan[e+fx] +CTan[e+fx]2)
dx

(a+bTan[e+fx])®>?

Optimal (type 3, 370 leaves, 9steps):
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: . - Vcid JJarbTan[erfx]
(1A+B-iC)~/c-1id ArcTanh[** 1d JarbTanferfx] |

(a-ib)*2Ff

(B-i (A-C)) /c+id ArcTanh[ &g lacbTanief |
Va+ib +/c+dTan[e+f x]

<a+1’1b)5/2-F

2 (Ab?-a (bB-acC))/c+dTan[e+fx]

3b (a2+b?) f (a+bTan[e+fx])*?
(2 (2a’bBd+a*Cd+b* (3Bc+Ad) +2ab® (3Ac-3cC-2Bd) -a*b* (3Bc+5Ad-7Cd))
Jec+dTan[e + fx] )/(3b (a2+b2)2 (bc-ad) fVa+bTan[e+fx] )

Result (type ?, 815411 leaves) : Display of huge result suppressed!

Problem 134: Humongous result has more than 200000 leaves.

J\/c+dTan[e+Fx} (A+BTan[e+fx] +CTan[e+fx]?)
dx

(a+bTan[e+fx])"?

Optimal (type 3, 597 leaves, 10 steps):

: . - Vcid JarbTan[erfx]
(1A+B-iC)~/c-1id ArcTanh|** id a+bTan[e+fx] ]

(a-ib)"2f

(B-i (A-C)) /c+id ArcTanh[Yerid lacbTanief |
Va+ib +/c+dTan[e+f x]

<a+1’1b)7/2-F

2 (Ab?-a (bB-acC))/c+dTan[e+fx]

5b(a2+b?) f (a+bTan[e+fx])*?
(2 (4a3de+a4Cd+b4 (SBc+Ad) +2ab? (5Ac—5cC—3Bd) -a’p? (53c+9Ad-11Cd))

Jec+dTan[e + fx] )/(15b (a2+b2>2 (bc-ad) f (a+bTan[e+-Fx])3/2) +
(2 (8a®bBd*+2a°Cd*-a*b’d (25Bc+33Ad-39Cd) -
a’b* (45Ac*-45c*C-90Bcd-29Ad*+23Cd?*) +a’b’ (80c (A-C)d+B (15c*>-49d?)) -
ab® (40c (A-C)d+B (45c*-3d*)) -b® (5c (3cC+Bd)-A(15c*+2d?)))
Vc+dTan[e+ fx] )/(15b (a>+b2)° (bc-ad)*f/arbTan(e+ fx] )

Result (type ?, 1087 154 leaves): Display of huge result suppressed!

Problem 135: Humongous result has more than 200000 leaves.

J(a+bTan[e+-Fx])3’/2 (c+dTan[e+-Fx])3’/2 (A+BTan[e+fx] +CTan[e+fx]?) dx
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Optimal (type 3, 682 leaves, 16 steps):
Vc-id +/a+bTan[e+f x] }
Ja-ib +/c+dTan[e+fXx]

(a-ib)*? (B+i (A-C)) (c-id)>?ArcTanh|

.F

\/c+id +/a+bTan[e+f x] }
\a+ib /c+dTan[e+f x]
+

(a+ib)*? (B-i (A-C)) (c+id)>?ArcTanh|

f
1

64b5/2d5/2.f:
6 a2 b? d? <3c2C+IZBcd+8 (A-c) d2) -12abd <c3C—6Bc2d—24c (A-c) d2+168d3) +

b* <3c4C—88c3d+48c2 <A—C) d?>-192Bcd3-128 (A—C) d“))

(3a4Cd474a3bd3 (3cC+2Bd) +

\Vd Ja+bTan[e + fx] 1 (64b (a*B-b’B+2ab (A-C)) d*+

"

Vb V/c+dTan[e + f x] 64 b* d* f

(bc-ad) (48b (Ab+aB-bC)d*+ (bc-ad) (3bcC-8bBd-3acCd)))
1

vova s
(48b (Ab+aB-bC) d*+ (bc-ad) (3bcC-8bBd-3acCd))
va+bTan[e + f x] (c+dTan[e+-Fx])3/2—
(3bcC-8bBd-3aCd)Va+bTan[e+fx] (c+dTan[e+fx])>?
24d? f
C(a+bTan[e+fx])3/2 (c+dTan[e+fx])5/2
4df

ArcTanh [

Va+bTan[e+fx] /c+dTan[e+fx] +

+

Result (type ?, 1731183 leaves): Display of huge result suppressed!

Problem 136: Humongous result has more than 200000 leaves.

J\/a+bTan[e+fx] (c+dTan[e+fx])>? (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 508 leaves, 15 steps):
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Ja-ib (1A+B-1icC) (c—id)”ZAr‘cTanh[m\/m}
Va-ib +/c+dTan[e+f x]

£
Va+ib (B-1i (A-C)) (c+jd)3/2ArcTanh[mm}
Varib \fcidTan[erfx] X 1
£ 8b5/2d3/2.F
(a*Cd®-a’bd® (3cC+2Bd) +ab’d (3c*C+12Bcd+8 (A-C) d?) -
\Jd Va+bTan[e+fx] 1

b*> (c*C-6Bc*d-24c (A-C) d*+16Bd?)) ArcTanh]|

.
b \/c+dTan[e+fx] 8b2df
(8b (Ab+aB-bC)d*- (bc-ad) (bcC—6de—aCd))\/a+bTan[e+-Fx} Vc+rdTan[e+ fx] -

(bcC-6bBd-acCd) va+bTan[e + f x] (c+dTan[e+1‘x])3/2
12bdf
CVa+bTan[e+fx] (c+dTanfe+fx])*?
3df

+

Result (type ?, 1131925 leaves): Display of huge result suppressed!

Problem 137: Humongous result has more than 200000 leaves.

(c+dTan[e+-Fx])3’/2 (A+BTan[e+fx] +CTan[e+fx]?)

J dx
va+bTan[e + fx]

Optimal (type 3, 384 leaves, 14 steps):

Vc-id /a+bTan[e+f x] ]
Va-ib +/c+dTan[e+f x]
+

iA+B-1C) (c-1id)3?ArcTanh
( ) | )

VJa-1b f

\c+id +/a+bTan[e+f x] ]
\Jaxib /c+dTan[e+f x] 1
+

Va+ib f 4b%2+/d f
(3a®Cd*-2abd (3cC+2Bd) +b* (3c*C+12Bcd+8 (A-C) d?))
\Jd Va+bTan[e + f x] ]+
\/F\/c+dTan[e+-Fx]
(3bcC+4bBd-3aCd)Va+bTan[e+fx] Vc+dTan[e+fx]

4b2f
CVa+bTan[e+fx] (c+dTanfe+fx])*?
2bf

(1A-B-iC) (c+id)*?ArcTanh|

ArcTanh [

+

Result (type ?, 599000 leaves) : Display of huge result suppressed!
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Problem 138: Humongous result has more than 200000 leaves.

J(c+dTan[e+-Fx])3/2 (A+BTan[e+fx] +CTan[e+fx]?)

(a+bTanfe+fx])>?

dx

Optimal (type 3, 382 leaves, 14 steps):

(J'lA+B—J'1C) (c—id)3/2Ar‘cTanh[m“amTan[e*fX]
Va-ib +/c+dTan[e+fx]
(a-ib)*2f

(B-i (A-C)) (c+id)*?ArcTanh[tdLabianietx)
\a+ib c+d Tan[e+f Xx]
N .
(a+ib)>2f

Vd (3bcC+2bBd-3aCd) ArcTanh[ EalabTeniert |
Vb \[crdTan[erfx] 1
" (a2 +b?) f
(2Ab?-2abB+3a’C+b>C)dva+bTan[e+fx] /c+dTan[e+fx] -
2 (Ab2-a (bB-aC)) (c+dTan[e+fx])>?

b (a?+b?) fy/a+bTanle+fx]

bS/Z.F

Result (type ?, 1073629 leaves): Display of huge result suppressed!

Problem 139: Humongous result has more than 200000 leaves.

j(c+dTan[e+fx])3/2 (A+BTan[e+fx] +CTan[e+fx]?)

dx
(a+bTan(e+fx])>?
Optimal (type 3, 402 leaves, 14 steps):
., . . -1 + +
(1A+B-1iC) (c—id)*?ArcTanh[ttdLambionlenfx]
\a-ib +/c+dTan[e+f x]
(a-ib)>2f
. . A/ c+i NEE: + + +
(B-i (A-C)) (c+id)*?ArcTanh[*= 1d yasbTanfe:fx] ] 2Cd3/2Ar‘cTanh[ﬁ a:bTan(erf x]
a+rib +/c+dTan[e+fx] /b /c+d Tan[e+f x]
+

(a+ib)5/2f b5/2.f: -

(2 (a*Cd+b* (Bc+Ad) +2ab® (Ac-cC-Bd)-a’b? (Bc+ (A-3C)d))/crdTan(e+ fx] )/

2 (Ab2-a (bB-acC daT fx])%?
(b2 (a2+b?)?f+/a+bTan[e+fx] )— ( a | ac)) (c+dTan(e~fx])
3b(a2+b2)-F(a+bTan[e+-Fx])3/2

Result (type ?, 1347065 leaves): Display of huge result suppressed!
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Problem 140: Humongous result has more than 200000 leaves.

J(c+dTan[e+-Fx])3/2 (A+BTan[e+fx] +CTan[e+fx]?)
dx

(a+bTanfe+fx])"?

Optimal (type 3, 586 leaves, 10 steps):

. . . A/ c-1 A/ @+ +
(1A+B—1C) (c—1d)3/2Ar‘cTanh[ c-id arbTan[e+fx]
\Va-ib +/c+dTan[e+f x]

(a-ib)"*f

(B-i (A-C)) (c+id)>?ArcTanh[ YoldalabTanlerfx) |
\a+rib +/c+dTan[e+f x]

(a+]1b)7/2f

(2 (2a3de+3a4Cd+b4 (SBc+3Ad) +2ab3 <5Ac—5cC—4Bd) -a?p? (5Bc+7Ad—13Cd))

Ne+dTan[e + fx] )/(lsb2 (a2+b2)zf (a+bTan[e+fx])3/2) -
(2 (2a°bBd?+3a%Cd?+a'b?d (10Bc+ (8A+C)d) +
a’b* (45Ac*-45c*C-90Bcd-49Ad*+58Cd?*) -a’b’ (50c (A-C)d+B (15¢c*-39d?)) +
ab® (70c (A-C)d+B (45c*>-23d%)) +b® (5¢ (3cC+4Bd) -3A(5¢*-d*)))
Vc+dTan[e + fx] )/(15b2 (a2+b2)3 (bc-ad) fva+bTan[e+fx] )—

2 (Ab2-a (bB-acC)) (c+dTan[e+fx])*?

5b (a?+b?) f (a+bTan[e+fx])>?

Result (type ?, 1631085 leaves): Display of huge result suppressed!

Problem 141: Humongous result has more than 200000 leaves.

J\/a+bTan[e+fx] (c+dTan[e+fx])*? (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 3, 697 leaves, 16 steps):
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- . . . Vcid JJabTanefx]
Va-ib (iA+B-1iC) (c—ld)S/ZAr‘cTanh{ c-id abTan[efX]}
Va-ib +/c+dTan[e+f x]
- +
.F
Va+ib (iA-B-iC) (c+id)*?ArcTanh| <18 m}
Varib +fcrdTan[esfx] 1
f 6ab72d3

(5a*Cd*-4a’bd® (5cC+2Bd) +2a’b>d* (15c*C+20Bcd+8 (A-C) d?) -
4ab’d (5c*C+30Bc*d+40c (A-C)d*-16Bd’) +
b* (5c*C-40Bc>d-240c* (A-C) d®>+320Bcd®+128 (A-C) d*))

d Vva+bTan[e+ fx 1
Vd Va+ [e+fx] (64b2d® (Abc+aBc-bcC+aAd-bBd-acCd)

.

Vb Vc+dTan[e+fx] 64b>df

(bc-ad) (48b (Ab+aB-bC)d*-5(bc-ad) (bcC-8bBd-acCd)))
1

weviar
(48b (Ab+aB-bC)d*-5(bc-ad) (bcC-8bBd-aCd))
Va+bTan[e+fx] (c+dTan[e+fx])>?-
(bcC-8bBd-aCd)Va+bTan[e+fx] (c+dTanfe+fx])>?
24bdf
CVa+bTan[e+fx] (c+dTanfe+fx])’"?
4df

ArcTanh|

Ja+bTan[e+fx] Vc+dTan[e+fx] +

+

Result (type ?, 1631616 leaves): Display of huge result suppressed!

Problem 142: Humongous result has more than 200000 leaves.

dx

J(c+dTan[e+-Fx])5/2 (A+BTan[e+fx] +CTan[e+fx]?)

vJa+bTan[e + f x]

Optimal (type 3, 505 leaves, 15 steps):

| 115

+



116 | Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb

(1A+B-1iC) (c-1i d)'r’/2 Ar‘cTanh[m a+bTan(e:fx]

Va-ib +/c+dTan[e+f x]
Va-ib f
(B—i (A-C)) (c+id)®?ArcTanh[ retdabrenietx] |
a+rib +/c+dTan[e+f x] 1
Va+ib f 8b7/2+/d f

(5a3Cd3—3a2bd2 (5cC+ZBd) +ab?d (15c2C+208cd+8 (A—C> d2) -
[\/?\/a+bTan[e+fx] ]
\/F\/CerTan[ewa]

b> (5cC+30Bc*d+40c (A-C) d>-16Bd’)) ArcTanh

+

13 (8b>d (Bc+ (A-C)d)+(bc-ad) (5bcC+6bBd-5aCd))Va+bTan[e+fx]
8b>f

(5bcC+6bBd-5aCd)Va+bTan[e+fx] (c+dTan[e+fx])>?
Vc+dTan[e+fx] + +

12b2 f

CVa+bTan[e+fx] (c+dTanfe+fx])>?
3bf

Result (type ?, 933453 leaves) : Display of huge result suppressed!

Problem 143: Humongous result has more than 200000 leaves.

J(CerTan[eM‘:x])S/2 (A+BTan[e+fx] +CTan[e+fx]?) .
X

(a+bTan[e+-Fx])3/2

Optimal (type 3, 535leaves, 15steps):

. . . A/ c-1 + +
(1A+B-iC) (c-1id)>?ArcTanh| cid JarbTan(erf x]
Va-ib +/c+dTan[e+f x]

(a-ib)**f

(B-i (A-C)) (c+id)%?AncTanh [ Y<2d[abTaniert
\Jarib /c+dTan[e+f x] 1
il .

(a+1‘1b)3/2f 4b7/2.F

Vd (15a®Cd*-6abd (5c¢C+2Bd) +b? (15¢C+20Bcd+8 (A-C) d?))

\Jd Va+bTan[e + f x] 1

Vb \/c+dTan[e + fx] a4 (a2 +b?) f

d(15a*>Cd-8Ab®> (bc-ad)-3a’b (5cC+4Bd) -b®> (7cC+4Bd) +ab® (8Bc+7Cd))
1

2b% (a2 +b?) f

(4Ab?>-4abB+5a’C+b*C)dVa+bTan[e+fx] (c+dTan[e+fx])>?*-

2 (Ab2-a (bB-acC)) (c+dTan[e+fx])*?

ArcTanh [

Ja+bTan[e+fx] Vc+dTan[e+Ffx] +

b (a+b?) fy/a+bTanle+fx]

Result (type ?, 1654 245 leaves): Display of huge result suppressed!
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Problem 144: Humongous result has more than 200000 leaves.

J(c+dTan[e+-Fx])5/2 (A+BTan[e+fx] +CTan[e+fx]?)
dx
(a+bTanfe+fx])®>?

Optimal (type 3, 545leaves, 15 steps):
(1'1 A+B-1i C) (c -1 d) /2 ApcTanh [ Veoid yjarbTan(erfx)

\Va-ib +/c+dTan[e+f x]

(a-ib)>2f

(B-i (A-C)) (c+id)>?ArcTanh[ YoldalabTanlerfx) |
\a+rib +/c+dTan[e+f x]
il .

(a+]1b)5/2f

&2 (5bcC+2bBd-5aCd) ArcTanh[ Yo 2wbTeniest
/b +/c+d Tan[e+f x] 1
b7/2 f b3 (a2+b2)2'F
d(2a’bBd-5a*Cd-2ab® (2Ac-2cC-3Bd) +2a’b? (Bc-5Cd) -b* (2Bc+ (4A+C) d))
Va+bTan[e+fx] Vc+dTan[e+Ffx] +
(2 (2a’bBd-5a*Cd-b* (3Bc+5Ad) -2ab’ (3Ac-3cC-4Bd) +a’b? (3Bc+ (A-11C)d))
(c+dTan[e+1=x])3/2)/(3b2 <a2+b2)2f\/a+bTan[e+fx} )—

2 (Ab2-a (bB-acC)) (c+dTan[e+fx])*?

3b (a2+b?) f (a+bTan[e+fx])??

Result (type ?, 2018669 leaves) : Display of huge result suppressed!

Problem 145: Attempted integration timed out after 120 seconds.

>2 (A+BTan[e+fx] +CTan[e+fx]2)

(c+dTan[e+fx])
J dx

(a+bTan[e+fx])’"?

Optimal (type 3, 590 leaves, 15 steps):



118 | Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb

(1A+B-1iC) (c-1i d)'r’/2 Ar‘cTanh[m a+bTan(e:fx]

Va-ib +/c+dTan[e+f x]
(a-ib)7"*f
(B-i (A-C)) (c+id)%?ArcTanh [ YSEEalabTaniesf) 1 5 ¢ gs/2 prcTanh [ L4 [ebTaniet ]
\a+ib /c+dTan[e+f x] b \/c+dTan[e+f x]
+ _
(a+1‘1b)7/2f b7/2 f

(2 (a®Cd®>+3a*b’Cd*-3a*b* (c*C+2Bcd-2Cd*-A (c?-d®)) +b® (c (cC+2Bd) -A (c*-d?)) -
a’b’> (2c (A-C)d+B (c*-d?*)) +3ab’> (2c (A-C)d+B (c*-d?)))
Vc+dTan[e + fx] )/(b3 <a2+b2)3F\/a+bTan[e+-Fx} )—

(2 (a*Cd+b* (Bc+Ad) +2ab® (Ac-cC-Bd) -ab? (Bc+ (A-3C)d)) (c+dTanfes+fx])*>?] /
(Bb2 (a2+b2)2f (a+bTan[e+fx])3/2) -

2 (Ab2-a (bB-acC)) (c+dTan[e+fx])*?

5b (a?+b?) f (a+bTan[e+fx])>?

Result (type 1, 1leaves):

2P

Problem 146: Humongous result has more than 200000 leaves.

j(c+dTan[e+fx])5/2 (A+BTan[e+fx] +CTan[e+fx]?)
dx

(a+bTanfe+fx])%?

Optimal (type 3, 946 leaves, 11 steps):
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. . . A/ c-1 A/ a+ +
(1A+B-iC) (c-1id)>?ArcTanh| cid yJarbTan(erf x]
Va-ib +/c+dTan[e+f x]

(a-ib)%*f

(B-i (A-C)) (c+id)>?AncTanh [ Y<id[abTaniert g
\a+ib /c+dTan[e+f x]

(a+ib)®*f
(2 (6a°bBd?+15a°Cd?+a’b’d (14Bc+8Ad+37Cd) +
3a’b* (35Ac*-35c¢*C-70Bcd-39Ad*+54Cd*) -a’b’ (98c (A-C)d+B (35¢*-75d%)) +
ab® (182c (A-C)d+B (185c*-71d*)) +b® (7c (5cC+8Bd) -5A (7c*-3d%)))
Nc+dTan[e + fx] )/(105b3 (a2+b2)3f(a+bTan[e+Fx})3/2) -
1

105 b3 (a2+b2>4 (bc-ad) f/a+bTan[e+ fx]
2 (6a’bBd*+15a%Cd>+2a°b?d? (7Bc+4Ad+26Cd) -

2ab’ (216Ac*-210c>C-525Bc*d-406Acd®+ 406 cCd* +88Bd’) -

a*b* (185Bc*+525Ac®d-525c*Cd-749Bcd*-311Ad> +221Cd?) +

2a’b® (315Bc +875Ac*d-875c*Cd-812Bcd*-261Ad>+291Cd’) +2a°b>d

(56c (A-C)d+B(35c*-12d*)) -b® (5d (49Ac*-49c*C-3Ad*) +7B (15c>-23cd?]) -

2a’b® (210 c>C+700Bc*d-798cCd®-317Bd>-42A (5¢>-19cd?))) Vec+rdTanf[e+ £x] -

(2 (2abBd+5a*Cd+b* (7Bc+5Ad) +2ab’ (7Ac-7cC-6Bd) -a’b? (7Bc+9Ad-19Cd))

(c+dTan[e+-Fx])3/2)/<35b2 (a2+b2)2'F (a+bTan[e+-Fx])5/2) -

2 (Ab2-a (bB-aC)) (c+dTanfe+fx])>?

7b (a?+b?) f (a+bTan[e+fx])’?

Result (type ?, 2719441 leaves): Display of huge result suppressed!

Problem 147: Humongous result has more than 200000 leaves.

J(a+bTan[e+-Fx])5/2 (A+BTan[e+fx] +CTan[e+fx]?)
dx

c+dTan[e + fx]

Optimal (type 3, 505leaves, 15 steps):
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(a-1i b)f’/2 (1A+B-1iC) Ar‘cTanh[m [a+bTan[e+fx] ]
Va-ib +/c+dTan[e+f x]
Vve-1d f
(a+ib)¥2 (B-i (A-C)) ArcTanh[ Y&ld[abTanlerf) |
Varib +[crdTan[esfx] 1
+
Vevid f 8/b d7/2 f

( a®Cd?-15a%bd? (cC—ZBd) +5ab?d (SCZC—4Bcd+8 (A-c) dz) -
[\/?\/a+bTan[e+fx] ]
b V/c+dTan[e + fx]

(8b (Ab+aB-bC)d*+ (bc-ad) (5bcC-6bBd-5aCd))Va+bTan[e+fx]

b*> (5c*C-6Bc*d+8c (A-C) d*+16Bd’)) ArcTanh +

8d3f

+

(5bcC-6bBd-5aCd) (a+bTan[e+fx])*?+/c+dTan[e+fx]
12d2 f

Vc+dTan[e+fx] -

C(a+bTan[e+fx])>?+/c+dTan[e+fx]
3df

Result (type ?, 933387 leaves) : Display of huge result suppressed!

Problem 148: Humongous result has more than 200000 leaves.

(a+bTan[e+1‘:x])3/2 (A+BTan[e+fx] +CTan[e+fx]?)

J dx
vJec+dTan[e + £ x]

Optimal (type 3, 383 leaves, 14 steps):

Vc-id +/a+bTan[e+f x] ]
Va-ib +/c+dTan[e+f x]
+

(a—jb)3/2 (1A+B-1iC)ArcTanh|

Ve-id f
\c+id +/a+bTan[e+f x] ]
\Jaxib ./ c+dTan[e+f x] 1
+
Verid f 4+/b d°/2 f
(3a°Cd’-6abd (cC-2Bd) +b”> (3c*C-4Bcd+8 (A-C) d?))
Jd Va+bTan[e + f x] ]

Vb Vc+dTan[e + f x]
(3bcC-4bBd-3acCd)Va+bTan[e+fx] Vc+dTan[e+fx]

4d*f
C(a+bTan[e+fx])*?+/c+dTan[e+fx]
2df

(a+1‘1b)3/2 (1A-B-1iC) ArcTanh|

ArcTanh |

+

Result (type ?, 599000 leaves) : Display of huge result suppressed!
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Problem 149: Humongous result has more than 200000 leaves.

dx

J\/a+bTan[e+fx} (A+BTan[e+fx} +CTan[e+fx]2>

Vc+dTan[e + f x]

Optimal (type 3, 290 leaves, 13 steps):

T . . A c-1i A/ @+ +
Va-ib (iA+B-1icC) ArcTanh | c-id yarbTan(erf x] ]
AJa-ib +/c+dTan[e+f x]
+

Vve-id f
. . . A/ Cc+i A/ a+ +
Va+ib (iA-B-1iC)ArcTanh| crid arbTanle:fx] ]
A\/a+ib +/c+dTan[e+f x]
VJe+id f

\d +fa+ +
Ar‘cTanh{ d a+b Tan[e+f x]
Vb [ c+d Tan [e-f x] CvVa+bTan[e+fx] /c+dTan[e+ fx]
+

Vb d¥2f df

Result (type ?, 332685 leaves) : Display of huge result suppressed!

(bcc-2bBd-acd)

Problem 150: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J A+BTan[e+fx] +CTan[e + fx]?

va+bTan[e+fx] Vc+dTan[e+fx]

Optimal (type 3, 239 leaves, 12 steps):

Vc-id +/a+bTan[e+f x] }
\a-ib /c+dTan[e+f x]
+

va-ib AJc-id f

+1 + + + +
Vcrid +/a+bTan[e+fx] } ZCAPCTanh[\/d_w/a bTan[e+f x] ]

(B+i (A-C)) ArcTanh|

(1A-B-1iC) ArcTanh [

arib +/c+dTan[e+fx] /b \/c+d Tan[e+f x]
+
Va+ib \/c+id f Vb +/d f

Result (type 4, 168745 leaves) : Display of huge result suppressed!

Problem 151: Humongous result has more than 200000 leaves.

dx

J A+BTan[e+fx] +CTan[e + fx]?

a+bTanfe+fx])>?c+dTan[e+fx]

Optimal (type 3, 251 leaves, 8 steps):
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. . e ar PP
(1A+B-1C) ArcTanh [ c-id yJarbTan[erfx] ]
Va-ib +/c+dTan[e+f x]

(a-ib)**+c-1id f
(Bfl'l <A7C>> Ar‘cTanh[m /a+bTan[e+f x] }
\Varib +/c+dTan [e+f x] 2 (Ab*-a (bB-acC)) vc+dTan[e + fx]
(a+ib)*?~/c+id f (a2 +b2) (bc-ad) fa+bTan[e+fx]

Result (type ?, 273190 leaves) : Display of huge result suppressed!

Problem 152: Humongous result has more than 200000 leaves.

dx

J A+BTan[e+fx] +CTan[e+fx]?2

a+bTan(e+fx])>?c+dTan[e+fx]

Optimal (type 3, 375leaves, 9 steps):

. . —1 + +
(1 A+B-iC)ArcTanh[{idabTanlestx]
\a-ib +/c+dTan[e+f x]

(a-1b)*?~/c-1id f
(B—]l (A—C)) Ar‘cTanh{m\ a+b Tan[e+f x]
\arib [c+dTan e-fx] 2 (Ab*-a (bB-acC))~/c+dTan[e+fx]
(a+ib)>*+c+id f 3 (a2+b?) (bc-ad)f(a+bTan[e+fx])>?

(2 (5a’bBd-2a*Cd+b* (3Bc-2Ad) +ab®> (6Ac-6cC-Bd)-a*’b* (3Bc+8Ad-4Cd))

Ne+dTanfe + fx] )/(3 <a2+b2)2 (bc-ad)*f+/a+bTan[e+fx] )

Result (type ?, 415768 leaves) : Display of huge result suppressed!

Problem 153: Humongous result has more than 200000 leaves.

J(anbTan[ewa])S/2 (A+BTan[e+fx] +CTan[e+fx]?) :
X

(c+dTan[e+fx])>?

Optimal (type 3, 528 leaves, 15 steps):
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(a-ib)%2 (iA+B-ic) ArcTanh[me
(C_]-ld)?:/Z_F

(a+ib)*? (B-i (A-C)) ArcTanh [ Y<2d[abTaniest

\a+ib /c+dTan[e+f x] 1
+
(C+]'Ld>3/2f 4d7/2.F

Vb (15a®Cd*-16abd (3cC-2Bd) +b? (15¢*C-12Bcd+8 (A-C) d?))

Jd Va+bTan[e + fx] 2<c2C—Bcd+Ad2) (a+bTan[e+Fx])5/2 1
ArcTanh [ - -

Vb c+dTan[e + f x] d(c2+d2)-F\/c+dTan[e+Fx} 4d? (C2+d2>f
b(3(bc-ad) (5c*C-4Bcd+ (4A+C)d*)-4d* ((A-C) (bc-ad)+B(ac+bd)))
Ja+bTan[e+fx] Vc+dTan[e+fx] + !

2d? (c?+d?) f
b (5c¢*C-4Bcd+ (4A+C) d?) (a+bTan[e+fx])*?+/c+dTan[e+fx]

Result (type ?, 1653959 leaves): Display of huge result suppressed!

Problem 154: Humongous result has more than 200000 leaves.

J(a+bTan[e+fx])3/2 (A+BTan[e+fx] +CTan[e+fx]2)

(c+dTan[e+fx])>?

dx

Optimal (type 3, 380 leaves, 14 steps):

(a—1‘1b)3/2 (1‘1A+B—1’LC) Ar‘cTanh[m\/m
Va-ib +/c+dTan[e+fx]
(c—jd)3/2f

(a+ib)*? (B-i (A-C)) ArcTanh[ Y&id[abTanlerfx]
Ja+rib +/c+dTan[e+f x]

(c+]1d)3/2f

NCY [abTanierfx]
b (3bcC-2bBd-3acCd) ArcTanh[ Yo l2:bTenlert]

dS/Z.F
2 (c2C-Bcd+Ad?) (a+bTan[e+fx])*? 1
+
d(c2+d2)-F\/c+dTan[e+Fx} d2<c2+d2)-F

b (3c*C-2Bcd+ (2A+C)d*)a+bTan[e+fx] Vc+dTan[e+fx]

Result (type ?, 1073499 leaves): Display of huge result suppressed!
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Problem 155: Humongous result has more than 200000 leaves.

J\/a+bTan[e+-Fx] (A+BTan[e+fx] +CTan[e+fx]2) 4
X

((:erTan[eJr-Fx])B/2

Optimal (type 3, 299 leaves, 13 steps):

Va-ib (iA+B-iC)ArcTanh[ Y cidferbTaniefx) |
Va-ib [c+dTan[e+fx]

(c-1d)**f

Varib (B-i (A-C))ArcTanh[ e dolebtanieta |
Ja+ib +/c+dTan[e+fx]
N

<C+id)3/2'F

A/ a+ +
2+/b CAr‘cTanh[\H abTan[e+fx]
Vb +fced Tan [e+f x] 2 (c2C-Bcd+Ad?) va+bTan[e + f x]

a3/ f d(c2+d?) f/c+dTan[e+fx]

Result (type ?, 621084 leaves) : Display of huge result suppressed!

Problem 156: Humongous result has more than 200000 leaves.

dx

J A+BTan[e+fx] +CTan[e+ fx]?
Va+bTan[e+fx] (c+dTan[e+fx])>?

Optimal (type 3, 251 leaves, 8 steps):

(B+i (A-C)) ArcTanh[eid asbTenert) ]
Ja-ib +/c+dTan[e+fx]

- +

Vaib (coid)*f

(]lA— B_i C) Ar\cTanh{\/CJr]'ld A/ a+bTan[e+f x] }
Varib +fcedTan e x] 2 (c2C-Bcd+Ad?)+/a+bTan[e+fx]
+

Va+ib (c+id)¥?f (bc-ad) (c2+d?) fy/c+dTan[e+fx]

Result (type ?, 273112 leaves) : Display of huge result suppressed!

Problem 157: Humongous result has more than 200000 leaves.

dx

3/2

j A+BTan[e+fx] +CTan[e+fx]?
( 3/2

a+bTan[e+fx])** (c+dTanle+fx])

Optimal (type 3, 383 leaves, 9steps):
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(iA+B-1C)ArcTanh [ Veoid yarbTan(erfx] ] (B-1i (A-C)) ArcTanh [ Verid yJarbTan[erfx] ]
Ja-ib \/c+dTan[e+fx] yJa+ib 1/ c+dTan[e+fx]

(a-ib)*? (c-id)*?f (a+ib)®? (c+id)??f

2 (Ab*-a (bB-acC))
(a2+b?) (bc-ad) fa+bTan[e+fx] vc+dTanfe + f x]
(2d (b>c (cC-Bd) -abB (c?+d?) +a® (2c?C-Bcd+Cd?) +A (a®d*+b? (c*+2d%)))

a+bTan[e + fx] )/((a2+b2) (bc—ad)2 (c?+d?) f+/c+dTanle + fx] )

Result (type ?, 544406 leaves) : Display of huge result suppressed!

Problem 158: Humongous result has more than 200000 leaves.

J A+BTan[e+fx] +CTan[e+fx]?

(a+bTan[e+fx])*? (c+dTan[e+fx])>?

Optimal (type 3, 598 leaves, 10 steps):
(iA+B-1C)ArcTanh [ Veoid yarbTan(erfx] ] (B-1i(A-q) ) ArcTanh [ Verid yJarbTan[erfx) ]

Va-ib +/c+dTan[e+f x] Va+ib +fc+dTan[e+f x]
(a-1ib)*? (c )22 f (a+ib)”? (c+id)>?f

( -1id
2 (Ab*-a (bB-acC))

3 (a?+b?) (bc-ad)f (a+bTan[e+-Fx])3/2\/c+dTan[e+fx]
(2(7a’bBd-4a*Cd+b* (3Bc-4Ad) +ab’ (6Ac-6cC+Bd)-a’b® (3Bc+2 (5A-C) d)))/

(3 (a2+b2)2 (bc-ad)?*f+/a+bTan[e+fx] Vc+rdTan[e+fx] )7

(2d (8a’bBd (c?+d*) +2ab® (3Ac-3cC+Bd) (c*>+d*) -a*d (8c®C-3Bcd+ (3A+5C) d?) -
a’b* (3Bc>+11Ac*d+5c*Cd-3Bcd*+17Ad> - Cd?) -
b* (d (5Ac?+3c*C+8Ad*) -3B (c*+2cd?))) Va+bTan[e + f x] )/

(3 (a2+b2)2 (bc—ad)3 (c*+d?) fr/c+dTanle+fx] )

Result (type ?, 815997 leaves) : Display of huge result suppressed!

Problem 159: Humongous result has more than 200000 leaves.

j(a+bTan[e+fx])5/2 (A+BTan[e+fx] +CTan[e+fx]?)
dx

(c+dTan[e+fx])®>?

Optimal (type 3, 549 leaves, 15 steps):



126 | Mathematica 11.3 Integration Test Results for 4.3.4.2 (a+b tan)™m (c+d tan)”n (A+B tan+C tan”~2).nb

(a—1b>5/2(1A+B—1C)Ar‘cTanh[m a+bTan[e+f x]

(c-id)>*f

(a+ib)*? (B-i (A-C)) ArcTanh [ Y<2d[abTaniest
Va+ib +/c+dTan[e+f x]

(c+id)5/2f

A/ a+ +
b3/2(!SbchZde—SaCd)Ar‘cTanh[\H a+b Tan [e+f x] ]
\/b +/c+d Tan[e+f x]

d7/2'F
2 (c2C-Bcd+Ad? (aerTan[eJr-Fx])S/2

3d (c2+d?) f (c+dTan[e+fx])>?
(2 (b (5¢*C-2Bc*d-c? (A-11C) d*-8Bcd’+5Ad*) +3ad* (2c (A-C)d-B (c*-d?*)))
(a+bTan[e+Fx])3/2)/(3d2 <c2+d2)2F\/c+dTan[e+-Fx} )+;2
d® (c2+d?)* f
b(b(5c¢*C-2Bc*d+10c*Cd’-6Bcd®+ (4A+C)d*) +2ad* (2c (A-C)d-B (c*-d?)))
Ja+bTan[e+fx] Vc+dTan[e +fx]

Result (type ?, 2018643 leaves): Display of huge result suppressed!

Problem 160: Humongous result has more than 200000 leaves.

J(a+bTan[e+-Fx])3/2 (A+BTan[e+fx] +CTan[e+fx]?)

dx
(c+dTan[e+-Fx])5/2

Optimal (type 3, 407 leaves, 14 steps):

(a-1 b)3/2 (1A+B-1iC) Ar‘cTanh[m [a+bTan[e+f x]
Ja-ib +/c+dTan[e+fx]
(c-id)>2f

(a+ib)*? (B-1i (A-C)) ArcTanh| e abianietxd |
A/a+ib c+d Tan[e+f x]
v .
(crid)**f

2 b3/2 C ArcTanh [ ﬁ\/am Tan[e+f x]
Vb ~[c+dTan[ef x] 2 (cZC—Bcd+Ad2> (a+bTan[e+Fx])3/2

a2 f 3d (c2+d?) f (c+dTan[e+fx])>? i

(2 (b(c*c-c? (A-3C) d?-2Bcd +Ad*) +ad® (2c (A-C)d-B (c2-d?))) Va+bTan[e+Fx] | /
(d2 (c2+d2)2f\/c+dTan[e+fx] )

Result (type ?, 1347 117 leaves): Display of huge result suppressed!
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Problem 161: Humongous result has more than 200000 leaves.

J\/a+bTan[e+-Fx] (A+BTan[e+fx] +CTan[e+fx]2) 4
X

((:erTan[eJr-Fx])S/2

Optimal (type 3, 373 leaves, 9steps):

Va-ib (iA+B-iC)ArcTanh[ Y cidferbTaniefx) |
Va-ib [c+dTan[e+fx]

(c-1d)*%f

. . A c+1 + +
Va+ib (B-i (A-C)) ArcTanh[** d yJa-bTan(e+fx]
Va+ib /c+dTan e+fx] 2 (CZC—Bcd+Ad2) vVa+bTan[e + f x]

<c+id)5/21‘: 3d(c2+d2)1C(c+dTan[e+1‘:x})3/2

(2 (b(c*Cc+2Bc®d-c?* (5A-7C)d*-4Bcd®+Ad*) +3ad® (2c (A-C)d-B (c*-d?)))
Ja+bTan[e + fx] )/(3d (bc-ad) (c2+d?)*f/c+dTan[e+fx] )

Result (type ?, 815645 leaves) : Display of huge result suppressed!

Problem 162: Humongous result has more than 200000 leaves.

J A+BTan[e+fx] +CTan[e+fx]2 4
X

va+bTan[e+ fx] (c+dTan[e+-Fx})5/2

Optimal (type 3, 379leaves, 9steps):

(B+i (A-C)) ArcTanh [ eid asbTanert ]
Ja-ib +/c+dTan[e+fX]
+

Va-ib (c-1id)*?f
(i A-B-iC) ArcTanh [ Yol & a[abTenierfx)
Va+ib +/c+dTan[e+f x] Z(CZC—BCd+Ad2) vJa+bTan[e + f x]
+ +
Va+ib (c+id)¥?f 3(bc-ad) (c2+d?) f (c+dTan[e+fx])>?

(2 (b(2c*Cc-5Bc?d+4c® (2A-C)d*+Bcd®+2Ad*) -3ad® (2c (A-C)d-B (c*-d?)))

vJa+bTan[e + f x] )/(3 (bc-ad)? (c2+d2)2f\/c+dTan[e+fx} )

Result (type ?, 415768 leaves) : Display of huge result suppressed!

Problem 163: Humongous result has more than 200000 leaves.

j A+BTan[e+fx] +CTan[e + fx]? B
X

(a+bTanfe+fx])>? (c+dTanle+fx])>?

Optimal (type 3, 651 leaves, 10 steps):
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(1A+B-1C) Ar‘cTanh[vm [a+bTan[e+f x] ] (B-i (A-C)) Ar‘cTanh{m a:bTan(e:fx] ]

Ja-ib \/c+dTan[e+fx] yJa+ib 1/ c+dTan[e+fx]
(a-ib)*? (c-id)*?f (a+ib)*? (c+id)*?f

2 (Ab*-a (bB-acC))

(a2 + b?) (bc—ad)-F\/a+bTan[e+fx] (c+dTan[e+1cx])3/2
(Zd(bzc(cC—Bd)—BabB(c2+d2)+a2 (4c?C-Bcd+3Cd?’) +A (a®d?+b? (3c®+4d?)))
a+bTan[e + fx] )/(3(az+b2) (bc-ad)? (c2+d2)f(c+dTan[e+Fx})3/2) -
(Zd(b3c(5c3C—SBc2d—ch2—ZBd3)+a2b(8c4C—SBc3d+5c2Cd2—ZBcd3+3Cd4)+
3a’d® (2cCd+B (c?-d*)) +3ab* (2cCd’-B (c*+c*d®>+2d%)) -
A(6a’cd’+6ab’cd’-a’bd® (11c®>+5d*) -b’ (3c*+17c*d*+8d%)))
Na+bTanfe + fx] )/(3<a2+b2) (bc-ad)? (c2+d2)2f\/c+dTan[e+fx] )

Result (type ?, 816231 leaves) : Display of huge result suppressed!

Problem 164: Unable to integrate problem.

J(a+bTan[e+-Fx])m (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 6, 376 leaves, 9 steps):

[ (B+i (A-C)) AppellF1[1 n1. 2 7d(a+bTanm+fx}) a+bTan[e+fx]
ppellFl[1+m, -n, 1, 2+m, . , : ]
c-ad a-1b

(a+bTan[e+fx])*" (c+dTan[e+fx])"
[b (c+dTan[e+fx]) ‘”]/ (2(a-ib)f (1om))

bc-ad
d(a+bTan[e+fx]) a+bTan[e+fx] ]

(A+iB-C)AppellF1[1+m, -n, 1, 2+m, -

bc-ad ’ a+1b

b (c+dTan[e+fx]) n]/<2 (ia-b)f(1+m))+

(a+bTan[e+-Fx])1”" (c+dTan[e+fx])"
bc-ad
]

d(a+bTan[e+fx])

———————CHypergeometric2F1[1+m, -n, 2+m, -
bf (1+m) bc-ad
-n

b (c+dTan[e+fx])
bc-ad

(a+bTan[e+fx])1*m (c+dTan[e+fx])" {

Result (type 8, 47 leaves):

J(a+bTan[e+fx])"' (c+dTan[e+fx])" (A+BTan[e+fx] +CTan[e+fx]?) dx

Problem 165: Unable to integrate problem.

J(a+bTan[e+1‘:x])m (c+dTan[e+fX1>3 (A+BTan[e+fx] +CTan[e+fx]?) dx
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Optimal (type 5, 560 leaves, 9 steps):
((bc(2+m) (b*>d (Bc+ (A-C)d) (3+m) (4+m) -2 (bc-ad) (3aCd-b (3cC+Bd (4+m))))+
d(b®(2c (A-C)d+B(c?-d*)) (2+m) <3+m> (4+m) -
a(b*d (Bc+ (A-C) ) (3+m) (4+m) -2 (bc-ad) (3aCd-b(3cC+Bd (4+m))))))
(a+bTan[e+fx])1+m)/<b4f< em) (2+m) (3+m) (4+m)) +

) .3 . a+bTan[e + fx]
((A—LB—C) (c-1id)®Hypergeometric2F1[1, 1+m, 2+m, " ]
a-1i
(a+bTan[e+fx])1*’"]/(2(1’1a+b)f(1+m))_

a+bTan[e+Fx]]

((Aﬂi B-C) (c+id)’Hypergeometric2F1[1, 1+m, 2+m,
a+ib

(a+bTan[e+fx])1*"‘]/(2(ia—b)f(1+m))+
d (b*d (Bc+ (A-C)d) (3+m) (4+m) -2 (bc-ad) (3aCd-b(3cC+Bd (4+m)))]
Tan(e+fx] (a+bTanle+fx] )| /(b*f (24m) (34m) (4+m)) -
((3aCd—b(3cC+Bd(4+m))) (a+bTanfe+fx])*™" (c+dTan[e+-Fx}>2)/
(b2 F (3+m) (4+m)) +
C(a+bTan[e+fx])¥" (c+dTanfe+fx])>

bf (4+m)
Result (type 8, 47 leaves):

J(a+bTan[e+-Fx])"' (c+dTan[e+-Fx]>3 (A+BTan[e+-Fx] +CTan[e+-Fx]2> dx

Problem 166: Unable to integrate problem.

J(a+bTan[e+fx])"‘ (c+dTan[e+-Fx}>2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Optimal (type 5, 363 leaves, 8 steps):
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((2aZCd2-abd(2cC+Bd) (3+m) +b? (2+m) (2c2C+2Bcd (3+m) + (A-C)d* (3+m)))
(a+bTanfes+fx])*™"| /(b*f (14m) (24m) (3+m)) +

. .2 . a+bTan[e + fx]
((A—nB—C) (c-1id)*Hypergeometric2F1[1, 1+m, 2+m, " ]
a-1i
(a+bTan[e+fx])1+f"]/(z(ja+b)f(1+m))+

a+bTan[e+-Fx]]

((J‘lA—B—J‘LC) (c+1id)?Hypergeometric2F1[1, 1+m, 2+ m,
a+1b

(a+bTan[e+fx])1*m]/ (2 (a+ib)f(1+m))-

d(2acd-b(2cC+Bd(3+m))) Tan[e+Ffx] (a+bTan[e+Ffx])""
b2 f (2+m) (3+m)

+

C (a+bTan[e+fx1)1*m (c+dTan[e+1‘:x])2
bf (3+m>

Result (type 8, 47 leaves):

J(a+bTan[e+-Fx])m (c+dTan[e+1:x}>2 (A+BTan[e+fx] +CTan[e+fx]?) dx

Problem 170: Unable to integrate problem.

j(a+bTan[e+fx])"‘ (A+BTan[e+fx] +CTan[e+fx]?)
dx

(c+dTan[e+1‘:x])2

Optimal (type 5, 403 leaves, 9 steps):

a+bTan[e + fx]

[ (A-1iB-C) Hypergeometric2F1 [1,1+m, 2+m,

] (a+bTan[e+fx])1*"‘J/

a-1b
(2(1’1a+b) (c—jd)zf(1+m>)+

a+bTan[e + fx]

( (i A-B-iC) Hypergeometric2F1 (1, 1+m, 2+m,

] (a+bTan[e+fx])1*m]/

(2 (a+1ib) (c+id)2f(1+m))—[(ad2 (2c (A-C)d-B (c*-d*)) -

a+1ib

b (Ad® (c? (2-m) -d?’m) -Bcd (c® (1-m) -d® (1+m)) -c*C (c*m+d* (2+m))))
d (a+bTan[e+-Fx])} (a+bTan[e+'Fx])1”"J/

bc-ad
(c2C-Bcd+Ad?) (a+bTan[e+fx])""

Hypergeometric2F1 [1, 1+m, 2+m, -

((bcfad)z (c2+d?)%f (1+m)) + (bc-ad) (c2+d?) f (c+dTan[e+fx])

Result (type 8, 47 leaves):

J(a+bTan[e+-Fx])m (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(c+dTan[e+fx])?
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Problem 171: Unable to integrate problem.

j(a+bTan[e+fx])’“ (A+BTan[e+fx] +CTan[e+fx]?)
dx

(c+dTan[e+1‘:x])3

Optimal (type 5, 702 leaves, 10 steps):

(A-1iB-C) Hypergeometric2F1[1, 1+m, 2+m, ZeTnEEXL] (3 bTan(e+ fx])*"

a-ib

+

2(ia+b) (c-id)>f (1+m)

(A+1iB-C) Hypergeometric2F1[1, 1+m, 2+m, abTanfecfxl] (3 4 pTan (e + f x] )1”"

a+ib

2 (a+ib) (ic-d)’Ff (1+m) '
1
2 (bc—ad)3 (C2+d2>3f<1+m>
2abd* (B (6c*d*-c* (2-m) -d*m) +2c (A-C)d (c®(3-m)-d® (1+m))) -
b> (Ad?* (d* (1-m)m+2c*d* (1+3m-m?) -c* (6 -5m+m?)) +
Bcd (d*m (1+m) -2c?d* (3+m-m?*) +c* (2-3m+m*)) +
c?C(c* (1-m)m+2c®d® (3-m-m?) -d* (2+3m+m?))))
d(a+bTan[e+fx])
bc-ad

(2a*d® ((A-C)d(3c*-d?)-B(c*-3cd?)) -

Hypergeometric2F1[1, 1+m, 2+m, - ] (a+bTan[e+fx] )" "+

(c2C-Bcd+Ad?) (a+bTanfe+fx])""

2 (bc-ad) (c2+d?) f (c+dTanle+fx])?
((2ad2 (2¢ (A-C)d-B (c2-d?)) -
b(c*C(1-m)+Ad* (1-m)-Bc®d (3-m)+Bcd® (1+m)+c>d* (A(5-m)-C (3+m))))
(a+bTan[e+fx])1*m)/(2 (bc-ad)? <c2+d2)2f (c+dTan[e+fx}))

Result (type 8, 47 leaves):

J(a+bTan[e+-Fx])m (A+BTan[e+fx] +CTan[e+fx]?) 5
X

(c+dTan[e+fx])3
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Summary of Integration Test Results

171 integration problems

A - 43 optimal antiderivatives

B - 82 more than twice size of optimal antiderivatives
C - 39 unnecessarily complex antiderivatives

D - 6 unable tointegrate problems

E - 1integration timeouts



